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Abstract-- In this paper, we prove the Hyer s-Ulam-Rassias
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INTRODUCTION

A question in the theory of functional equationshe
following “When is it true that a function whic
approximately satisfies a functional equat] must be
close to an exact solutiah?” If the problem accepts
solution, we say that the equatibhis stable

In 1940, S.M.Ulam [ 17 gave a wide ranging ta
before the Mathematics Club of the University
Wisconsin in which he discussed a number of immo
unsoled problems. Among those was the follow
guestion concerning the stability of homomorphis

Let (G, *) be a group and (£ o ,d) be a metric grou
with the metric d. Giverl]>0, does there exists O,>0
such that if a mapping

h: G, — G, satisfies the inequality
d(h(x*y),h(x)o h(y))< 9, Oxy0G,,

then there is a mapping H:; G- G, such that for each
x,y UGy H(x*y)=H(x) o H(y) and d(h(x),H(x))<[?

In the next year, D.H.Hyers [ B gave answer to tk
above question for additive groups under the assam
that groups are Banach spaces. In 1978, T.M.Rq: 11 ]
proved a generalization of Hyers’ theorem for audi
mapping as a special case in the form of followiegult

Suppose that E and F are real normed spaces witl
complete normed space, f.-E F is a mapping such th
for each fixed XJE the mapping t- f (tx) is continuous

on R, and let there existI=0 and @gJ[0,1) s.t
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[f o) =100~ ) s el +[y")

x,yOE.

Then there exists a unique linear mapping — F

4"
st||f (X) -T(X)| < e———, xOE.
[100-T0ol s Ty

Quadratic functional equation was usedcharacterize
inner product spaces. Several other functional tau
were also to characterize inner product spacesquare
norm on an inner product space satisfies the imapt
parallelogram equality

[x+ylf+x-yif= 2(lxfH+ 1y 1D
The functionakquation f(x+y)+f(-y)=2f(x)+2f(y)

Is related to a symmetric -additive. It is natural that
each equation is called a quadratic functional ooz
Every solution of the quadratic function equatisrcalled
a quadratic function.

Now, we introduce the Illowing new quadratic
functional equation

f(Ix+y)+f(Ix-y)=f(x+y)+f(x- y)+27f(x)-2f(X) .
(1.1

It is easy to see that f(x)=* is a solution of the
equation. The main purpose of this paper is tdbéistathe
generalized Hyers-UlarRassias stability othe equation
(1.1).

In this section, let X be a real vector space and'Ibe
a Banach space. We will investigate the H-Ulam-
Rassias Stability problem for functional equatidnlj.
Thus we find the condition that there exists a qaid
function rear a approximately quadratic functic

Theorem 2.1. Let @: X* — R* be a function such
¢l x,0) a1"x,1"y) _
that zlz(T ——=2=0
i=0

converges andlim 2

n- oo
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al"x,1"y)

and lim
|2n

n- oo

= Ofor all x,y (OJX. Suppose that a
function

f: X - Y satisfies

|| f(Ix+y)+f(Ix-y)-f(x+y)-f(x-y)-21%F(x)+2f(x) ||

< P(x.y) (2.1)

for all x,y [I1X. Then there exists a quadratic function
X — Y which satisfies(1.1) and the inequa

(1" x,0)

I 2(i+1)

Ifx)-QUIIS = Z

| 0

(2.2)

for all x[1X. The function Q is given t

£(1"x)
|2n

Q)= lim , for all xOX. (2.3)
n- oo
Proof. Putting y=0 in (2.1), we get

|| 26(1%)-2F {(x)]| < P(x.0)
H f(1%) 1 qo(x 0)

(2.4)

- f( )H

Replace x by Ix, we have

f(12%) f(Ix|| 1 ¢(1x0)
B H 2 1*

f(l X)

- f( )H

T 2 2 (2.5)

< @A1x,0) N @(x.0)
2 212

=Hf<' 0 et 00 _f09

for all x[1X. Using induction on nye obtain the

Hfl('z:x) ()H S AR 15
2.6)

for all x (JX. In order to prove convergence of seque
{f(1 "x)/1*™, we show that sequence {t{)/I*"} is a Cauchy
sequence, we replace x Blin (2.6)
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fa™mx) f(1™x) Ll 'x)
H | 2nm) - |2m H 2|2mz 2(i+1)
2.7)
[
Z gmﬂ)g)

Since the righthand side of the inequality tends to 0 a
tends to infinity, so the sequence "X)/I*} is a Cauchy
sequence. Therefore, we may de!

Q=limI™"f(I"X) for all xOX. To show that Q
noo

satisfies (1.1), replace x, y b¥] Iy, respectively in (2.1),
then it follows that

L7201 ™ ()L ()R Ocky))-

1™ (x-y)-2PF( 1" ) +21(1 " IS | 71" 1%y)
Taking the limit as n- % we get
Q(Ix+y)+Q(Ix-y)-Q(x+y)-Q(x-Y)-2"Q(x)+2Q(x)=0
Thus Q satisfies (1.1) for all s[IX.

To prove uniqueness of the quadratic function
subject to (2.2), let us assume that there exisfsaaratic
function D: X — Y which satisfies (1.1) and the (2.
Hence if follows from (2.2) th

IRE)-DX)II=FIQ(M)-DA™)|
I IQUX)-FI™)II+IF(™)-D(™)])
_Z (13" x,0)
| 2(nei+)
for all x[IX. By taking n— 0, We get Q(x)=D(x).
Corollary 2.2. Let X and Y be a real normed sps

and aBanach space, respectively, and dgt, q be rea
numbers such that= 0,g>0and either p, q 3. Suppose

that a function f :X->Y satisfie:

[f(hky)+(1x-y)-f0xy)-(x- )-2PH )+ 26|
< f?ll x|+ 1y Ir (2.8)

for all x,y [ X. Then there exists a unique functi
Q :X — Y which

satisfies eq. (1.1and the inequalit

_ I x11°
I f(x)-Q(X)lk ¢ 227-37)

for all x [0 X and for all x[J X — {0} if p<0. The

function Q is given by
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1™
Q (¥)=lim——= ifp,q<3
noc | 4N
for all x 1 X.
The proof of the corollary goes through

aAx,y) = (| x[|I” + ||y ||") in the above theore!

Corollary 2.3. Let X and Y be a real normed sp:
and a Banach space, respectively, ancc= 0 be real
numbers. Suppose that a function

f:X—>Y satisfies

[If(Ix+y)+H(Ix-y)-fOc+y)-f(x-y)-21% f(x)+2f(x) || < €

(2.9)

for all x,y [1 X. Then there exists a unique functi
Q :X — Y which
satisfies Eq. (1.1) and the inequality

&
f(x)-QM)|IS —
I F(x)-QX)I 48

for all x I X. The function Q is given b

("X

Q)= L'TolT

The corollary is an immediate consequence of Tdrai
21.if X y)=€.

Corollary 2.4. Let E; and E be Banach spaces o\
the complex field C, and let

€= 0be areal number. Suppose that a func

f :E;—E, satisfies

|[f(lox-+ay)+f(l ax-ay)-f(ax+ay)-f(ox-ay)-212
flax)+2f(ax)|| < £

forall x O X.

for alla [J C (| = 1) and for all x,y[] Ej, and f (tx) is
continuous in IR

for each fixed x[J E;. Then there exists a uniq
Quadratic function Q:E—E,

which satisfies Eq. (1.19nd the inequalit

I f(x)-Q(x)||si, for all x O E.

48
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