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Abstract – Molodtsov introduced the concept of soft sets as 

a generalized tool for dealing with uncertainties about vague 

concepts. In this paper, we introduced the notion of soft field 

mapping which is an extension of soft set. The basic 

properties of soft field mapping and some important 

theorems were stated and proved. Also, we proved that soft 

bijective linear map is an equivalence relation between two 

soft fields. 
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I. INTRODUCTION 
 

Modern set theory invented by George Cantor is 

fundamental for the whole of mathematics. The major 

issue associated with the notion of a set is the concept of 

vagueness and imprecision. Molodtsov [1] initiated the 

theory of soft sets as a new mathematical tool for handling 

uncertainties. Subsequently, other authors Maji et al. [2], 

[3] and [4] have further studied the theory of soft sets and 

also introduced the concept of fuzzy soft set, which is a 

combination of fuzzy set [5] and soft set. Thereafter, Aktas 

and Cagman [6] have introduced the notion of soft group. 

Aygunoglu and Aygun [7] have generalized the concept of 

fuzzy Soft Group. Aktas and Cagman [6] discussed Soft 

sets and soft group. Babitha and Sunil [8] in 2010 studied 

soft set relation and function. Balami and Ibrahim [9] 

extended the notion to study relations and functions in soft 

multiset context. 

In this paper, we introduced the notion of soft field 

mapping and presented its properties. Important results on 

soft field mapping were stated and proved. 

This paper is organized in the following manner: In 

section 2, basic concept of soft set and soft field were 

reviewed; section 3 focuses on the soft field mapping and 

some important results. Section 4, summarizes the entire 

work. 
 

II. SOFT SET AND SOFT FIELD 
 

We recall some basic notions in soft set theory. Let 𝑈 be 

an initial universe set, 𝐸 be a set of parameters or 

attributes with respect to 𝑈, 𝑃(𝑈) be the power set of 𝑈 

and A ⊆ E. 

Definition 2.1. [1] A pair (𝛤, 𝐴) is called a soft set over𝑈, 

where 𝛤 is a mapping given by 𝛤: 𝐴 → 𝑃(𝑈). In other 

words, a soft set over 𝑈 is a parameterized family of 

subsets of the universe 𝑈. For 𝑥 ∈ 𝐴, 𝛤(𝑥) may be 

considered as the set of 𝑥-elements or as the set of 𝑥-

approximate elements of the soft set(𝛤, 𝐴). Thus, (𝛤, 𝐴) is 

defined as: 
(𝛤, 𝐴) = {𝛤(𝑥) ∈ 𝑃(𝑈), 𝑥 ∈ 𝐴} 

The soft set (𝛤, A) can be represented as a set of ordered 

pairs as follows: 

(𝛤, 𝐴)= {( 𝑥, 𝛤(𝑥)),𝑥∈A, 𝛤(𝑥) ∈P(U)}
 Example 2.1. 

Let 𝑈 =  {S1, S2, S3, S4, S5, S6} consisting of six students 

and A = {𝑎1, 𝑎2, 𝑎3} be the set of parameters under 

consideration, where each parameter 𝑒𝑖, 𝑖 = 1,2,3 stands 

for, brilliant, average, healthy, respectively. In this case to 

define a soft set means to point out brilliant students, 

average students and healthy students. 

Such that 𝛤(𝑎1) = {S1, S2, S5}, 𝛤(𝑎2) ={S3, S4, S6} 

and 𝛤(𝑎3)={S1, S4, S5, S6 }. Then the soft set (𝛤, 𝐴) over U 

is given by (𝛤, 𝐴) = {(𝑎1, 

{S1, S2, S5}),(𝑎2,{S3, S4, S6}),(𝑎3, {S1, S4, S5, S6})}. 
Definition 2.2.[10] Let (𝛤, A) and (G, B) be two soft sets 

over U. Then 

(i) (𝛤, A) is said to be a soft subset of (G, B), denoted by 

(𝛤, 𝐴) ⊆̃ (G, B), if 𝐴 ⊆ B and 𝛤(𝑥) ⊆ G(𝑥), ∀𝑥 ∈ A. 
(ii) (𝛤, A) and (G, B) are said to be soft equal, denoted by  

(𝛤, 𝐴) =̃ (G, B) if (𝛤, 𝐴) ⊆̃ (G, B) and (G, B) ⊆̃ (𝛤, 𝐴). 

Definition 2.3.[10] Let (𝛤, A) be a soft set over U. Then 

the support of (𝛤,A) written supp (𝛤,A) is the set defined 

as;sup (𝛤,A) = {x∈A: 𝛤(x) ≠ ∅}. 

(i) (𝛤, A) is called a non-null soft set if supp (𝛤, A) ≠ ∅.  

(ii) (𝛤, A) is called a relative null soft set denoted by 

∅𝐴 𝑖𝑓 𝛤(𝑥) = ∅, ∀𝑥 ∈ 𝐴 

(iii) (𝛤, A) is called a relative whole soft set, denoted by 

  𝑈𝐴 𝑖𝑓 𝛤(𝑥) = 𝑈, ∀𝑥 ∈ 𝐴 
Definition 2.4.[10] Let (𝛤, A) and (G, B) be two soft sets 

over U. Then the union of (𝛤, A) and (G, B), denoted by 

(𝛤, 𝐴) ∪̃ (𝐺, 𝐵) is a soft set defined as:(𝛤, 𝐴) ∪̃ (𝐺, 𝐵) =
(𝐻, 𝐶), 𝑤ℎ𝑒𝑟𝑒 𝐶 = 𝐴 ∪ 𝐵 𝑎𝑛𝑑 ∀𝑥 ∈ 𝐶 

𝐻(𝑥) =  {

𝛤(𝑥),               𝑖𝑓 𝑥 ∈ 𝐴 − 𝐵 

𝐺(𝑥),               𝑖𝑓𝑥 ∈ 𝐵 − 𝐴

𝛤(𝑥) ∪ 𝐺(𝑥),   𝑖𝑓 𝑥 ∈ 𝐴 ∩ 𝐵

 

Definition 2.5. [10] Let (𝛤, A) and (G, B) be two soft sets 

over U. Then the restricted union of (𝛤, A) and (G, B), 

denoted by (𝛤, A) ∪̃𝑅 (G, B) is a soft set defined as; 

(𝛤, A) ∪̃𝑅  (G, B) = (H, C), where C = A∩B≠ ∅ and ∀x∈C 

H(x) = 𝛤(x) ∪G(x). 

Definition 2.6. [10] Let (𝛤, A) and (G, B) be two soft sets 

over U. Then the extended intersection of (𝛤, A) and (G, 

B), denoted by (𝛤, A) ∩̃𝐸 (G, B) is defined as (𝛤, A) ∩̃𝐸 (G, 

B) = (H, C) where C = A ∪ B and ∀x∈C 

𝐻(𝑥) =  {

𝛤(𝑥),               𝑖𝑓 𝑥 ∈ 𝐴 − 𝐵 

𝐺(𝑥),               𝑖𝑓𝑥 ∈ 𝐵 − 𝐴

𝛤(𝑥) ∩ 𝐺(𝑥),   𝑖𝑓 𝑥 ∈ 𝐴 ∩ 𝐵

 

Definition 2.7. [10] Let (𝛤, 𝐴) and (G, B) be two soft sets 

over U. Then the restricted intersection of (𝛤, 𝐴)and   

(G, B) denoted by (𝛤, 𝐴)⋒ (G, B) is defined as(𝛤, 𝐴)⋒(G, 
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B) = (H, C) where 𝐶 = 𝐴 ∩ 𝐵 ≠ ∅and ∀x∈C,  H(x) = 𝛤(x) 

∩G (x). 

Definition 2.8.[10] Let (𝛤, A) and (G, B) be two soft sets 

over U. Then the AND-product or AND-intersection of 

(𝛤, A) and (G, B) denoted by (𝛤, 𝐴)⋀̃(𝐺, 𝐵) is a soft set 

defined as 

(𝛤, 𝐴) ⋀ ̃(𝐺, 𝐵) = (𝐻, 𝐶), 𝑤ℎ𝑒𝑟𝑒 𝐶
= 𝐴 × 𝐵 𝑎𝑛𝑑   ∀ (𝑥, 𝑦) ∈ 𝐴 × 𝐵 

H(x, y) = 𝛤(x) ∩G(y). 
Definition 2.9.[10] Let (𝛤, A) and (G, B) be two soft sets 

over U. Then the OR-product or OR-union of (𝛤, A) and 

(G, B), denoted by(𝛤, 𝐴)⋁̃(𝐺, 𝐵)is a soft set defined as  

(𝛤, 𝐴)⋁̃(𝐺, 𝐵) = (𝐻, 𝐶), 𝑤ℎ𝑒𝑟𝑒  𝐶 = 𝐴 ×
𝐵 𝑎𝑛𝑑 ∀ (𝑥, 𝑦) ∈ 𝐴 × 𝐵 

H(x, y) = 𝛤(x) ∪G(y). 
Definition 2.10.[10] Let (𝛤, A) and (G, B) be two soft sets 

over the universes U1 and U2 respectively. Then the 

Cartesian product of (𝛤, A) and (G, B), denoted by 

(𝛤, 𝐴)  ×̃  (𝐺, 𝐵)is a soft define as : 

(𝛤, 𝐴) ×̃ (𝐺, 𝐵) = (H, C), where C = A × B and ∀ (𝑥, 𝑦)
∈ A × B  

𝐻(𝑥, 𝑦) =  𝛤(𝑥) ×  G(y). 

Definition 2.11. Let (𝛤, A) and (G, B) be two nonempty 

soft sets over U. The sum(𝛤, 𝐴) + ̃(𝐺, 𝐵) is defined as the 

soft set(𝐻, 𝐶) = (𝛤, 𝐴) +̃ (𝐺, 𝐵), where 𝐶 = 𝐴 ×  𝐵 and 

𝐻(𝑥, 𝑦) =  𝛤(𝑥) + 𝐺(𝑦), ∀ (𝑥, 𝑦) ∈ 𝐶. 
Definition 2.12. [13] Let 𝐹 be a field and 𝐴  be a 

nonempty set. Let 𝑅 be an arbitrary binary relation 

between an elements of 𝐴 and an elements of 𝐹, that is, 𝑅 

is a subset of 𝐴 × 𝐹, mathematically written as 𝑅 =
 {(𝑥, 𝑦) ∈ 𝐴 × 𝐹: 𝑦 ∈ 𝛤(𝑥)}.Where 𝛤 is a set-valued 

function 𝛤: 𝐴 → 𝑃(𝐹) is defined as 𝛤(𝑥) =  {𝑦 ∈
𝐹: (𝑥, 𝑦) ∈ 𝑅} for all 𝑥 ∈ 𝐴. Then the pair (𝛤, 𝐴) is a soft 

set over 𝐹, which is derived from the relation 𝑅. Let  

(𝛤, 𝐴) be a soft set over 𝐹. Then (𝛤, 𝐴) is called a soft 

field over 𝐹 if and only if 𝛤(𝑥) is a subfield of 𝐹 denoted 

by 𝛤(𝑥) <𝐹 𝐹 for all 𝑥 ∈ 𝑠𝑢𝑝𝑝(𝛤, 𝐴). 
Example 2.2. [12] Let 𝐴 = ℤ+and 𝐹 = ℝ. Consider the 

function 𝛤: 𝐴 → 𝑃(𝐹)  be defined by 𝛤(𝑎) = ℚ(√𝑎) for 

all 𝑎 ∈ 𝐴, where ℚ(√𝑎) is the smallest subfield of  ℝ 

containing ℚ and √𝑎. Then 𝛤(1) =  ℚ(√1) = ℚ, 𝛤(2) =

 ℚ(√2), 𝛤(3) =  ℚ(√3), 𝛤(4) =  ℚ(√4) = 2ℚ, 

…, 𝛤(𝑛) =  ℚ(√𝑛), … which are all subfields of 𝐹. 

Hence, (𝛤, 𝐴) is a soft field over 𝐹. 
Example 2.3. Let 𝐹 = 𝐴 =  {0, 1, 𝑎, 𝑏} be a finite field 

whose addition and multiplication tables are shown in 

Table 1 and Table 2 
 

Table 1. Addition table of  𝐹 
+ 0 1 a b 

0 0 1 a b 

1 1 0 b a 

a a b 0 1 

b b a 1 0 
 

Table 2.  Multiplication table of 𝐹 
. 0 1 a b 

0 0 0 0 0 

1 0 1 b a 

a 0 a b 1 

b 0 b 1 a 

Consider the soft set (𝛤, 𝐴) over  𝐹, where 𝛤: 𝐴 → 𝑃(𝐹) 

is a set valued function defined by𝛤(𝑥) = {𝑦 ∈ 𝐹: (𝑥, 𝑦) ∈
𝑅 ⟺ 𝑥 + 𝑦⋁ 𝑥 · 𝑦 = 0 }for all 𝑥 ∈ 𝐴, where ⋁refers to 

Disjunction (OR). 

 Then 𝛤(0) = 𝐹, 𝛤(1) = {0, 1}, 𝛤(𝑎) = {0, 𝑎}, 𝛤(𝑏) =
{0, 𝑏}, since 𝛤(𝑎) and 𝛤(𝑏) are not subfields of 𝐹. Hence, 

(𝛤, 𝐴) is not a soft field over 𝐹. 
The following example illustrates that, if (𝛤, 𝐴) is not a 

soft field over 𝐹 then there may exists a nonempty subset 

𝐵 ⊂ 𝐴 such that (𝛤, 𝐵) is a soft field over 𝐹. 

Example 2.4. 

Consider the field in example 2.3. take = {0, 1} ⊂ 𝐴 . 

Then 𝛤(0) = {0, 1, 𝑎, 𝑏} and 𝛤(1) = {0, 1} are all 

subfields of 𝐹. Therefore, (𝛤, 𝐵) is a soft field over 𝐹.  

Definition 2.13.Let (𝛤, 𝐴)and (𝐺, 𝐵) be two soft fields 

over 𝐹, then the Cartesian product of  (𝛤, 𝐴)and (𝐺, 𝐵) is 

defined as (𝛤, 𝐴) × (𝐺, 𝐵) = (𝐻, 𝐴 × 𝐵), where 𝐻: 𝐴 ×
𝐵 → 𝑃(𝐹 × 𝐹) and 𝐻(𝑎, 𝑏) = 𝛤(𝑎) × 𝐺(𝑏), where 

(𝑎, 𝑏) ∈ 𝐴 × 𝐵 that is, 𝐻(𝑎, 𝑏) = {(ℎ𝑖 , ℎ𝑗); 𝑤ℎ𝑒𝑟𝑒 ℎ𝑖 ∈

𝛤(𝑎) 𝑎𝑛𝑑 ℎ𝑗 ∈ 𝐺(𝑏) } . 

The Cartesian product of three or more nonempty soft 

fields can be defined by generalizing the definition of the 

Cartesian product of two soft fields. The Cartesian product 

(𝐹1, 𝐴) × (𝐹2, 𝐴) × … × (𝐹𝑛, 𝐴) of the nonempty soft fields 

(𝐹1, 𝐴), (𝐹2, 𝐴), … , (𝐹𝑛, 𝐴) is the soft field of all ordered n-

tuple (ℎ1, ℎ2,, … , ℎ𝑛) where ℎ𝑖 ∈ 𝛤i(𝑎). 

Definition 2.14. Let (𝛤, 𝐴) and (𝐺, 𝐵) be two soft fields 

over 𝐹. Then a linear mapping 𝐿: (𝛤, 𝐴) →  (𝐺, 𝐵) is a soft 

function with domain (𝛤, 𝐴) and range subset of (𝐺, 𝐵) 

satisfying the following conditions: 

(i) 𝐿(𝑎, 𝑏) = 𝐿(𝑎) + 𝐿(𝑏),𝐿(𝑘𝑎) = 𝑘𝐿(𝑎) for any 𝑎, 𝑏 ∈
(𝛤, 𝐴) and  𝑘 ∈ 𝐹. 

 

III. SOFT FIELD FUNCTION (MAPPING) 
 

Definition 3.1. Let (𝛤, 𝐴)and (𝐺, 𝐵) be two nonempty soft 

fields. Then a soft field relation `f` from (𝛤, 𝐴) to (𝐺, 𝐵) is 

called a soft field function if every element in the domain 

has a unique element in the range. If  𝛤(𝑎)𝑓𝐺(𝑏) then we 

write 𝑓(𝛤(𝑎)) = 𝐺(𝑏). 

Definition 3.2. A soft field function 𝑓 from (𝛤, 𝐴) to 

(𝐺, 𝐵) is called injective (one-to-one) soft field if 𝛤(𝑎) ≠
 𝛤(𝑏) implies 𝑓(𝛤(𝑎)) ≠  𝑓(𝛤(𝑏)). That is 𝑓 is called 

injective soft field function if each element of the 

𝑟𝑎𝑛𝑓appears exactly once in the function. 

Definition 3.3. A soft field function 𝑓 from (𝛤, 𝐴) to 
(𝐺, 𝐵) is called surjective (on to) if 𝑟𝑎𝑛𝑓 = (𝐺, 𝐵). 

Definition 3.3. A soft field function which is both 

injective and surjective is called a bijective soft field 

function. 

Definition 3.4. A constant soft field function is a function 

in which every element of dom 𝑓 has the same image. 

Definition 3.5. Identity soft field function 𝑰 on a soft field 

(𝛤, 𝐴) is define by the function 𝑰: (𝛤, 𝐴) →  (𝛤, 𝐴) as 

𝑰(𝛤(𝑎)) =  𝛤(𝑎) for all 𝛤(𝑎) ∈ (𝛤, 𝐴). 

Definition 3.6. Let 𝑓 be an injective mapping from the soft 

fields (𝛤, 𝐴) to (𝐺, 𝐵). Then the inverse relation 𝑓−1 is 

called the inverse map of 𝑓. 
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Theorem 3.1.  

Let (𝛤, 𝐴) and (𝐺, 𝐵) be two soft fields over 𝐹. If  

𝑓: (𝛤, 𝐴) → (𝐺, 𝐵)is bijective then 𝑓−1: (𝐺, 𝐵) →  (𝛤, 𝐴)is 

also a bijective mapping. 

Proof.  

Let 𝐺(𝑏1) ≠ 𝐺(𝑏2) for 𝐺(𝑏1), 𝐺(𝑏2) ∈ (𝐺, 𝐵). 

 Let 𝑓−1(𝐺(𝑏1)) = 𝛤(𝑎1)  and 𝑓−1(𝐺(𝑏2)) = 𝛤(𝑎2). 

Then 𝑓(𝛤(𝑎1)) =  𝐺(𝑏1) and 𝑓(𝛤(𝑎2)) =  𝐺(𝑏2). 

Thus, 𝑓(𝛤(𝑎1)) ≠  𝑓(𝛤(𝑎2)). 

⟹𝛤(𝑎1)  ≠  𝛤(𝑎2), since 𝑓 is one –to-one. 

⟹𝑓−1(𝐺(𝑏1))  ≠  𝑓−1(𝐺(𝑏2)). Hence 𝑓 is one–to-one. 

Now, let 𝛤(𝑎) be an element of (𝛤, 𝐴). Because 𝑓 is 

surjective there exists a unique element 𝐺(𝑏) ∈ (𝐺, 𝐵) 

such that 𝑓(𝛤(𝑎)) =  𝐺(𝑏). It implies 𝛤(𝑎) =  𝑓−1(𝐺(𝑏)) 

for 𝛤(𝑎) ∈ (𝛤, 𝐴). This implies 𝑓(𝛤(𝑎1))  ≠ 𝑓( 𝛤(𝑎2)) 

Thus, 𝑓−1 is surjective. Hence, 𝑓−1 is bijective 

mapping. 

Theorem 3.2.  

Let : (𝛤, 𝐴) → (𝐺, 𝐵), and 𝑔: (𝐺, 𝐵) → (𝐻, 𝐶) be two 

bijective soft field mappings. Then 𝑔°𝑓: (𝛤, 𝐴) →  (𝐻, 𝐶) 

is also a bijective mapping and (𝑔°𝑓)−1 =  𝑓−1°𝑔−1. 

Proof.  

Let 𝛤(𝑎1), 𝛤(𝑎2) be two distinct elements of the soft 

field (𝛤, 𝐴).  

Then 𝛤(𝑎1)  ≠  𝛤(𝑎2) 

⟹𝑓(𝛤(𝑎1))  ≠  𝑓(𝛤(𝑎2)) , because 𝑓 is injective. 

⟹𝑔(𝑓(𝛤(𝑎1)))  ≠  𝑔(𝑓(𝛤(𝑎2))), since 𝑔 is injective. 

⟹(𝑔𝑓)(𝛤(𝑎1)) ≠ (𝑔°𝑓)(𝛤(𝑎2)). 

Hence, 𝑔°𝑓 is one-to-one. 

Let 𝐻(𝑐) be an element of the soft field (𝐻, 𝐶). Then 

there exists 𝐺(𝑏) ∈ (𝐺, 𝐵) such that 𝑔(𝐺(𝑏)) = 𝐻(𝑐) as 𝑔 

is surjective. Again since 𝑓 is surjective there exists 

𝛤(𝑎) ∈ (𝛤, 𝐴) such that 𝑓(𝛤(𝑎))= 𝐺(𝑏). 

Then 𝑔(𝑓 (𝛤 (𝑎)))= 𝐻(𝑐) for every 𝐻(𝑐) ∈ (𝐻, 𝐶). 

(𝑔°𝑓) (𝛤(𝑎))= 𝐻(𝑐). Therefore, 𝑔°𝑓 is surjective. 

Hence, 𝑔°𝑓 is bijective. Since 𝑓, 𝑔, 𝑔°𝑓 are bijective, it 

means they are invertible. 

Let 𝐹1 and 𝐹2 be two fields, (𝛤, 𝐴) and (𝐺, 𝐵) be two 

soft sets over 𝐹1 and 𝐹2 respectively and 𝑓: 𝐹1 → 𝐹2 be a 

mapping of fields. Then the soft set (𝑓(𝛤), 𝑠𝑢𝑝𝑝 (𝛤, 𝐴)) 

over 𝐹2 can be defined such that 𝑓(𝛤): 𝑠𝑢𝑝𝑝 (𝛤, 𝐴) →
𝑃(𝐹2) is given by 𝑓(𝛤)(𝑥) =  𝑓 (𝛤(𝑥)) for all 𝑥 ∈
𝑠𝑢𝑝𝑝(𝛤, 𝐴). It is worth noting that supp (𝛤, 𝐴) = sup 

(𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)). Moreover, if 𝑓 is a bijective mapping, 

then (𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a soft set over 𝐹1, where 

𝑓−1(𝐺): 𝑠𝑢𝑝𝑝(𝐺, 𝐵) → 𝑃(𝐹1) is given by 𝑓−1(𝐺)(𝑦) =
 𝑓−1(𝐺(𝑦)) for all 𝑦 ∈ 𝑠𝑢𝑝𝑝(𝐺, 𝐵). In a similar manner, 

𝑠𝑢𝑝𝑝(𝐺, 𝐵) = 𝑠𝑢𝑝𝑝(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)). 

Proposition 3.1 Let 𝑓: 𝐹1 → 𝐹2 be an on to linear mapping 

of fields. If (𝛤, 𝐴) is a non-null soft field over 𝐹1, then 

(𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)) is a non-null soft field over 𝐹2. 

Proof. 

Since (𝛤, 𝐴) is a non-null soft field over 𝐹1, then 

(𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)) is non-null over 𝐹2 as well. We have 

𝑓(𝛤)(𝑥) =  𝑓 (𝛤(𝑥)) ≠ ∅ for all 𝑥 ∈ (𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)). 

Because of the fact that (𝛤, 𝐴) is a soft field over 𝐹1, the 

nonempty set 𝛤(𝑥) is a subfield of  𝐹1 for all 𝑥 ∈
𝑠𝑢𝑝𝑝(𝛤, 𝐴). Therefore, the linear map image of𝑓(𝛤(𝑥)) is 

a subfield of 𝐹2. So, 𝑓(𝛤(𝑥)) is a subfield of  𝐹2 for all 

𝑥 ∈ (𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)). It means that (𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)) 

is a soft field over 𝐹2.  

Proposition 3.2. Let 𝑓: 𝐹1 → 𝐹2 be an on to linear mapping 

of fields. If (𝐺, 𝐵) is a non-null soft field over 𝐹2, then  

(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a non-null soft field over 𝐹1. 

Proof. 

Since  (𝐺, 𝐵) is a non-null soft field over 𝐹2, then so is  

(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) over 𝐹1. We have 𝑓−1(𝐺)(𝑦) =
 𝑓−1(𝐺(𝑦)) ≠ ∅ for all 𝑦 ∈ 𝑠𝑢𝑝𝑝(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)). 

Because of the fact that (𝐺, 𝐵) is a soft field over 𝐹2, the 

nonempty set 𝐺(𝑦) is a subfield of  𝐹2 for all 𝑦 ∈
𝑠𝑢𝑝𝑝(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)). Thus, we can conclude that 

𝑓−1(𝐺(𝑦)) is a subfield of  𝐹1 for all 𝑦 ∈
𝑠𝑢𝑝𝑝(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)). It means that 

(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a soft field over 𝐹1. 

Theorem 3.3. Let (𝛤, 𝐴) be a soft field over  𝐹1 and let 

𝑓: 𝐹1 → 𝐹2 be an on to linear mapping of fields. Then 

(i) If 𝛤(𝑥) = 𝑘𝑒𝑟𝑓 for all 𝑥 ∈ 𝑠𝑢𝑝𝑝(𝛤, 𝐴), then 

(𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)) is a trivial soft field over 𝐹2. 

(ii) If  (𝛤, 𝐴) is a whole, then (𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)) is a 

whole soft field over 𝐹2. 

(iii) If 𝑓 is injective and (𝐺, 𝐵) is trivial, then 

(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a trivial soft field over 𝐹1. 

(iv) If 𝑓 is injective and and 𝐺(𝑦) = 𝑓(𝐹1) for all 𝑦 ∈
𝑠𝑢𝑝𝑝(𝐺, 𝐵), then (𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a whole 

soft field over 𝐹1. 

Proof.  

(i) Suppose that 𝛤(𝑥) = 𝑘𝑒𝑟𝑓 for all 𝑥 ∈ 𝑠𝑢𝑝𝑝(𝛤, 𝐴). 

Then 𝑓(𝛤)(𝑥) = 𝑓(𝛤(𝑥)) = {0𝐹1
} for all 𝑥 ∈

𝑠𝑢𝑝𝑝(𝛤, 𝐴). That is to say (𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)) is a 

trivial soft field over 𝐹2.   

(ii) Assume that (𝛤, 𝐴) is a whole. Then 𝛤(𝑥) =  𝐹1 for 

all 𝑥 ∈ 𝑠𝑢𝑝𝑝(𝛤, 𝐴). It follows that 𝑓(𝛤)(𝑥) =

𝑓(𝛤(𝑥)) = 𝑓(𝐹1) =  𝐹2 for all 𝑥 ∈ 𝑠𝑢𝑝𝑝(𝛤, 𝐴), 

which means that (𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)) is a whole soft 

field over 𝐹2. 

(iii) Assume that 𝑓 is injective and (𝐺, 𝐵) is trivial. Then 

𝐺(𝑦) = {0𝐹2
} for all 𝑦 ∈ 𝑠𝑢𝑝𝑝(𝐺, 𝐵). Thus 

𝑓−1(𝐺)(𝑦) = 𝑓−1(𝐺(𝑦)) = 𝑓−1(0𝐹2
) = 𝑘𝑒𝑟𝑓 =

 {0𝐹1
} for all 𝑦 ∈ 𝑠𝑢𝑝𝑝(𝐺, 𝐵). Since 𝑓 is injective. It 

follows that (𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a trivial soft 

field over 𝐹1. 

(iv) Let 𝐺(𝑦) = 𝑓(𝐹1) for all 𝑦 ∈ 𝑠𝑢𝑝𝑝(𝐺, 𝐵). Then 

𝑓−1(𝐺)(𝑦) = 𝑓−1(𝐺(𝑦)) = 𝑓−1(𝑓(𝐹1)) =  𝐹1 for all 

𝑦 ∈ 𝑠𝑢𝑝𝑝(𝐺, 𝐵). That is to say, (𝑓−1(𝐺),
𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a whole soft field over 𝐹1. 

Theorem 3.4. 

Let 𝑓: 𝐹1 → 𝐹2 be a linear mapping of fields, (𝛤, 𝐴), 

(𝐺, 𝐵) be soft fields over 𝐹1. If  (𝐺, 𝐵) is a soft subfield of  

(𝛤, 𝐴), then  (𝑓(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a soft subfield of  

(𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)). 

Proof. 

Let (𝐺, 𝐵) be a soft subfield of  (𝛤, 𝐴) and 𝑥 ∈
(𝑓(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)). Since 𝐺(𝑥) is a subfield of  𝛤(𝑥) for 

all 𝑥 ∈ (𝑓(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) and 𝑓 is a linear mapping of 

fields 𝑓(𝐺)(𝑥) = 𝑓(𝐺(𝑥)) is a subfield of  𝑓(𝛤)(𝑥) =
𝑓(𝛤(𝑥)) for all 𝑥 ∈ (𝑓(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)). Hence, 
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(𝑓(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a soft subfield of 

(𝑓(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)) . 

Theorem 3.5. 

Let 𝑓: 𝐹1 → 𝐹2 be a linear mapping of fields, (𝛤, 𝐴), 

(𝐺, 𝐵) be soft fields over 𝐹2. If  (𝐺, 𝐵) is a soft subfield of 

(𝛤, 𝐴), then (𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a soft subfield of 

(𝑓−1(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)). 

Proof. 

Let (𝐺, 𝐵) be a soft subfield of (𝛤, 𝐴) and 𝑦 ∈
(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)). Since 𝐺(𝑦) is a subfield of 𝛤(𝑦) 

for all 𝑦 ∈ (𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) and 𝑓 is linear mapping 

of the fields, 𝑓−1(𝐺)(𝑦) = 𝑓−1(𝐺(𝑦)) is a subfield of 

𝑓−1(𝛤)(𝑦) = 𝑓−1(𝛤(𝑦)) for all𝑦 ∈
(𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)). Hence, (𝑓−1(𝐺), 𝑠𝑢𝑝𝑝(𝐺, 𝐵)) is a 

soft subfield of  (𝑓−1(𝛤), 𝑠𝑢𝑝𝑝(𝛤, 𝐴)). 

Definition 3.7. Let (𝛤, 𝐴) and (𝐺, 𝐵) be soft fields over 𝐹1 

and 𝐹2 respectively. Let 𝑓: 𝐹1 → 𝐹2 and 𝑔: 𝐴 → 𝐵 be two 

mappings. Then the pair (𝑓, 𝑔) is called a soft mapping 

from (𝛤, 𝐴) to (𝐺, 𝐵). A soft mapping (𝑓, 𝑔) is called a 

soft linear map if it satisfies the following conditions: 

(a) 𝑓 is a linear mapping of the fields. 

(b) 𝑔 is a mapping. 

(c) 𝑓(𝛤(𝑥)) = 𝐺(𝑔(𝑥)) for all 𝑥 ∈ 𝐴. 

If (𝑓, 𝑔) is a soft linear mapping and 𝑓 and 𝑔 are both 

on to, then we say that (𝛤, 𝐴) is softly 𝐹1 −linear map to 

(𝐺, 𝐵) under the soft linear mapping (𝑓, 𝑔), which is 

denoted by (𝛤, 𝐴)~𝐹1
(𝐺, 𝐵). Then (𝑓, 𝑔) is called a soft 

𝐹1 −linear map. Moreover, if 𝑓 is a   bijective (that is one-

to-one and on to) linear map and 𝑔 is a bijective mapping, 

then (𝑓, 𝑔) is said to be a soft b-linear mapping. In this 

case, we say that (𝛤, 𝐴) is soft b-linear map to (𝐺, 𝐵) 

which is denoted by (𝛤, 𝐴) ≈𝐹1
(𝐺, 𝐵). 

Theorem 3.6. 

Let 𝐹1, 𝐹2, 𝑎𝑛𝑑 𝐹3 be three fields and (𝛤, 𝐴), (𝐺, 𝐵) and 

(𝐻, 𝐶) be soft fields over 𝐹1, 𝐹2, 𝑎𝑛𝑑 𝐹3 respectively. Let 

the soft mapping (𝑓, 𝑔) from (𝛤, 𝐴), to (𝐺, 𝐵) is a soft 

linear mapping from 𝐹1 to 𝐹2 and the soft mapping 

(𝑓∗, 𝑔∗) from (𝐺, 𝐵) to (𝐻, 𝐶) a soft linear mapping from 

𝐹2 to 𝐹3. Then the soft mapping (𝑓∗𝑓, 𝑔∗𝑔) from (𝛤, 𝐴) to 

(𝐻, 𝐶) is a soft linear transformation from 𝐹1 to 𝐹3. 

Proof. 

Let the soft mapping (𝑓, 𝑔) from 𝐹1 to 𝐹2 be soft linear 

map from (𝛤, 𝐴) to (𝐺, 𝐵), then there exists a linear map 𝑓 

such that 𝑓: 𝐹1 → 𝐹2 and a mapping 𝑔 such that 𝑔: 𝐴 → 𝐵 

which satisfy  𝑓(𝛤(𝑥)) = 𝐺(𝑔(𝑥)) for all 𝑥 ∈ 𝐴. And let 

the soft mapping (𝑓∗, 𝑔∗) from 𝐹2 to 𝐹3 be a soft linear 

mapping from (𝐺, 𝐵) to (𝐻, 𝐶), then    there exists a linear 

𝑓∗ such that 𝑓∗: 𝐹2 → 𝐹3, and a mapping 𝑔∗ such that 

𝑔∗: 𝐵 → 𝐶 which satisfy 𝑓∗(𝐺(𝑥)) = 𝐻(𝑔∗(𝑥)) for all 

𝑥 ∈ 𝐵. We need to show that (𝑓∗°𝑓)(𝛤(𝑥)) =

𝐻(𝑔∗°𝑔)(𝑥) for all 𝑥 ∈ 𝐴. Let 𝑥 ∈ 𝐴, then 

(𝑓∗°𝑓)(𝛤(𝑥)) =  𝑓∗(𝑓(𝛤(𝑥))) 

= 𝑓∗(𝐺(𝑔(𝑥))) 

= 𝐻(𝑔∗(𝑔(𝑥))) 

= 𝐻((𝑔∗°𝑔)(𝑥)) 

Theorem 3.7. 

The relation ≈𝑏 is an equivalence relation on soft fields. 

 

Proof. 

(i) Reflexive: Let (𝛤, 𝐴) be soft field over 𝐹. Then 

(𝛤, 𝐴) ≈𝑏 (𝛤, 𝐴) under the soft b-linear transformation 

(𝐼𝛤 , 𝐼𝐴) where 𝐼𝐴 is the identity function of  𝐴. 

(ii) Symmetry: Let 𝐹1 and 𝐹2 be two fields, (𝛤, 𝐴) and 

(𝐺, 𝐵) be two soft fields over 𝐹1 and 𝐹2 respectively. 

Assume that (𝛤, 𝐴) ≈𝑏 (𝐺, 𝐵). Then, there exists a 

bijective linear map 𝑓 such that 𝑓: 𝐹1 → 𝐹2, and a bijective 

mapping 𝑔 such that 𝑔: 𝐴 → 𝐵 which satisfy  𝑓(𝛤(𝑥)) =

𝐺(𝑔(𝑥)) for all 𝑥 ∈ 𝐴. One can easily say that 
(𝐺, 𝐵) ≈𝑏 (𝛤, 𝐴) under the soft b-linear map (𝑓−1, 𝑔−1) 

since 𝑓−1: 𝐹2 → 𝐹1 is a bijective linear map and 𝑔−1: 𝐵 →

𝐴 is a bijective map. Moreover, since 𝑓(𝛤(𝑥)) = 𝐺(𝑔(𝑥)) 

⟹𝑓−1 (𝑓(𝛤(𝑥))) =  𝑓−1(𝐺(𝑔(𝑥))) 

⟹𝛤(𝑥) =  𝑓−1(𝐺(𝑔(𝑥))) 

⟹𝛤(𝑔−1(𝑥)) =  𝑓−1(𝐺(𝑔(𝑥))) 

⟹𝛤(𝑔−1(𝑥)) =  𝑓−1(𝐺(𝑥)) for all 𝑥 ∈ 𝐵 and hence 

𝑓−1(𝐺(𝑥)) = 𝛤(𝑔−1(𝑥)) is satisfied for all 𝑥 ∈ 𝐵. 

Therefore, (𝐺, 𝐵) ≈𝑏 (𝛤, 𝐴). 

(iii) Transitive: In theorem, it is showed that the third 

condition of definition is satisfied. When considering the 

fact that the composition of two bijective linear mapping is 

a bijective linear map and the composition of two bijective 

mapping is a bijective mapping, the transitive property is 

also satisfied clearly. 

Theorem 3.8. 

Let 𝐹1 and 𝐹2 be two fields and let (𝛤, 𝐴) and (𝐺, 𝐵) be 

two soft fields over 𝐹1, and 𝐹2 respectively. If (𝛤, 𝐴) is a 

soft field over 𝐹1 and (𝛤, 𝐴) ≈𝑏 (𝐺, 𝐵) then (𝐺, 𝐵) is a 

soft field over 𝐹2. 

Proof. 

We need to show that 𝐺(𝑦) is a subfield of  𝐹2 for all 

𝑦 ∈ 𝑠𝑢𝑝𝑝(𝐺, 𝐵). Since (𝛤, 𝐴) ≈𝑏 (𝐺, 𝐵), there exists a 

bijective linear mapping 𝑓 from 𝐹1 to 𝐹2 and a bijective 

mapping 𝑔 from 𝐴 to 𝐵 which satisfies 𝑓(𝛤(𝑥)) =

𝐺(𝑔(𝑥) for all 𝑥 ∈ 𝐴. Assume that (𝛤, 𝐴) is a soft field 

over 𝐹1. Then 𝛤(𝑥) is a subfield of 𝐹1 for all 𝑥 ∈
𝑠𝑢𝑝𝑝(𝛤, 𝐴), therefore, 𝑓(𝛤(𝑥)) is a subfield of  𝐹2 for all 

𝑥 ∈ 𝑠𝑢𝑝𝑝(𝛤, 𝐴). Since 𝑔 is a bijective mapping, for all 

𝑦 ∈ 𝑠𝑢𝑝𝑝(𝐺, 𝐵) ⊆ 𝐵, there exists an 𝑥 ∈ 𝐴 such that 𝑦 =
𝑔(𝑥). Hence, 𝐺(𝑦) is a subfield of 𝐹2 for all 𝑦 ∈

𝑠𝑢𝑝𝑝(𝐺, 𝐵), since 𝑓(𝛤(𝑥)) = 𝐺(𝑦). 

Theorem 3.9. 

Let 𝑓: 𝐹1 →  𝐹2 be a surjective linear mapping of fields 

and let (𝛤, 𝐴) and (𝐺, 𝐵) be two soft fields over 𝐹1    and 

𝐹2 respectively. 

(i) The soft mapping (𝑓, 𝐼𝐴) from (𝛤, 𝐴) to (𝐻, 𝐴) is a 

soft 𝐹1-linear mapping from 𝐹1 to 𝐹2, where 𝐼𝐴: 𝐴 → 𝐴 

is the identity mapping and the set valued function 

𝐻: 𝐴 → 𝑃(𝐹1) is defined by 𝐻(𝑥) = 𝑓(𝛤(𝑥)) for all 

𝑥 ∈ 𝐴. 

(ii) If 𝑓: 𝐹1 →  𝐹2 be a bijective linear mapping of fields, 

then the soft mapping (𝑓−1, 𝐼𝐵) from (𝐺, 𝐵) to (𝑇, 𝐵) 

is a soft 𝐹1-linear mapping from 𝐹2 to 𝐹1, where 

𝐼𝐵: 𝐵 → 𝐵 is the identity map and set valued function 

𝑇: 𝐵 → 𝑃(𝐹1) is defined by 𝑇(𝑥) =  𝑓−1(𝐺(𝑥)) for 

all 𝑥 ∈ 𝐵. 
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IV. CONCLUSION 
 

Soft set theory is a general mathematical tool for dealing 

with uncertainties about vague concepts. In this paper, we 

presented the theoretical point view of the soft set and soft 

field. We also presented the concept of relations and 

functions in soft field context. The properties of these 

relations and functions were investigated. Some theorems 

on soft field mapping were also stated and proved. 
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