
 

 

 

Copyright © 2015 IJASM, All right reserved 

7 

 

International Journal of Applied Science and Mathematics 

Volume 2, Issue 1, ISSN (Online): 2394-2894 

 

Conceptual Unification of Fuzzy Multisets 
 

Yohanna Tella 
Department of Mathematical Sciences Kaduna State University-Kaduna Nigeria 

email: yot2002ng@yahoo.com 

 
Abstract: Fuzzy multisets and some of their operators have 

been defined and redefined in the literature and 

complementary studies on the theory and applications also 

carried out. In this paper, a unified conceptual approach and 

operations on fuzzy multisets is presented. 

 

Keywords: Multiset, Fuzzy Multiset, Conceptual Approach, 

Operations 

 

1. INTRODUCTION 
 

Many problems in various disciplines such as 

engineering, medicine, economics, environmental 

sciences, and so forth have various uncertainties. These 

problems, which one comes face to face within life, cannot 

be solved using classical Mathematics method.  In 

classical mathematics, a mathematical model of an object 

is devised and the notion of the exact solution of this 

model is determined. As for these problems of uncertainty, 

the mathematical model is too complex, the exact solution 

cannot be found. There are several well-known theories to 

describe uncertainty. Considering the uncertainty factor, 

LoftiZadeh in [1] introduced Fuzzy sets, in which a 

membership function assigns to each element of the 

universe of discourse, a number from the unit interval 

[0,1] to indicate the degree of belongingness to the set 

under consideration. 

Many fields of modern mathematics have been emerged 

by violating a basic principle of a given theory only 

because useful structures could be defined this way. Set is 

a well-defined collection of distinct objects, that is, the 

elements of a set are pair wise different. If we relax this 

restriction and 

allow repeated occurrences of any element, then we can 

get a mathematical structure that is known as Multisets or 

Bags. For example, the prime factorization of an integer ݊ > Ͳ is a Multiset whose elements are primes. The 

number ͳʹͲ  has the prime factorization  ͳʹͲ = ʹଷ͵ଵͷଵ 

which gives the Multiset {ʹ,ʹ,ʹ,͵,ͷ}. 
A complete account of the development of multiset 

theory and applications can be seen in [2],[3], and [4] 

respectively. 

As a generalization of multiset, Yager in [5] introduced 

the concept of Fuzzy Multiset. An element of a Fuzzy 

Multiset can occur more than once with possibly the same 

or different membership values. 

Fuzzy multisets have found several applications in areas 

including Mathematics [6], Statistics and Engineering [7], 

Computer Science [8], medicine [9], Economics and 

Environmental sciences [10]. 

Since the original paper by Yager [5], different definiti-  

ons and redefinitions of the concept of fuzzy multisets, 

and the corresponding operators, are available in the 

literature ([8],[11],[12],[13],[14],[15],[16],[17],[18],[19],[

20],[21]). In this paper, a unified conceptual approach and 

operations on fuzzy   multisets is presented: 

The various conceptual approaches of fuzzy multisets   

in the literature and the corresponding remarks are 

presented in section 2. The unification of the various 

approaches is presented in section 3. Section 4 summarizes 

and conclude the entire paper. 

 

2. PRELIMINARY DEFINITIONS AND NOTATIONS 

DEFINITION 2.1[5] 
 

2.1.1A collection of elements which may contain 

duplicates is called a multiset (bag) (mset for short). 

Formally, if � is a finite set of elements, amset M drawn 

from the set � is represented by a function CountMsuch 

that CountM:� → ℕ where ℕrepresents the set of non-

negative integers. For each ݔ א �,  ሻ indicatesݔெሺݐ݊ݑ݋ܥ

the number of times the element  ݔ appears in the 

msetܯ.Note that ܯ,CountMሺݔሻ are assumed finite and ݐ݊ݑ݋ܥெሺݔሻ = Ͳ implies that ݔ ב  For a mset, different .ܯ

expressions such as ܯ = {݉ଵ ⁄ଵݔ ,݉ଶ ⁄ଶݔ ,… ,݉௡ ⁄௡ݔ } and ܯ = ,ଵݔ} ,ଵݔ … , ଵ⏞      ௠భݔ , ,ଶݔ ,ଶݔ … , ଶ⏞      ௠మݔ , … , ,௡ݔ ,௡ݔ … , �௡⏞        ௠ݔ } 

areused indicating  ݉௜ times membership of ݔ௜ in ܯ. In 

other words, ܯ = {ܽ, ܽ, ܽ, ܽ, ܾ, ܾ, ܾ, ܿ, ܿ, ܿ} can be 

rewritten ܯ = {Ͷ ܽ , ͵ ܾ⁄ , ͵ ܿ⁄⁄ } whereݐ݊ݑ݋ܥெሺܽሻ =Ͷ, ெሺܾሻݐ݊ݑ݋ܥ = ͵, ெሺܿሻݐ݊ݑ݋ܥ = ͵.Amsetܯ is a set if ݐ݊ݑ݋ܥெሺݔሻ = Ͳ  or ͳ  for all ݔ א �. Note that ݐ݊ݑ݋ܥ ,ܯெሺݔሻ are assumed  finite and ݊ݑ݋ܥெሺݔሻ = Ͳ  

implies that ݔ ב  A mset is said to be empty or null  .ܯ

denoted ∅  if ݐ݊ݑ݋ܥ∅ሺݔሻ = Ͳ  for all ݔ א �.   

2.1.2Assume ܯ is a mset drawn from the set �. The 

subset ܤ of � such that ݔ א ሻݔெሺݐ݊ݑ݋ܥ if ,ܤ > Ͳ and  ݔ ב ሻݔெሺݐ݊ݑ݋ܥifܤ = Ͳ is called the set supporting the 

mset ܯ. 

The set of all finite msets drawn from the set � is denoted 

by �ሺ�ሻ. 
2.1.3.The following are basic relations and operations 

on msetsܯ,ܰ א �ሺ�ሻ 
(i). (inclusion): ܯ ⊆ ܰ ↔ ሻݔெሺݐ݊ݑ݋ܥ ൑  ሻ forݔேሺݐ݊ݑ݋ܥ

all ݔ א � 
(ii). (equality): ܯ = ܰ ↔ ሻݔெሺݐ݊ݑ݋ܥ =  ሻ   forݔேሺݐ݊ݑ݋ܥ

all ݔ א � 

(iii). (Union):ݐ݊ݑ݋ܥெ׫ேሺݔሻ = ,ሻݔெሺݐ݊ݑ݋ܥ} ݔܽ݉ ݔሻ}for  allݔேሺݐ݊ݑ݋ܥ א � 

(iv). (intersection):ݐ݊ݑ݋ܥெתேሺݔሻ = ,ሻݔெሺݐ݊ݑ݋ܥ}݊݅݉ ݔ  ሻ}for allݔேሺݐ݊ݑ݋ܥ א � 

(v). (addition):ݐ݊ݑ݋ܥெ+ேሺݔሻ = ሻݔெሺݐ݊ݑ݋ܥ + ݔ  ሻfor allݔேሺݐ݊ݑ݋ܥ א � 

(vi). Difference 
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ሻݔெ−ேሺݐ݊ݑ݋ܥ  = ሻݔெሺݐ݊ݑ݋ܥ}ݔܽ݉ − ,ሻݔேሺݐ݊ݑ݋ܥ Ͳ} 
for all  ݔ א � 

1.4Let � be a finite set of elements. A fuzzy mset (fuzzy 

bag) ܣ drawn from � is a function ݉݁ܯ.ݐ݊ݑ݋ܥ஺: � → �. 

Where � is the set of all msets drawn from the unit 

interval [Ͳ,ͳ]. Since any mset such as ݉݁ܯ.ݐ݊ݑ݋ܥ஺ሺݔሻ 
can itself be characterized by a count function over its set, 

in this case � = [Ͳ,ͳ], ݐ݊ݑ݋ܥ஼௢௨௡௧.ெ௘௠ಲሺ௫ሻ: � → ℕ 

As the characterizing count function for the 

mset݉݁ܯ.ݐ݊ݑ݋ܥ஺ሺݔሻ. Thus, for any ߙ א -ሻ is a number in the set of nonߙ஼௢௨௡௧.ெ௘௠ಲሺ௫ሻሺݐ݊ݑ݋ܥ ,�

negative integers, ℕ, indicating the number of times ݔ 

appears with membership ߙ in the fuzzy mset ܣ, that is, it 

is the number of  ߙ ⁄ݔ   objects in msetܣ. 

For simplicity, the ݉݁ܯ.ݐ݊ݑ݋ܥ஺ function is denoted by  ܯ.ܥ஺, thus, ܯ.ܥ஺ሺݔሻ is the mset corresponding to element ݔ. For the function ݐ݊ݑ݋ܥ஼௢௨௡௧.ெ௘௠ಲሺ௫ሻ, the notation ܯ.ܥܥ஺�   is used instead. Therefore ܯ.ܥܥ஺�ሺߙሻ is the 

count of ߙ  graded ݔ objects in the fuzzy msetܣ. Note that 

for all  ܣand ܯ.ܥܥ ,ݔ஺�ሺͲሻ = Ͳ.  

An ordinary msetܤ on � can be considered as a fuzzy mset  

by the following formulations: ܯ.ܥܥ஻�ሺͳሻ = ሻߙ஻�ሺܯ.ܥܥ ሻݔ஻ሺݐ݊ݑ݋ܥ = Ͳforߙ ≠ ͳ 

2.1.4The following are the basic relations on fuzzy 

msetsܣ,  :�overܤ

(i). (equality); ܣ = ሻݔ஺ሺܯ.ܥ  if ܤ = ݔ ሻ for allݔ஻ሺܯ.ܥ א � 

In particular, ܣ = ሻߙ஺�ሺܯ.ܥܥ if ܤ = ݔ ሻ for allߙ஻�ሺܯ.ܥܥ  א ߙ ,� א � 
(ii). (inclusion); ܣ ⊆ ሻݔ஺ሺܯ.ܥ if ܤ ⊆ ݔ ሻ for allݔ஻ሺܯ.ܥ א �.  

In particular, ܣ ⊆ ሻߙ஺�ሺܯ.ܥܥ if ܤ ൑  ሻ forߙ஻�ሺܯ.ܥܥ 

all.ݔ א ߙ ,� א � 
(iii). (addition);  ܯ.ܥ஺+஻ሺݔሻ = ሻݔ஺ሺܯ.ܥ + ݔ ሻfor allݔ஻ሺܯ.ܥ א �. 

In particular, ܯ.ܥܥሺ஺+஻ሻ�ሺߙሻ = ሻߙ஺�ሺܯ.ܥܥ ݔ ሻfor allߙ஻�ሺܯ.ܥܥ + א ߙ ,� א � 
(iv). (union); ܯ.ܥ஺ڂ஻ሺݔሻ = ݔ ሻ for allݔ஻ሺܯ.ܥڂሻݔ஺ሺܯ.ܥ א �. 

In particular,ܯ.ܥܥሺ஺ڂ஻ሻ�ሺߙሻ =  ݔܽ݉

,ሻߙ஺�ሺܯ.ܥܥ}  ݔ ሻ}for allߙ஻�ሺܯ.ܥܥ א ߙ ,� א � 
(v).  (intersection);ܯ.ܥ஺ځ஻ሺݔሻ =  ሻݔ஻ሺܯ.ܥځሻݔ஺ሺܯ.ܥ
for all ݔ א �. 

In particular,ܯ.ܥܥሺ஺ځ஻ሻ�ሺߙሻ = ,ሻߙ஺�ሺܯ.ܥܥ} ݊݅݉ ݔ ሻ}for allߙ஻�ሺܯ.ܥܥ א ߙ ,� א � 
(vi). (difference);ܯ.ܥ஺−஻ሺݔሻ = ሻݔ஺ሺܯ.ܥ −  ሻ forݔ஻ሺܯ.ܥ

all ݔ א � 

In particular,ܯ.ܥܥሺ஺−஻ሻ�ሺߙሻ = ሻߙ஺�ሺܯ.ܥܥ} ݔܽ݉ − ,ሻߙ஻�ሺܯ.ܥܥ  Ͳ}for all ݔ א ߙ ,� א � 
2.1.5 Assumeܣ is a fuzzy mset drawn from the set �. 

The fuzzy subset  ܤ  of � is called the fuzzy supporting set 

via its membership function �஻ if and only if for each ݔ א �, �஻ሺݔሻ = ሻߙ஺�ሺܯ.ܥܥ|ሻݔ஺ሺܯ.ܥ}ఈݔܽ݉ > Ͳ}. 

In essence, �஻ሺݔሻ is equal to the highest membership 

grade which has non zero count in the msetܯ.ܥ஺ሺݔሻ. 
2.1.6 Letܣ be a fuzzy mset drawn from the set �. The 

cardinality of ݔ in ܣ denoted ݀ݎܽܥ஺ሺݔሻ is defined: ݀ݎܽܥ஺ሺݔሻ = ∑ .ߙ �אሻఈߙ஺�ሺܯ.ܥܥ . 

The cardinality of the fuzzy msetܣ denoted ܣ ݀ݎܽܥ  is 

defined: ܣ ݀ݎܽܥ = ∑ �אሻ௫ݔ஺ሺ݀ݎܽܥ  . 

For example if ܣ = {{ Ͳ.Ͷ, Ͳ.ʹ,Ͳ.ͷ} ⁄ݔ , {Ͳ.͵,Ͳ.ͷ,Ͳ.͸} ,ݕ {Ͳ.ͷ,Ͳ.Ͷ} ⁄⁄ݖ }, we 

have ݀ݎܽܥ஺ሺݔሻ = Ͳ.ͷ + Ͳ.Ͷ + Ͳ.ʹ = ͳ.ͳ, ݀ݎܽܥ஺ሺݕሻ = Ͳ.͸ + Ͳ.ͷ + Ͳ.͵ = ͳ.Ͷand ݀ݎܽܥ஺ሺݖሻ = Ͳ.ͷ + Ͳ.Ͷ = Ͳ.ͻ . 

Thus,ܣ ݀ݎܽܥ = ሻݔ஺ሺ݀ݎܽܥ + ሻݕ஺ሺ݀ݎܽܥ + ሻݔ஺ሺ݀ݎܽܥ =ͳ.ͳ + ͳ.Ͷ + Ͳ.ͻ = ͵.Ͷ 

2.1.7 Assume ܣ is a fuzzy mset drawn from the set �. 

  The absolute cardinality of ܣ denoted /݀ݎܽܥሺܣሻ/ 
isdefined: /݀ݎܽܥሺܣሻ/= ∑ �אሻ/௫ݔ஺ሺ݀ݎܽܥ/ where/݀ݎܽܥ஺ሺݔሻ/ is the 

absolute cardinality of  ݔ in ܣ defined: /݀ݎܽܥ஺ሺݔሻ/= ∑ �אሻఈߙ஺�ሺܯ.ܥܥ . 

For example if ܣ = {{ Ͳ.Ͷ, Ͳ.ʹ,Ͳ.ͷ} ⁄ݔ , {Ͳ.͵,Ͳ.ͷ,Ͳ.͸} ,ݕ {Ͳ.ͷ,Ͳ.Ͷ} ⁄⁄ݖ }, we 

have /݀ݎܽܥ஺ሺݔሻ/= ͳ + ͳ + ͳ = =/ሻݕ஺ሺ݀ݎܽܥ/ ͵ ͳ + ͳ + ͳ = ͵and /݀ݎܽܥ஺ሺݖሻ/= ͳ + ͳ = ʹ. 

Thus,/݀ݎܽܥሺܣሻ/=/݀ݎܽܥ஺ሺݔሻ/+/݀ݎܽܥ஺ሺݕሻ/+/݀ݎܽܥ஺ሺݖሻ/= ͵ + ͵ + ʹ = ͺ 

Definition 2.2([8],[11],[12],[13],[14],[15],[16],[17]). 

2.2.1Let �be a non empty set called the universal set.  

A crisp msetܯ of � is characterized by the count  

functionܥெ: � → ℕ where ℕ is the set of natural numbers 

including zero. For every ݔ א  ሻ denotes theݔெሺܥ ,�

number of times the object ݔ appears in ܯ. For example if ܯ = {ܽ, ܽ, ܽ, ܾ, ܾ, ܾ, ܿ, ܿ, ܿ, ܿ}, we have ܥெሺܽሻ = ெሺܾሻܥ ,͵ = ͵, ெሺܿሻܥ = Ͷ. 

2.2.2Let ܯ and ܰ be crisp msetsof �. The following are 

the basic relations and operations on the msets: 

(i). (inclusion); ܯ ⊆ ܰ ↔ ሻݔெሺܥ ൑ ݔ ሻallݔேሺܥ א �. 

(ii). (equality); ܯ = ܰ ↔ ሻݔெሺܥ = ݔ ሻallݔேሺܥ א �. 

(iii). (union); ܥெڂேሺݔሻ = ,ሻݔெሺܥ}ݔܽ݉ ݔ ሻ}allݔேሺܥ א �. 

(iv). intersection); ܥெځேሺݔሻ = ,ሻݔெሺܥ}݊݅݉ ݔ ሻ}allݔேሺܥ א �. 

(v). (sum); 

ሻݔெ+ேሺܥ  = ሻݔெሺܥ + ݔ ሻallݔேሺܥ א �.  

(vi). (difference); 

ሻݔெ−ேሺܥ  = ሻݔெሺܥ}ݔܽ݉ − ,ሻݔேሺܥ Ͳ}all ݔ א �. 

2.2.3A fuzzy msetܣ of � is characterized by a function ݐ݊ݑ݋ܥ஺ = �஺: � → � where � is the set of all crisp msets 

over the unit interval [Ͳ,ͳ] so that for every ݔ א �, �஺ሺݔሻ 
is a crisp mset of [Ͳ,ͳ]. 

2.2.4For any ݔ א �, the membership sequence is 

defined to be the decreasingly ordered sequence of the 

elements in �஺ሺݔሻ denoted by �஺ଵሺݔሻ, �஺ଶሺݔሻ, … , �஺௣ሺݔሻ 
such that �஺ଵሺݔሻ ൒ �஺ଶሺݔሻ ൒ ⋯ ൒ �஺௣ሺݔሻ. 
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For example 

If A={{0.2,0.1.07,0.5,0.3}/x,{0.3,0.5,0.4,0.8,0.6}/y},We 

have µA(x)={0.2,0.1.0.7,0.5,0.3} and µA(y)={0.3,0.5,0.4,0.

8,0.6}. Thus the membership sequence for ݔ andyin Aare 

(0.7,0.5,0.3,0.2,0.1) and (0.8,0.6,0.5,0.4,0.3) respectively. 

2.2.5The length of a membership sequence of an 

element ݔ in a fuzzy mset ܣ denoted ܮሺݔ;  ሻ isܣ

defined:ܮሺݔ; ሻܣ = ஺௝�|݆}ݔܽ݉ ሺݔሻ ≠ Ͳ} 
For instance for ܣ = {{Ͳ.ʹ,Ͳ.ͳ.Ͳ.͹, } ⁄ݔ , {Ͳ.͵,Ͳ.ͷ,Ͳ.Ͷ,Ͳ.ͺ,Ͳ.͸} ⁄ݕ }, we have ܮሺݔ; ሻܣ = ͵, ;ݕሺܮ ሻܣ = ͷ . 

For any two fuzzy msetsܣ and ܤof �, we haveL(x;A,B) 

defined: 

L(x;A,B) = max{L(x;A,),L(x;B)} and without ambiguity, 

L(x;A,B) is denoted by L(x). 

For example let ܣ = {{Ͳ.ʹ,Ͳ.͵} ⁄ݔ , {Ͳ.ͷ,ͳ,Ͳ.ͷ} ⁄ݕ }and ܤ = {{Ͳ.͸} ⁄ݔ , {Ͳ.͸,Ͳ.ͺ} ⁄ݕ , {Ͳ.ͳ,Ͳ.͹} ⁄ݓ } 
Clearly, L(x) = 2, L(y) = 3, L(w) = 2 and ܣ = {ሺͲ.͵,Ͳ.ʹሻ ⁄ݔ , ሺͳ,Ͳ.ͷ,Ͳ.ͷሻ ,ݕ ሺͲ,Ͳሻ ⁄⁄ݓ ܤ { = {ሺͲ,Ͳ.͸ሻ ⁄ݔ , ሺͲ.ͺ,Ͳ.͸,Ͳሻ ⁄ݕ , {Ͳ.͹,Ͳ.ͳ} ⁄ݓ } 

2.2.6In the operation between two fuzzy msets A and B 

of S, the lengths of the membership sequences are set 

equal preferably toL(x). The following are basic relations 

and operations for fuzzy msets A and B of � 

(i). (inclusion); ܣ ⊆ ܤ ↔ �஺௜ ሺݔሻ ൑ �஻௜ ሺݔሻ, ݅ = ͳ,ʹ, … ,  ,ሻݔሺܮ
(ii). (equality); ܣ = ܤ ↔ �஺௜ ሺݔሻ = �஻௜ ሺݔሻ, ݅ = ͳ,ʹ, … ,  ሻݔሺܮ
(iii).  (union); �஺ڂ஻ሺݔሻ = ቀ�஺௜ ሺݔሻ ש �஻௜ ሺݔሻ|݅ = ͳ,ʹ, … ,  ሻቁݔሺܮ
 Where �஺௜ ሺݔሻ ש �஻௜ ሺݔሻ = ஺௜�}ݔܽ݉ ሺݔሻ, �஻௜ ሺݔሻ} 
(iv). (intersection); �஺ځ஻ሺݔሻ = ቀ�஺௜ ሺݔሻ ר �஻௜ ሺݔሻ|݅ = ͳ,ʹ, … ,  ሻቁݔሺܮ
 Where �஺௜ ሺݔሻ ר �஻௜ ሺݔሻ = ݉݅݊{�஺௜ ሺݔሻ, �஻௜ ሺݔሻ} 
(v). (sum);�஺+஻ሺݔሻ = �஺ሺݔሻ + �஻ሺݔሻ 
(vi). (difference);�஺−஻ሺݔሻ = { �஺௜ ሺݔሻሺ�஻ଵ ሺݔሻ = ͲሻͲ                 ሺ�஻ଵ ሺݔሻ > Ͳሻ 
 Where ݅ = ͳ,ʹ, … ,  ሻݔሺܮ
(vi). ߙ-Cut:Theߙ-cut for any fuzzy mset ܣover �, 

   denoted by ۄܣۃఈ is defined: 

 �஺ଵሺݔሻ < ߙ → ሻݔሺഀۄ஺ۃܥ = Ͳ, 

 �஺௝ ሺݔሻ ൒ ሻݔ஺௝+ଵሺ� ,ߙ < ߙ → ሻݔሺഀۄ஺ۃܥ = ݆,j=1,2,…,p 

2.2.7 �-Cut:The �-cut for any natural number � and 

fuzzy msetܣ over �,  denoted by ۄܣۃ� is a fuzzy set whose 

membership is  given by �ۃ஺ۄ�ሺݔሻ = �஺�ሺݔሻ , ݔ א � 

In other words, the membership of ۄܣۃ� is the �th value in 

the membership sequence of ܣ. 

2.2.8The cardinality of a fuzzy msetܣ of � denoted |ܣ|is defined: |ܣ| = ∑ ∑ �஺௝ ሺݔሻ௅ሺ௫;஺ሻ௝=ଵ௫א� or |ܣ| = ∑ �א௫௫|ܣ| where |ܣ|௫ = ∑ �஺௝ ሺݔሻ௅ሺ௫;஺ሻ௝=ଵ . 

For example if ܣ = {{ Ͳ.Ͷ, Ͳ.ʹ,Ͳ.ͷ} ⁄ݔ , {Ͳ.͵,Ͳ.ͷ,Ͳ.͸} ,ݕ {Ͳ.ͷ,Ͳ.Ͷ} ⁄⁄ݖ },we 

have |ܣ|௫ = Ͳ.ͷ + Ͳ.Ͷ + Ͳ.ʹ = ͳ.ͳ, |ܣ|௬ = Ͳ.͸ + Ͳ.ͷ + Ͳ.͵ = ͳ.Ͷand |ܣ|௭ = Ͳ.ͷ + Ͳ.Ͷ = Ͳ.ͻ . 

Thus, |ܣ| = ௫|ܣ| + ௬|ܣ| + ௭|ܣ| = ͳ.ͳ + ͳ.Ͷ + Ͳ.ͻ = ͵.Ͷ 

2.2.9A fuzzy msetover the set � said to be empty 

denoted ∅ if �∅ሺݔሻ = ∅ for all ݔ א �.In particular,�∅௜ ሺݔሻ =Ͳ for all ݅and ݔ א �. 

Note that ܮሺݔ; ∅ሻ = Ͳ for all ݔ א �. 

2.2.10The root (support) set of a  fuzzymsetܣ of � 

denoted ܣ∗ is given byܣ∗ = ݔ} א �|�஺ሺݔሻ ≠ ∅} 
Definition 2.3 ([18],[19],[20]) 

2.3.1A collection of elements which may contain 

duplicates is called amset. If � is a set of elements, a mset ܣ, defined on a universe �, is characterized by a function �஺ as follows:�஺: � → ℕ. 

For each ݔ א �, �஺ሺݔሻ is the characteristic value of ݔ א  ܣ

indicating the number of occurrences of the element ݔ in ܣ  

and ݔ א ܣ ↔ �஺ሺݔሻ > Ͳ 

2.3.2Let ܣ and ܤ be any msets on the set �. The 

following are the basic relations and operations on the 

msets: 

(i). (inclusion) ܣ ⊆ ܤ ↔ �஺ሺݔሻ ൑ �஻ሺݔሻ 
(ii). (union):�஺ڂ஻ሺݔሻ = ,ሻݔ஺ሺ�}ݔܽ݉ �஻ሺݔሻ} 
(iii). (intersection):�஺ځ஻ሺݔሻ = ݉݅݊{�஺ሺݔሻ, �஻ሺݔሻ} 
(iv). (addition):�஺+஻ሺݔሻ = �஺ሺݔሻ + �஻ሺݔሻ 
(v). (difference):�஺−஻ሺݔሻ = ,Ͳ}ݔܽ݉ �஺ሺݔሻ − �஻ሺݔሻ} 

2.3.3.A fuzzy msetܣ, on the universe �, can be defined 

by a characteristic function: Ȳ஺: � → �, where � is the set of all crisp msets defined on [Ͳ,ͳ]. 
For example if 

A={{0.1,0.4,0.2,0.5}/x,{0.3,0.50.2,0.6}/y,{0.1,0.5,0.4}/z} 

We haveA (x)={0.1,0.4,0.2,0.5},A (y) = 

{0.3,0.5,0.2,0.6} andA (z)={0.1,0.5,0.4} 

2.3.4.The following are basic relations and operations 

for fuzzy msetsܣ and ܤ of � 

(i). (inclusion); 

ܣ  ⊆ ܤ ↔ Ȳ஺ሺݔሻ ⊆ Ȳ஻ሺݔሻfor all ݔ א � where   

       Ȳ஺ሺݔሻ ⊆ Ȳ஻ሺݔሻ ↔ �ஏಲ�ሺߙሻ ൑ �ஏಳ�ሺߙሻ 
for all   ߙ א [Ͳ,ͳ] 

(ii). (equality); ܣ = ܤ ↔ Ȳ஺ሺݔሻ = Ȳ஻ሺݔሻfor all ݔ א � where Ȳ஺ሺݔሻ = Ȳ஻ሺݔሻ ↔ �ஏಲሺ௫ሻሺߙሻ = �ஏಳሺ௫ሻሺߙሻfor all ߙ א [Ͳ,ͳ] 
(iii). (union); Ȳ஺ڂ஻ሺݔሻ = Ȳ஺ሺݔሻڂȲ஻ሺݔሻ for all ݔ א � 

where�ஏಲሺ௫ሻڂஏಳሺ௫ሻሺߙሻ ,ሻߙஏಲሺ௫ሻሺ�}ݔܽ݉= �ஏಳሺ௫ሻሺߙሻ} for all ߙ א [Ͳ,ͳ] 
(iv).(intersection); 

 Ȳ஺ځ஻ሺݔሻ = Ȳ஺ሺݔሻځȲ஻ሺݔሻ for all ݔ א � where �ஏಲሺ௫ሻځஏಳሺ௫ሻሺߙሻ = ݉݅݊{�ஏಲሺ௫ሻሺߙሻ, �ஏಳሺ௫ሻሺߙሻ} for      

      all  ߙ א [Ͳ,ͳ] 
 (v). (sum); Ȳ஺+஻ሺݔሻ = Ȳ஺ሺݔሻ + Ȳ஻ሺݔሻ for all ݔ א � where �ஏಲሺ௫ሻ+ஏಳሺ௫ሻሺߙሻ = �ஏಲሺ௫ሻሺߙሻ + �ஏಳሺ௫ሻሺߙሻfor 

all  ߙ א [Ͳ,ͳ] 
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(vi). (difference): Ȳ஺−஻ሺݔሻ = Ȳ஺ሺݔሻ − Ȳ஻ሺݔሻfor all ݔ א � where �ஏಲሺ௫ሻ−ஏಳሺ௫ሻሺߙሻ = ሻߙஏಲሺ௫ሻሺ�}ݔܽ݉ − �ஏಳሺ௫ሻሺߙሻ, Ͳ} 
     for all  ߙ א [Ͳ,ͳ] 

(vii).ߙ-Cut:Theߙ-cut for any fuzzy mset ܣover �, denoted 

by  ܣఈ is defined as a crisp mset containing all the 

occurrences of the elements ݔ א � whose grade of 

membership in ܣ is greater than or equal to the degree 

ߙ  א [Ͳ,ͳ]. 
 The number of occurrences of the element ݔ in ܣఈ is 

denoted �஺ഀሺݔሻ defined: 

 �஺ഀሺݔሻ = ∑ �ஏಲ௫ሺߚሻఉאஏಲ௫     whereߚ ൒  ߙ

(viii). �-Cut:The�-Cut of a fuzzy msetܣ over � is the 

fuzzy set  ܣ� such that the grade membership of the 

element ݔ in ܣ� denoted �஺�ሺݔሻ is defined: 

 �஺�ሺݔሻ = ሻݔ஺ഀሺ�|ߙ}݌ݑݏ ൒ �}where � א ℕ+. 

For example if 

A={(0.5,0.4,0.2,0.1)/x,(0.6,0.5,0.3,0.2)/y,(0.5,0.4,0.1)/z} ܣଵ = {Ͳ.ͷ ,ݔ Ͳ.͸ ,ݕ Ͳ.ͷ ⁄⁄⁄ݖ ଶܣ . { = {Ͳ.Ͷ ,ݔ Ͳ.ͷ ,ݕ Ͳ.Ͷ ⁄⁄⁄ݖ ଷܣ { = {Ͳ.ʹ ,ݔ Ͳ.͵ ,ݕ Ͳ.ͳ ⁄⁄⁄ݖ ସܣ { = {Ͳ.ͳ ,ݔ Ͳ.ʹ ⁄⁄ݕ } 
2.3.5.Considering the notion of fuzzy cardinality, the 

occurrences of an element ݔ in a fuzzymsetܣ on the 

universe �, can be characterized as a fuzzy integer denoted 

by  ȳ஺ሺݔሻ. This fuzzy number is the fuzzy cardinality of 

the fuzzy set of the different occurrences of ݔin ܣ. Thus, a 

fuzzy mset ܣ, on the universe �, can be characterized by a  

function:ȳ஺: � → ℕ௙ 

whereℕ௙ is the set of fuzzy natural integers. 

For example if 

A={(0.5,0.4,0.2,0.1)/x,(0.6,0.5,0.3,0.2)/y,(0.5,0.4,0.1)/z} 

Then ȳ஺ሺݔሻ = {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ⁄ , Ͳ.ʹ ͵, Ͳ.ͳ Ͷ⁄⁄ } ȳ஺ሺݕሻ = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.ͷ ʹ⁄ , Ͳ.͵ ͵⁄ , Ͳ.ʹ Ͷ⁄ } ȳ஺ሺݖሻ = {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ⁄ , Ͳ.ͳ ͵⁄ } 
Using fuzzy integers, ܣ can be alternatively be represented 

by ܣ = {{ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ⁄ , Ͳ.ʹ ͵, Ͳ.ͳ Ͷ⁄⁄ ͳ},ݔ∗{ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.ͷ ʹ⁄ , Ͳ.͵ ͵⁄ , Ͳ.ʹ Ͷ⁄ ͳ},ݕ∗{ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ⁄ , Ͳ.ͳ ͵⁄ ݖ∗{ } 

Note that �஺ഀሺݔሻ = (ȳ஺ሺݔሻ)ఈ. 

From the  above example, we have  �஺బ.మሺݔሻ = ͵ = (ȳ஺ሺݔሻ)଴.ଶ 

2.3.6.For any fuzzy msetsܣ and ܤ drawn from the set �, the following operations and relations are defined:  

(i). ȳ஺ڂ஻ሺݔሻ = ,ሻݔȳ஺ሺ)ݔܽ݉ ȳ஻ሺݔሻ) 
(ii). ȳ஺ځ஻ሺݔሻ = ݉݅݊(ȳ஺ሺݔሻ, ȳ஻ሺݔሻ) 
(iii). ȳ஺+஻ሺݔሻ = ȳ஺ሺݔሻ + ȳ஻ሺݔሻ 
(iv).ȳ஺×஻ሺݔሻ = ȳ஺ሺݔሻ × ȳ஻ሺݔሻ 
Where  �ஐಲሺ௫ሻ#ஐಳሺ௫ሻሺݖሻ = supሺ௠,௡ሻ|௠#௡≥௭݉݅݊(�ஐಲሺ௫ሻሺ݉ሻ, �ஐಳሺ௫ሻሺ݊ሻ)for any  # א …,ݔܽ݉,݊݅݉,×,+} }. 
Note that for any  ߙ א [Ͳ,ͳ], we have (ȳ஺ሺݔሻ#ȳ஻ሺݔሻ)ఈ = (ȳ஺ሺݔሻ)ఈ#(ȳ஻ሺݔሻ)ఈ . 

(v). ܣ ⊆ ܤ ↔ �ஐಲሺ௫ሻሺ�ሻ ൑ �ஐಳሺ௫ሻሺ�ሻ for all ݔ א � and � א ℕ+ 

2.3.7.The extend to which a fuzzy msetܣ over the set � 

is sub fuzzy multiset (‘sub fuzzy mset’ for short) of a 
fuzzy mset ܤ over the set � using the standard conjunction 

and Gӧdel implication denoted �⊆ሺܣ. .ܣሻ is defined: �⊆ሺܤ ሻܤ = ΨiΩ௫א�{ΨiΩ�אℕ+{�ஐಲሺ௫ሻሺ�ሻ →௙ �ஐಳሺ௫ሻሺ�ሻ}} , 
with: (݌ →௙ (ݍ = { ͳ   if   ݌ ൑  otherwise   ݍݍ

2.3.8.The fuzzy cardinality of a fuzzy msetܣ drawn 

from the set  � denotedby |̌ܣ|, is defined: |̌ܣ| = ∑ ȳ஺ሺݔሻ௫א� .  

For example if ܣ = {{ Ͳ.Ͷ, Ͳ.ʹ,Ͳ.ͷ} ⁄ݔ , {Ͳ.͵,Ͳ.ͷ,Ͳ.͸} ,ݕ {Ͳ.ͷ,Ͳ.Ͷ} ⁄⁄ݖ } 
We have  ȳ஺ሺݔሻ = {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ, Ͳ.ʹ ͵⁄⁄ } ȳ஺ሺݕሻ = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.ͷ ʹ⁄ , Ͳ.͵ ͵⁄ } ȳ஺ሺݖሻ = {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ⁄ } 
and |̌ܣ| = ȳ஺ሺݔሻ + ȳ஺ሺݕሻ + ȳ஺ሺݖሻ = {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ, Ͳ.ʹ ͵⁄⁄ } +{ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.ͷ ʹ⁄ , Ͳ.͵ ͵⁄ } +{ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ⁄ } = {ͳ Ͳ, Ͳ.͸ ͳ, Ͳ.ͷ ʹ, Ͳ.ͷ ͵⁄⁄⁄ , Ͳ.Ͷ Ͷ, Ͳ.͵ ͷ, Ͳ.ʹ ͸⁄⁄⁄⁄ } +{ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ⁄ } = {ͳ Ͳ, Ͳ.͸ ͳ⁄⁄ , Ͳ.ͷ ʹ, Ͳ.ͷ ͵, Ͳ.ͷ Ͷ, Ͳ.Ͷ ͷ, Ͳ.Ͷ ͸, Ͳ.͵ ͹, Ͳ.ʹ ͺ⁄⁄⁄⁄⁄⁄⁄ } 
Definition 2.4 [21] 

2.4.1.Let� be a crisp set. A (crisp) mset over � is a 

mapping ܯ: � → ℕ, where ℕ stands for the set of natural  

numbers including the Ͳ. A mset  ܯ over � is finite if its 

support (root)  �݌݌ݑሺܯሻ = ݔ} א ሻݔሺܯ|� > Ͳ} 
is a finite subset of �. The sets of all msets and of all finite 

msets over a set are denoted by ܯ�ሺ�ሻ and �ܯ�ሺ�ሻ 
respectively, and ⊥ for null (empty) mset defined by ⊥ ሺݔሻ = Ͳ for every ݔ א �. 

2.4.2.For every ܣ, ܤ א  ሺ�ሻ, the following relation�ܯ

and operations are defined: 

(i). (Inclusion): 

ܣ  ൑ ܤ ↔ ሻݔሺܣ ൑ ݔ ሻfor everyݔሺܤ א � 

(ii). (Sum): 

 ሺܣ + ሻݔሻሺܤ = ሻݔሺܣ +  ሻݔሺܤ
(iii). (join): 

 ሺܤڀܣሻሺݔሻ =  ሻݔሺܤڀሻݔሺܣ
 whereܣሺݔሻܤڀሺݔሻ = ,ሻݔሺܣ}ݔܽ݉ ݔ ሻ} for allݔሺܤ א �. 

(iv). (meet):ሺܤٿܣሻሺݔሻ =  ሻݔሺܤٿሻݔሺܣ
 whereܣሺݔሻܤٿሺݔሻ = ,ሻݔሺܣ}݊݅݉ ݔ ሻ} for allݔሺܤ א �.      

(v). (difference): 

ܣ  ൑ ܤ → ሺܤ − ሻݔሻሺܣ = ሻݔሺܤ − ݔ ሻfor allݔሺܣ א �. 

2.4.3.Let� be a crisp set. A fuzzy mset denoted ̅ܯ  over � is a mapping ̅ܯ: � →  .[Ͳ,ͳ]�ܯ
A fuzzy mset̅ܯ over � is finite if its supportSupp (̅ܯ) = {ݔ א ሻݔሺܯ̅|� ≠⊥}is a finite subset of � and, for every ݔ א  ሻ is a finite mset of [Ͳ,ͳ]. The sets ofݔሺܯ̅ ,ሻܯሺ̅݌݌ݑ�

all fuzzy msets and of all finite fuzzy msets over � are 

denoted by ℱܯ�ሺ�ሻ and ℱℱܯ�ሺ�ሻ respectively, and by ⊥̅ 

the (finite) fuzzy mset defined by ⊥̅ ሺݔሻ =⊥ for all ݔ א �. 
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2.4.4.For every ̅ܣ, ܤ̅ א ℱܯ�ሺ�ሻ, the following relation 

and operations are defined: 

(i). (Inclusion): 

ܣ̅  ൑ ܤ̅ ↔ ሻݔሺܣ̅ ൑ ݔ ሻfor allݔሺܤ̅ א � 

 In particular, 

ܣ̅  ൑ ܤ̅ ↔ ሻݐሻሺݔሺܣ̅ ൑ ݔ ሻfor allݐሻሺݔሺܤ̅ א � and ݐ א [Ͳ,ͳ]. 
(ii). (sum): 

 ሺ̅ܣ + ሻݔሻሺܤ̅ = ሻݔሺܣ̅ + ݔ ሻfor allݔሺܤ̅ א �. 

 In particular, 

 ሺ̅ܣ + ሻݐሻሺݔሻሺܤ̅ = ሻݐሻሺݔሺܣ̅ + ݔ ሻfor allݐሻሺݔሺܤ̅ א � and ݐ א [Ͳ,ͳ] 
(iii). (join): 

 ሺ̅ܤ̅ڀܣሻሺݔሻ = ݔ ሻfor allݔሺܤ̅ڀሻݔሺܣ̅ א � 

 In particular, 

 ሺ̅ܤ̅ڀܣሻሺݔሻሺݐሻ = ݔ ሻfor allݐሻሺݔሺܤ̅ڀሻݐሻሺݔሺܣ̅ א � and ݐ א [Ͳ,ͳ] where 

ሻݐሻሺݔሺܤ̅ڀሻݐሻሺݔሺܣ̅  = ,ሻݐሻሺݔሺܣ̅}ݔܽ݉  .{ሻݐሻሺݔሺܤ̅
(iv). (meet): 

 ሺ̅ܤ̅ٿܣሻሺݔሻ = ݔ ሻfor allݔሺܤ̅ٿሻݔሺܣ̅ א � 

 In particular, 

 ሺ̅ܤ̅ٿܣሻሺݔሻሺݐሻ = ݔ ሻfor allݐሻሺݔሺܤ̅ٿሻݐሻሺݔሺܣ̅ א � and ݐ א [Ͳ,ͳ] where 

ሻݐሻሺݔሺܤ̅ٿሻݐሻሺݔሺܣ̅  = ,ሻݐሻሺݔሺܣ̅}݊݅݉  .{ሻݐሻሺݔሺܤ̅
(v). (difference): 

ܣ̅  ൑ ܤ̅ → ሺ̅ܤ − ሻݔሻሺܣ̅ = ሻݔሺܤ̅ − ݔ ሻfor allݔሺܣ̅ א �. In 

particular, 

ܣ̅  ൑ ܤ̅ → ሺ̅ܤ − ሻݐሻሺݔሻሺܣ̅ = ሻݐሻሺݔሺܤ̅ −  ሻݐሻሺݔሺܣ̅
 for all ݔ א �  and ݐ א [Ͳ,ͳ]. 

2.5. Remarks on msets 
2.5.1The characterized functions ݐ݊ݑ݋ܥெ: � → ℕ, :ெܥ  � → ℕ,  �ெ: � → ℕ, :ܯ � → ℕfor 

any mset ܯ are equal. i.e ݐ݊ݑ݋ܥெ = ெܥ  =  �ெ = ݔ since for eachܯ א �,   the 

multiplicity ݐ݊ݑ݋ܥெሺݔሻ, ,ሻݔெሺܥ   �ெሺݔሻ or ܯሺݔሻ is 

unique. 

2.5.2.For any msetsܯ and ܰover �, ݐ݊ݑ݋ܥெሺݔሻ ൑ ሻݔேሺݐ݊ݑ݋ܥ ↔ ሻݔெሺܥ  ൑ ↔ ሻݔேሺܥ   �ெሺݔሻ ൑  �ேሺݔሻ ↔ ሻݔሺܯ ൑ ܰሺݔሻ (from 2.5.1). 

Hence, the inclusion relation ⊆ and ൑ are uniformly 

defined on msets. 

2.5.3.For any msetsܯ and ܰover �, ݐ݊ݑ݋ܥெሺݔሻ + ሻݔேሺݐ݊ݑ݋ܥ = ሻݔெሺܥ  + = ሻݔேሺܥ   �ெሺݔሻ +  �ேሺݔሻ = ሻݔሺܯ + ܰሺݔሻ, ݉ܽݐ݊ݑ݋ܥ}ݔெሺݔሻ, = {ሻݔேሺݐ݊ݑ݋ܥ ,ሻݔெሺܥ }ݔܽ݉ {ሻݔேሺܥ  = ,ሻݔெሺ� }ݔܽ݉  �ேሺݔሻ} = ,ሻݔሺܯ}ݔܽ݉ ܰሺݔሻ}, ݉݅݊{ݐ݊ݑ݋ܥெሺݔሻ, = {ሻݔேሺݐ݊ݑ݋ܥ ,ሻݔெሺܥ }݊݅݉ {ሻݔேሺܥ  = ݉݅݊{ �ெሺݔሻ,  �ேሺݔሻ} = ,ሻݔሺܯ}݊݅݉ ܰሺݔሻ}, ݉ܽݐ݊ݑ݋ܥ}ݔெሺݔሻ − ,ሻݔேሺݐ݊ݑ݋ܥ Ͳ} = ሻݔெሺܥ }ݔܽ݉ − ,ሻݔேሺܥ  Ͳ} = ሻݔெሺ� }ݔܽ݉ −  �ேሺݔሻ, Ͳ} = ሻݔሺܯ}ݔܽ݉ − ܰሺݔሻ, Ͳ} (from 2.5.1). 

Thus, the operations, +,ڂ , ,ځ ,ڀ ٿ , and − are 

uniformly defined on msets. 

2.6. Remarks on fuzzy msets. 

2.6.1.�ሺ[Ͳ,ͳ]ሻ = �. 

2.6.2.For any fuzzy mset̅ܣover �, the characterized 

functions ܯ.ܥ஺̅ ∶ � → �ሺ[Ͳ,ͳ]ሻ, �஺̅: � → �ሺ[Ͳ,ͳ]ሻ, Ȳ஺̅: � → �ሺ[Ͳ,ͳ]ሻandܣ:̅ � → �ሺ[Ͳ,ͳ]ሻ are equal. i.e ܯ.ܥ஺̅ = �஺̅ = Ȳ஺̅ =  Since the) ܣ̅

msetsܯ.ܥ஺̅ሺݔሻ, �஺̅ሺݔሻ, Ȳ஺̅ሺݔሻ and ̅ܣሺݔሻ are unique and 

equal for a unique fuzzy mset ̅ܣ. 

For example if ̅ܣ = {{Ͳ.ͳ, Ͳ.Ͷ, Ͳ.ʹ,Ͳ.ͷ} ⁄ݔ , {Ͳ.͵,Ͳ.ͷ,Ͳ.ʹ,Ͳ.͸} ,ݕ {Ͳ.ͳ,Ͳ.ͷ,Ͳ.Ͷ} ⁄⁄ݖ } 
we have   ܯ.ܥ஺̅ሺݔሻ = {Ͳ.ͳ, Ͳ.Ͷ, Ͳ.ʹ,Ͳ.ͷ} = �஺̅ሺݔሻ = Ȳ஺̅ሺݔሻ = ሻݕ஺̅ሺܯ.ܥ ,ሻݔሺܣ̅ = {Ͳ.͵,Ͳ.ͷ,Ͳ.ʹ,Ͳ.͸} = �஺̅ሺݕሻ = Ȳ஺̅ሺݕሻ = ሻݖ஺̅ሺܯ.ܥ ,ሻݕሺܣ̅ = {Ͳ.ͳ,Ͳ.ͷ,Ͳ.Ͷ} = �஺̅ሺݖሻ = Ȳ஺̅ሺݖሻ =  .ሻݖሺܣ̅
Since ܯ.ܥ஺̅ሺݏሻ = �஺̅ሺݏሻ = Ȳ஺̅ሺݏሻ = ݏ ሻfor allݏሺܣ̅ א � = ,ݔ} ,ݕ ஺̅ܯ.ܥ we have ,{ݖ = �஺̅ = Ȳ஺̅ =   .ܣ̅

However, ȳ஺̅ሺݔሻ = {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ⁄ , Ͳ.ʹ ͵, Ͳ.ͳ Ͷ⁄⁄ } ≠ ሻݕሻ ȳ஺̅ሺݔ஺̅ሺܯ.ܥ = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.ͷ ʹ⁄ , Ͳ.͵ ͵⁄ , Ͳ.ʹ Ͷ⁄ }≠ =ሻݖሻȳ஺̅ሺݕ஺̅ሺܯ.ܥ {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.Ͷ ʹ⁄ , Ͳ.ͳ ͵⁄ }≠  ሻݖ஺̅ሺܯ.ܥ
In particular,  ȳ஺̅ሺݏሻ ≠ ሻݏ஺̅ሺܯ.ܥ = �஺̅ሺݏሻ = Ȳ஺̅ሺݏሻ = ݏ ሻfor allݏሺܣ̅ א � = ,ݔ} ,ݕ   .{ݖ
Hence,ȳ஺̅ ≠ ஺̅ܯ.ܥ = �஺̅ = Ȳ஺̅ =  ܣ̅

2.6.3.For any fuzzy msets̅ܣ  and ̅ܤover �, ܯ.ܥ஺̅ሺݔሻ = ሻݔ஻̅ሺܯ.ܥ ↔ �஺̅ሺݔሻ = �஻̅ሺݔሻ ↔ Ȳ஺̅ሺݔሻ = Ȳ஻̅ሺݔሻ ↔ ሻݔሺܣ̅ = ݔ ሻfor allݔሺܤ̅ א �      (from 

2.6.2). 

Thus, ̅ܣ = ܤ̅ ↔ ሻݔ஺̅ሺܯ.ܥ = ↔ ሻݔ஻̅ሺܯ.ܥ �஺̅ሺݔሻ = �஻̅ሺݔሻ ↔ Ȳ஺̅ሺݔሻ = Ȳ஻̅ሺݔሻ 
 ↔ ሻݔሺܣ̅ =  ሻݔሺܤ̅
andܯ.ܥ஺̅ሺݔሻ ⊆ ሻݔ஻̅ሺܯ.ܥ ↔ Ȳ஺̅ሺݔሻ ⊆ Ȳ஻̅ሺݔሻ ↔ ሻݔሺܣ̅ ⊆  .ሻݔሺܤ̅
Thus, ̅ܣ ⊆ ܤ̅ ↔ ሻݔ஺̅ሺܯ.ܥ ⊆ ↔ ሻݔ஻̅ሺܯ.ܥ Ȳ஺̅ሺݔሻ ⊆ Ȳ஻̅ሺݔሻ ↔ ሻݔሺܣ̅ ⊆  ሻݔሺܤ̅
However,̅ܣ ⊆ ܤ̅ ↔ �஺̅௜ ሺݔሻ ൑ �஻̅௜ ሺݔሻ for all ݔ א � and ݅ = ͳ,ʹ, … , ܣ̅ ,ሻ (by definition). Alternativelyݔሺܮ ⊆ ܤ̅ ↔ �஺̅ሺݔሻ ൑ �஻̅ሺݔሻ, where  �஺̅ሺݔሻ ൑ �஻̅ሺݔሻ ↔ �஺̅௜ ሺݔሻ ൑ �஻̅௜ ሺݔሻ.  
But �஺̅ሺݔሻ ൑ �஻̅ሺݔሻ ↛ ሻݔ஺̅ሺܯ.ܥ ⊆  .ሻݔ஻̅ሺܯ.ܥ
For example given ̅ܣ = {{Ͳ.ͳ,Ͳ.ͷ,Ͳ.ʹ} ⁄ݔ , {Ͳ.ͷ,Ͳ.͸,Ͳ.Ͷ} ⁄ݕ , {Ͳ.ͳ,Ͳ.͹,Ͳ.ͺ} ⁄ݖ ܤ̅ { = {{Ͳ.͵,Ͳ.͸,Ͳ.ʹ} ⁄ݔ , {Ͳ.ͷ,Ͳ.ͺ,Ͳ.͹, } ⁄ݕ , {Ͳ.ʹ,Ͳ.ͻ,Ͳ.ͺ} ⁄ݖ } 
Clearly, �஺̅ሺݔሻ = {Ͳ.ͷ,Ͳ.ʹ,Ͳ.ͳ}, �஺̅ሺݕሻ = {Ͳ.͸,Ͳ.ͷ,Ͳ.Ͷ}, �஺̅ሺݖሻ = {Ͳ.ͺ,Ͳ.͹,Ͳ.ͳ}and �஻̅ሺݔሻ = {Ͳ.͸,Ͳ.͵,Ͳ.ʹ}, �஻̅ሺݕሻ ={Ͳ.ͺ,Ͳ.͹,Ͳ.ͷ},  �஻̅ሺݖሻ = {Ͳ.ͻ,Ͳ.ͺ,Ͳ.ʹ}. In particular, �஺̅ሺݏሻ ൑ �஻̅ሺݏሻ for all ݔ א ,ݔ} ,ݕ ܣand̅ {ݖ ⊆ ሻݔ஺̅ሺܯ.ܥ But .ܤ̅ ⊊ ஺̅�ሺͲ.ͳሻܯ.ܥܥ ሻ sinceݔ஻̅ሺܯ.ܥ = ͳ > ஻̅�ሺͲ.ͳሻܯ.ܥܥ  = Ͳ . 

Hence, the inclusion relation ⊆ is not uniformly defined. 

2.6.4.For the fuzzy msets̅ܣ  and ̅ܤ over � above 

We have ܯ.ܥ஺̅ሺݔሻܯ.ܥڂ஻̅ሺݔሻ = {Ͳ.ͳ,Ͳ.ͷ,Ͳ.ʹ}ڂ{Ͳ.͵,Ͳ.͸,Ͳ.ʹ} 
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 = {Ͳ.ͳ,Ͳ.ͷ,Ͳ.ʹ,Ͳ.͸} = Ȳ஺̅ሺݔሻڂȲ஻̅ሺݔሻ =  ሻݔሺܤ̅ڀሻݔሺܣ̅
However,  �஺̅ڂ஻̅ሺݔሻ = �஺̅ሺݔሻڂ�஻̅ሺݔሻ = {�஺̅௜ ሺݔሻ ש �஻̅௜ ሺݔሻ|݅ = ͳ,ʹ, . . } = {Ͳ.͸,Ͳ.͵,Ͳ.ʹ}. ȳ஺̅ሺݔሻ = {ͳ Ͳ, Ͳ.ͷ ͳ, Ͳ.ʹ ʹ, Ͳ.ͳ ͵⁄⁄⁄⁄ } ȳ஻̅ሺݔሻ = {ͳ Ͳ, Ͳ.͸ ͳ, Ͳ.͵ ʹ, Ͳ.ʹ ͵⁄⁄⁄⁄ ,ሻݔȳ஺ሺ)ݔܽ݉ { ȳ஻ሺݔሻ) = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.͵ ʹ⁄ , Ͳ.ʹ ͵⁄ } 
Thus, the union operation is not uniformly defined. 

Similarly, we have  ܯ.ܥ஺̅ሺݔሻܯ.ܥځ஻̅ሺݔሻ = {Ͳ.ͳ,Ͳ.ͷ,Ͳ.ʹ}ځ{Ͳ.͵,Ͳ.͸,Ͳ.ʹ} = {Ͳ.ʹ} = Ȳ஺̅ሺݔሻځȲ஻̅ሺݔሻ =  ሻݔሺܤ̅ٿሻݔሺܣ̅
But  �஺̅ځ஻̅ሺݔሻ = �஺̅ሺݔሻځ�஻̅ሺݔሻ = {�஺̅௜ ሺݔሻ ר �஻̅௜ ሺݔሻ|݅ = ͳ,ʹ, . . } = {Ͳ.ͷ,Ͳ.ʹ,Ͳ.ͳ}and ݉݅݊(ȳ஺̅ሺݔሻ, ȳ஻̅ሺݔሻ) = {ͳ Ͳ, Ͳ.ͷ ͳ, Ͳ.ʹ ʹ, Ͳ.ͳ ͵⁄⁄⁄⁄ } 
Thus, the intersection operation is not uniformly defined. ܯ.ܥ஺̅ሺݔሻ + ሻݔ஻̅ሺܯ.ܥ = {Ͳ.ͳ,Ͳ.ͷ,Ͳ.ʹ} + {Ͳ.͵,Ͳ.͸,Ͳ.ʹ} = {Ͳ.ͳ,Ͳ.ͷ,Ͳ.ʹ,Ͳ.͵,Ͳ.͸,Ͳ.ʹ} = {Ͳ.͸,Ͳ.ͷ,Ͳ.͵,Ͳ.ʹ,Ͳ.ʹ,Ͳ.ͳ} = �஺̅ሺݔሻ + �஻̅ሺݔሻ = Ȳ஺̅ሺݔሻ + Ȳ஻̅ሺݔሻ = ሻݔሺܣ̅ +  ሻݔሺܤ̅
But ȳ஺̅ሺݔሻ + ȳ஻̅ሺݔሻ = {ͳ Ͳ, Ͳ.͸ ͳ, Ͳ.ͷ ʹ, Ͳ.͵ ͵, Ͳ.ʹ Ͷ, Ͳ.ʹ ͷ, Ͳ.ͳ ͸⁄⁄⁄⁄⁄⁄⁄ } 
Hence, the additive union is not  uniformly defined.  ܯ.ܥ஺̅ሺݔሻ − ሻݔ஻̅ሺܯ.ܥ = {Ͳ.ͳ,Ͳ.ͷ,Ͳ.ʹ} − {Ͳ.͵,Ͳ.͸,Ͳ.ʹ} = {Ͳ.ͳ,Ͳ.ͷ} = Ȳ஺̅ሺݔሻ − Ȳ஻̅ሺݔሻ 
However, �஺̅−஻̅ሺݔሻ = {Ͳ,Ͳ,Ͳ} (since �஻̅ଵ ሺݔሻ > Ͳ) 

In particular, the difference operation is not uniformly 

defined.  

Consequently, the operations  +,ڂ , ,ځ ,ڀ ٿ , and  − are 

not uniformly defined on fuzzy msets. 

2.6.5. Forany fuzzy msetsܣover �, notes that  |̌ܣ| ≠ |ܣ| = |ܣ̌|andܣ ݀ݎܽܥ ≠/ሻܣሺ݀ݎܽܥ/≠  |ܣ|
 

3.FUZZYMSETS - AUNIFIED APPROACH 

 
In this section, proposals for the unification 

and relationship of various approaches outlined in section 

two are presented. 

3.1 Symbolic notations and definitions 
For the purpose of uniformity and without any loss 

of generality, the following  symbols and notations are 

proposed. 

(i). �஺ for the characterised function �஺: � →  for [Ͳ,ͳ]�ܯ

any fuzzy mset ܣ over the set �. 

(ii). �஺ۄݔۃ for membership sequence of ݔ א � in the fuzzy 

msetܣ define: 

 �஺ۄݔۃ = ,ሻݔ஺ଵሺ�ۃ �஺ଶሺݔሻ, … , �஺௅ሺ௫;஺ሻሺݔሻۄsuch that �஺ଵሺݔሻ ൒ �஺ଶሺݔሻ ൒ ⋯ ൒ �஺௅ሺ௫;஺ሻሺݔሻ 
(iii). ۄܣۃ = {�஺ۄݔۃ ⁄ݔ ݔ| א �}. In particular, for each ݔ א � 

 We have �ۃ஺ۄሺݔሻ = �஺ۄݔۃ . 
(iv). The length of a membership sequence of an element ݔ 

in a sequenced membership  fuzzy mset ۄܣۃ denoted ܮሺݔ; ;ݔሺܮ :ሻ is definedۄܣۃ ሻۄܣۃ = ஺௝�|݆}ݔܽ݉ ሺݔሻ ≠ Ͳ} 
For instance for ܣ = {{Ͳ.ʹ,Ͳ.ͳ.Ͳ.͹, } ⁄ݔ , {Ͳ.͵,Ͳ.ͷ,Ͳ.Ͷ,Ͳ.ͺ,Ͳ.͸} ⁄ݕ }, we 

have ۄܣۃ = ۄͲ.͹,Ͳ.ʹ,Ͳ.ͳۃ} ,ݔ ۄ͵.Ͳ.ͺ,Ͳ.͸,Ͳ.ͷ,Ͳ.Ͷ,Ͳۃ ⁄⁄ݕ }and ܮሺݔ; ሻۄܣۃ = ͵, ;ݕሺܮ ሻۄܣۃ = ͷ. 

For any two sequenced membership fuzzy msetsۄܣۃ 
and ۄܤۃof �, we have ܮሺݔ; ,ܣ ;ݔሺܮ :ሻdefinedܤ ,ۄܣۃ ሻۄܤۃ = ;ݔሺܮ}ݔܽ݉ ,ሻۄܣۃ ;ݔሺܮ  ሻ}andۄܤۃ

without ambiguity, ܮሺݔ; ,ۄܣۃ  .ሻݔሺܮ ሻ is denoted byۄܤۃ
For example if ܣ = {{Ͳ.ʹ,Ͳ.͵} ⁄ݔ , {Ͳ.ͷ,ͳ,Ͳ.ͷ} ⁄ݕ }and ܤ = {{Ͳ.͸} ⁄ݔ , {Ͳ.͸,Ͳ.ͺ} ⁄ݕ , {Ͳ.ͳ,Ͳ.͹} ⁄ݓ }. 
We have  ۄܣۃ = ۄʹ.Ͳ.͵,Ͳۃ} ⁄ݔ , ۄͳ,Ͳ.ͷ,Ͳ.ͷۃ ⁄ݕ }and ۄܤۃ = ۄͲ.͸ۃ} ⁄ݔ , ۄͲ.ͺ,Ͳ.͸ۃ ⁄ݕ , ۄͲ.͹,Ͳ.ͳۃ ⁄ݓ } 
Clearly, ܮሺݔሻ = ʹ, ሻݕሺܮ = ͵, ሻݓሺܮ = ʹ  and  

(v).  For any two fuzzy msetsܣ and ܤ over the set �, 

 The union of ۄܣۃ and ۄܤۃ denoted by ۄܤۃڂۄܣۃ is 

given by  �ۃ஺ۃڂۄ஻ۄሺݔሻ = = ሻݔሺۄ஻ۃ�ڀሻݔሺۄ஺ۃ� ⟨�஺௜ ሺݔሻ ש �஻௜ ሺݔሻ|݅ = ͳ,ʹ, … ,  ⟨ሻݔሺܮ
where�஺௜ ሺݔሻ ש �஻௜ ሺݔሻ = ஺௜�}ݔܽ݉ ሺݔሻ, �஻௜ ሺݔሻ} 
 The intersection of ۄܣۃ and ۄܤۃ denoted by ۄܤۃځۄܣۃ 

is given by  �ۃ஺ۃځۄ஻ۄሺݔሻ = = ሻݔሺۄ஻ۃ�ٿሻݔሺۄ஺ۃ� ⟨�஺௜ ሺݔሻ ר �஻௜ ሺݔሻ|݅ = ͳ,ʹ, … ,  ⟨ሻݔሺܮ
where�஺௜ ሺݔሻ ר �஻௜ ሺݔሻ = ݉݅݊{�஺௜ ሺݔሻ, �஻௜ ሺݔሻ} 
The equality of ۄܣۃ and ۄܤۃ denoted ۄܣۃ = ۄܣۃ :is defined ۄܤۃ = ۄܤۃ ↔ ሻݔሺۄ஺ۃ� = ۄܣۃ ,ሻ. In particularݔሺۄ஻ۃ� = ۄܤۃ ↔ �஺௜ ሺݔሻ = �஻௜ ሺݔሻfor all ݔ א �. 

Note that  

(i).{�஺ଵሺݔሻ, �஺ଶሺݔሻ, … , �஺௅ሺ௫;஺ሻሺݔሻ} ≠ ,ሻݔ஺ଵሺ�ۃ �஺ଶሺݔሻ, … , �஺௅ሺ௫;஺ሻሺݔሻۄ 
In particular, �஺ሺݔሻ ≠ �஺ۄݔۃ 
Note that  �∅௜ ሺݔሻ = Ͳand �ۄ∅ۃሺݔሻ = ,Ͳ,Ͳۃ … ,Ͳۄ.  
Proposition 3.1Let  ܣ be a fuzzy msetover �. It can 

easily be seen that ۄܣۃఈ = ߙ ఈ for anyܣ א [Ͳ,ͳ]. 
Proof: 

Let ݔ א � such that ۃܥ஺ഀۄሺݔሻ = ݆. Then �஺௝ ሺݔሻ ൒ ሻݔand �஺௝+ଵሺ ߙ <  (by definition) ߙ

Thus, �஺ଵሺݔሻ ൒ �஺ଶሺݔሻ ൒ ⋯ ൒ �஺௝ ሺݔሻ ൒  .ߙ

Hence, ܥ஺ഀሺݔሻ = ݆ and  ۃܥ஺ഀۄሺݔሻ = א ሻ for allݔ஺ഀሺܥ �. 

In particular, ۄܣۃఈ =  ఈܣ

Proposition 3.2Letܣ be fuzzy mset over �. Then for any 

nonnegative integer �, ۄܣۃ� =  �ܣ

Proof: 

Now for any  ݔ א ሻݔሺ�ۄ஺ۃ�  ,� = �஺�ሺݔሻ, (by definition). 
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Let ߙ = �஺�ሺݔሻ. Clearly, ߙ = ݌ݑݏ ሻݔ஺ഁሺܥ|ߚ} ൒ �}. 
In particular, �஺�ሺݔሻ = �஺�ሺݔሻand �ۃ஺ۄ�ሺݔሻ = �஺�ሺݔሻ. 
Hence, ۄܣۃ� =  �ܣ

Proposition 3.3Letܣ and ܤ be fuzzy msets  over�. 

Then  ܣ ⊆ ܤ ↔ �⊆ሺܣ. ሻܤ = ͳ  where ܣ ⊆  is defined in ܤ

terms of ൑ relation on real numbers 

Proof: 

This is clear from the various definitions of the inclusion 

relation and  use of  Gӧdel’s  implication. 
Proposition 3.4.  Let ܣ and ܤ be fuzzy msets over the 

set �. Then  

(i). �஺௜ ሺݔሻ ൑ �஻௜ ሺݔሻ ↔ �ஐಲ௫ሺ�ሻ ൑ �ஐಳ௫ሺ�ሻ for all ݔ א �, 

 � א ℕ+, ݅ = ͳ,ʹ, … , ሻݔሺܮ = ;ݔሺܮ  .ሻܤ
(ii) ܣ = ܤ ↔ ȳ஺ሺݔሻ = ȳ஻ሺݔሻfor all ݔ א � 

Proof: 

(i). Let ۄܣۃ and ۄܤۃ be sequenced membership  fuzzymsets 

over the set � such that �஺௜ ሺݔሻ ൑ �஻௜ ሺݔሻfor all ݔ א �, ݅ = ͳ,ʹ, … ,  .ሻݔሺܮ
We have  �ۃ஺ۄሺݔሻ = ,ሻݔ஺ଵሺ�ۃ �஺ଶሺݔሻ, … , �஺௅ሺ௫ሻሺݔሻۄ 
and �ۃ஻ۄሺݔሻ = ஻ଵ�ۃ ሺݔሻ, �஻ଶሺݔሻ, … , �஻௅ሺ௫ሻሺݔሻۄ 
Hence, ȳ஺ሺݔሻ ={ͳ Ͳ, �஺ଵሺݔሻ ͳ, �஺ଶሺݔሻ ʹ, … , �஺௅ሺ௫ሻሺݔሻ ⁄⁄⁄⁄ሻݔሺܮ }ȳ஻ሺݔሻ ={ͳ Ͳ, �஻ଵ ሺݔሻ ͳ, �஻ଶሺݔሻ ʹ, … , �஻௅ሺ௫ሻሺݔሻ ⁄⁄⁄⁄ሻݔሺܮ } 
Now �ஐಲ௫ሺͲሻ = ͳ = �ஐಳ௫ሺͲሻ and  �ஐಲ௫ሺͳሻ = �஺ଵሺݔሻ ൑ �஻ଵ ሺݔሻ = �ஐಳ௫ሺͳሻ, �ஐಲ௫ሺʹሻ = �஺ଶሺݔሻ ൑ �஻ଶሺݔሻ = �ஐಳ௫ሺʹሻ 
………………………………………………………… �ஐಲ௫ሺܮሺݔሻሻ = �஺௅ሺ௫ሻሺݔሻ ൑ �஻௅ሺ௫ሻሺݔሻ = �ஐಳ௫ሺܮሺݔሻሻ 
(by hypothesis). 

In particular, �ஐಲ௫ሺ�ሻ ൑ �ஐಳ௫ሺ�ሻ for all ݔ א �,  � א ℕ+, ݅ = ͳ,ʹ, … ,   .ሻݔሺܮ
Conversely, let  �ஐಲ௫ሺ�ሻ ൑ �ஐಳ௫ሺ�ሻ for all ݔ א �,  � א ℕ+. 

Clearly, �஺௜ ሺݔሻ ൑ �஻௜ ሺݔሻ for all ݅ = ͳ,ʹ, … ,  ሻ (byݔሺܮ

definition). 

(ii) Let  ܣ = ۄܣۃ Then .ܤ = and  �஺௜ ۄܤۃ ሺݔሻ = �஻௜ ሺݔሻ > Ͳ,        (1) ݅ = ͳ,ʹ, … , ݔ ሻfor allݔሺܮ א � (by definition) 

In this case, ݉ܽܮ}ݔሺݔ; ,ሻܣ ;ݔሺܮ {ሻܤ = ;ݔሺܮ ሻܣ = ;ݔሺܮ ሻܤ =  ሻݔሺܮ
In particular,  ȳ஺ሺݔሻ = {ͳ Ͳ⁄ , �஺ଵሺݔሻ ͳ⁄ , … , �஺௅ሺ௫ሻሺݔሻ �⁄ }and ȳ஻ሺݔሻ = {ͳ Ͳ⁄ , �஻ଵ ሺݔሻ ͳ⁄ , … , �஻௅ሺ௫ሻሺݔሻ �⁄ }, � א ℕ+. 

Hence, {ͳ Ͳ⁄ , �஺ଵሺݔሻ ͳ⁄ , … , �஺௅ሺ௫ሻሺݔሻ �⁄ } = {ͳ Ͳ⁄ , �஻ଵ ሺݔሻ ͳ⁄ , … , �஻௅ሺ௫ሻሺݔሻ �⁄ }  (from (1). 

 In particular,ȳ஺ሺݔሻ = ȳ஻ሺݔሻ for all ݔ א � 

Conversely, assuming  ȳ஺ሺݔሻ = ȳ஻ሺݔሻ for all ݔ א �,  

Then {ͳ Ͳ⁄ , �஺ଵሺݔሻ ͳ⁄ , … , �஺௣ሺݔሻ �⁄ } = {ͳ Ͳ⁄ , �஻ଵ ሺݔሻ ͳ⁄ , … , �஻௤ሺݔሻ �⁄ }, � א ℕ+. 

In this case, ݌ =  and ݍ

,ሻݔ஺ଵሺ�ۃ �஺ଶሺݔሻ, … , �஺௣ሺݔሻۄ = ஻ଵ�ۃ ሺݔሻ, �஻ଶሺݔሻ, … , �஻௤ሺݔሻۄ. 
In particular,ۄܣۃ = ܣ  and ۄܤۃ =  ܤ

 (by definition).  

Proposition 3.5.Let ܣ and ܤ be fuzzy msets over the set �. Then for all ݔ א � 

(i). ȳ஺ڂ஻ሺݔሻ = Ω�ۃಲۃڂۄಳۄ௫ሺݔሻ 
(ii). ȳ஺ځ஻ሺݔሻ = Ω�ۃಲۃځۄಳۄ௫ሺݔሻ 
(iii). ȳ஺+஻ሺݔሻ = Ω�ಲ+ಳ௫ሺݔሻ 
The validity of the  results (i)-(iii) can be seen  using the 

example: 

Let ܣ = {{Ͳ.ͳ,Ͳ.ͷ,Ͳ.ʹ} ⁄ݔ , {Ͳ.ͷ,Ͳ.͸,Ͳ.Ͷ} ⁄ݕ , {Ͳ.ͳ,Ͳ.͹,Ͳ.ͺ} ⁄ݖ ܤ { = {{Ͳ.͵,Ͳ.͸,Ͳ.ʹ} ⁄ݔ , {Ͳ.ͷ,Ͳ.ͺ,Ͳ.͹, } ⁄ݕ , {Ͳ.ʹ,Ͳ.ͻ,Ͳ.ͺ} ⁄ݖ } 
Clearly, ȳ஺ሺݔሻ = {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.ʹ ʹ⁄ , Ͳ.ͳ ͵⁄ }, ȳ஺ሺݕሻ = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.ͷ ʹ⁄ , Ͳ.Ͷ ͵⁄ }, ȳ஺ሺݖሻ = {Ͳ ͳ⁄ , Ͳ.ͺ ͳ⁄ , Ͳ.͹ ʹ⁄ , Ͳ.ͳ ͵⁄ }. ȳ஻ሺݔሻ = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.͵ ʹ⁄ , Ͳ.ʹ ͵⁄ },  ȳ஻ሺݕሻ = {ͳ Ͳ⁄ , Ͳ.ͺ ͳ⁄ , Ͳ.͹ ʹ⁄ , Ͳ.ͷ ͵⁄ }, ȳ஻ሺݖሻ = {ͳ Ͳ⁄ , Ͳ.ͻ ͳ⁄ , Ͳ.ͺ ʹ⁄ , Ͳ.ʹ ͵⁄ }. 
(i) ȳ஺ڂ஻ሺݔሻ = ,ሻݔȳ஺ሺ}ݔܽ݉ ȳ஻ሺݔሻ} (by definition). = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.͵ ʹ, Ͳ.ʹ ͵⁄⁄ } (using definition 2.3.7(i)). 

But  �ۃ஺ۃڂۄ஻ۄሺݔሻ =  .(definition 2.2.6 (iii)) ۄʹ.Ͳ.͸,Ͳ.͵,Ͳۃ

Hence, Ω�ۃಲۃڂۄಳۄ௫ሺݔሻ = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.͵ ʹ, Ͳ.ʹ ͵⁄⁄ } 
In particular, ȳ஺ڂ஻ሺݔሻ = Ω�ۃಲۃڂۄಳۄ௫ሺݔሻ,(1) ȳ஺ڂ஻ሺݕሻ = ,ሻݕȳ஺ሺ}ݔܽ݉ ȳ஻ሺݕሻ} (by definition). = {ͳ Ͳ⁄ , Ͳ.ͺ ͳ, Ͳ.͹ ʹ, Ͳ.ͷ ͵⁄⁄⁄ }(using definition 2.3.7(i)). 

But  �ۃ஺ۃڂۄ஻ۄሺݕሻ =  .ۄͲ.ͺ,Ͳ.͹,Ͳ.ͷۃ
Hence, Ω�ۃಲۃڂۄಳۄ௬ሺݕሻ = {ͳ Ͳ⁄ , Ͳ.ͺ ͳ⁄ , Ͳ.͹ ʹ, Ͳ.ͷ ͵⁄⁄ } 
In particular, ȳ஺ڂ஻ሺݕሻ = Ω�ۃಲۃڂۄಳۄ௬ሺݕሻ(2) ȳ஺ڂ஻ሺݖሻ = ,ሻݖȳ஺ሺ}ݔܽ݉ ȳ஻ሺݖሻ} (by definition). = {ͳ Ͳ, Ͳ.ͻ ͳ, Ͳ.ͺ ʹ, Ͳ.ʹ ͵⁄⁄⁄⁄ }(using definition 2.3.7(i)). 

But  �ۃ஺ۃڂۄ஻ۄሺݖሻ =   .(definition 2.2.6(iii))ۄʹ.Ͳ.ͻ,Ͳ.ͺ,Ͳۃ

Hence, Ω�ۃಲۃڂۄಳۄ௬ሺݖሻ = {ͳ Ͳ⁄ , Ͳ.ͻ ͳ⁄ , Ͳ.ͺ ʹ, Ͳ.ʹ ͵⁄⁄ } 
In particular, ȳ஺ڂ஻ሺݖሻ = Ω�ۃಲۃڂۄಳۄ௭ሺݖሻ(3) 

Consequently from (1)-(3) above, we have ȳ஺ڂ஻ሺݏሻ = Ω�ۃಲۃڂۄಳۄ௦ሺݏሻfor allݏ א � = ,ݔ} ,ݕ   .{ݖ
(ii).  ȳ஺ځ஻ሺݔሻ = ݉݅݊{ȳ஺ሺݔሻ, ȳ஻ሺݔሻ} (by definition)  = {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.ʹ ʹ⁄ , Ͳ.ͳ ͵⁄ }(using definition  2.3.7(ii)). 

But  �ۃ஺ۃځۄ஻ۄሺݔሻ =   .(definition 2.2.6(iv)) ۄͲ.ͷ,Ͳ.ʹ,Ͳ.ͳۃ

Hence, Ω�ۃಲۃځۄಳۄ௫ሺݔሻ = {ͳ Ͳ⁄ , Ͳ.ͷ ͳ⁄ , Ͳ.ʹ ʹ, Ͳ.ͳ ͵⁄⁄ } 
In particular, ȳ஺ځ஻ሺݔሻ = Ω�ۃಲۃځۄಳۄ௫ሺݔሻ (1) ȳ஺ځ஻ሺݕሻ = ݉݅݊{ȳ஺ሺݕሻ, ȳ஻ሺݕሻ} (by definition) = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.ͷ ʹ⁄ , Ͳ.Ͷ ͵⁄ }(using definition  2.3.7(ii)). 

But  �ۃ஺ۃځۄ஻ۄሺݕሻ =  .(definition 2.2.6(iv)) ۄͲ.͸,Ͳ.ͷ,Ͳ.Ͷۃ

Hence, Ω�ۃಲۃځۄಳۄ௬ሺݕሻ = {ͳ Ͳ⁄ , Ͳ.͸ ͳ⁄ , Ͳ.ͷ ʹ⁄ , Ͳ.Ͷ ͵⁄ } 
In particular, ȳ஺ځ஻ሺݕሻ = Ω�ۃಲۃځۄಳۄ௬ሺݕሻ (2) ȳ஺ځ஻ሺݖሻ = ݉݅݊{ȳ஺ሺݖሻ, ȳ஻ሺݖሻ} (by definition)  = {ͳ Ͳ⁄ , Ͳ.ͺ ͳ⁄ , Ͳ.͹ ʹ⁄ , Ͳ.ͳ ͵⁄ }(using definition  2.3.7(ii)). 

But  �ۃ஺ۃځۄ஻ۄሺݖሻ =   .(definition 2.2.6(iv)) ۄͲ.ͺ,Ͳ.͹,Ͳ.ͳۃ

Hence, Ω�ۃಲۃځۄಳۄ௭ሺݖሻ = {ͳ Ͳ⁄ , Ͳ.ͺ ͳ⁄ , Ͳ.͹ ʹ, Ͳ.ͳ ͵⁄⁄ } 
In particular, ȳ஺ځ஻ሺݖሻ = Ω�ۃಲۃځۄಳۄ௭ሺݖሻ (3) 

Consequently from (1)-(3) above, we have ȳ஺ځ஻ሺݏሻ = Ω�ۃಲۃځۄಳۄ௦ሺݏሻfor all ݏ א � = ,ݔ} ,ݕ   .{ݖ
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(iii).  ȳ஺+஻ሺݔሻ = ȳ஺ሺݔሻ + ȳ஻ሺݔሻ  (definition 2.3.7(iii)  = {ͳ Ͳ⁄ , Ͳ.͸ ͳ, Ͳ.ͷ ʹ, Ͳ.͵ ͵, Ͳ.ʹ Ͷ, Ͳ.ʹ ͷ, Ͳ.ͳ ͸⁄⁄⁄⁄⁄⁄ } 
(definition  2.3.7(ii)). 

But  �஺+஻ሺݔሻ = �஺ሺݔሻ + �஻ሺݔሻ (definition 2.2.6(v)) = {Ͳ.ͳ,Ͳ.ͷ,Ͳ.ʹ} + {Ͳ.͵,Ͳ.͸,Ͳ.ʹ} = {Ͳ.͸,Ͳ.ͷ,Ͳ.͵,Ͳ.ʹ,Ͳ.ʹ,Ͳ.ͳ}. 
Hence, Ω�ಲ+ಳ௫ሺݔሻ = {ͳ Ͳ⁄ , Ͳ.͸ ͳ, Ͳ.ͷ ʹ, Ͳ.͵ ͵, Ͳ.ʹ Ͷ, Ͳ.ʹ ͷ, Ͳ.ͳ ͸⁄⁄⁄⁄⁄⁄ } 
In particular,ȳ஺+஻ሺݔሻ = Ω�ಲ+ಳ௫ሺݔሻ. (1) ȳ஺+஻ሺݕሻ = ȳ஺ሺݕሻ + ȳ஻ሺݕሻ (definition 2.3.7(iii)               = {ͳ Ͳ, Ͳ.ͺ ͳ, Ͳ.͹ ʹ, Ͳ.͸ ͵, Ͳ.ͷ Ͷ, Ͳ.ͷ ͷ, Ͳ.Ͷ ͸⁄⁄⁄⁄⁄⁄⁄ } 
But  �஺+஻ሺݕሻ = �஺ሺݕሻ + �஻ሺݕሻ (definition 2.2.6(v)) = {Ͳ.ͷ,Ͳ.͸,Ͳ.Ͷ} + {Ͳ.ͷ,Ͳ.ͺ,Ͳ.͹} = {Ͳ.ͺ,Ͳ.͹,Ͳ.͸,Ͳ.ͷ,Ͳ.ͷ,Ͳ.Ͷ} 
Hence, Ω�ಲ+ಳ௬ሺݕሻ = {ͳ Ͳ⁄ , Ͳ.ͺ ͳ, Ͳ.͹ ʹ, Ͳ.͸ ͵, Ͳ.ͷ Ͷ, Ͳ.ͷ ͷ, Ͳ.Ͷ ͸⁄⁄⁄⁄⁄⁄ } 
In particular,ȳ஺+஻ሺݕሻ = Ω�ಲ+ಳ௬ሺݕሻ. (2) ȳ஺+஻ሺݖሻ = ȳ஺ሺݖሻ + ȳ஻ሺݖሻ  (definition 2.3.7(iii) = {ͳ Ͳ, Ͳ.ͻ ͳ, Ͳ.ͺ ʹ, Ͳ.ͺ ͵, Ͳ.͹ Ͷ, Ͳ.ʹ ͷ, Ͳ.ͳ ͸⁄⁄⁄⁄⁄⁄⁄ } 
But  �஺+஻ሺݖሻ = �஺ሺݖሻ + �஻ሺݖሻ (definition 2.2.6(v)) = {Ͳ.ͳ,Ͳ.͹,Ͳ.ͺ} + {Ͳ.ʹ,Ͳ.ͻ,Ͳ.ͺ} = {Ͳ.ͻ,Ͳ.ͺ,Ͳ.ͺ,Ͳ.͹,Ͳ.ʹ,Ͳ.ͳ}. 
Hence, Ω�ಲ+ಳ௭ሺݖሻ = {ͳ Ͳ⁄ , Ͳ.ͻ ͳ, Ͳ.ͺ ʹ, Ͳ.ͺ ͵, Ͳ.͹ Ͷ, Ͳ.ʹ ͷ, Ͳ.ͳ ͸⁄⁄⁄⁄⁄⁄ } 
In particular,ȳ஺+஻ሺݖሻ = Ω�ಲ+ಳ௭ሺݖሻ                  (3) 

From (1)-(3), it is clear that  ȳ஺+஻ሺݏሻ = Ω�ಲ+ಳ௭ሺݏሻfor all ݏ א � = ,ݔ} ,ݕ  .{ݖ
Proposition 3.6.Let ܣ  be a  fuzzy mset over the set �. 

Then 

(i)  |ܣ|௫ = ∑ �ஐಲ௫ሺ�ሻ௣�=ଵ ݌ , = ;ݔሺܮ  .ሻۄܣۃ
(ii)|ܣ| = ∑ �|஺̌|ሺ�ሻ௤�=ଵ where ݍ = ∑ ;௜ݔሺܮ ሻ௡௜=ଵۄܣۃ ௜ݔ , א �. 

For example, if ܣ = {{ Ͳ.Ͷ, Ͳ.ʹ,Ͳ.ͷ} ⁄ݔ , {Ͳ.͵,Ͳ.ͷ,Ͳ.͸} ,ݕ {Ͳ.ͷ,Ͳ.Ͷ} ⁄⁄ݖ } 
(i). |ܣ|௫ = Ͳ.Ͷ + Ͳ.ʹ + Ͳ.ͷ = ͳ.ͳ ȳ஺ሺݔሻ = {ͳ Ͳ, Ͳ.ͷ ͳ, Ͳ.Ͷ ʹ, Ͳ.ʹ ͵⁄⁄⁄⁄ } ∑�ஐಲ௫ሺ�ሻଷ

�=ଵ = Ͳ.ͷ + Ͳ.Ͷ + Ͳ.ʹ = ͳ.ͳ 

Thus  |ܣ|௫ = ͳ.ͳ = ∑ �ஐಲ௫ሺ�ሻଷ�=ଵ ௬|ܣ|  = Ͳ.͵ + Ͳ.ͷ + Ͳ.͸ = ͳ.Ͷ ȳ஺ሺݕሻ = {ͳ Ͳ, Ͳ.͸ ͳ, Ͳ.ͷ ʹ, Ͳ.͵ ͵⁄⁄⁄⁄ } ∑�ஐಲ௬ሺ�ሻ = Ͳ.͸ + Ͳ.ͷ + Ͳ.͵ = ͳ.Ͷଷ
�=ଵ  

Thus  |ܣ|௬ = ͳ.Ͷ = ∑ �ஐಲ௬ሺ�ሻଷ�=ଵ ௭|ܣ|  = Ͳ.ͷ + Ͳ.Ͷ = Ͳ.ͻ ȳ஺ሺݖሻ = {ͳ Ͳ, Ͳ.ͷ ͳ, Ͳ.Ͷ ʹ⁄⁄⁄ } ∑�ஐಲ௭ሺ�ሻ = Ͳ.ͷ + Ͳ.Ͷ = Ͳ.ͻଷ
�=ଵ  

Thus  |ܣ|௭ = Ͳ.ͻ = ∑ �ஐಲ௭ሺ�ሻଷ�=ଵ  

Hence, |ܣ|௫ = ∑ �ஐಲ௫ሺ�ሻ௣�=ଵ ݌ , = ;ݔሺܮ ݔ ሻ for allۄܣۃ א � 

(ii). |̌ܣ| = ȳ஺ሺݔሻ + ȳ஺ሺݕሻ + ȳ஺ሺݖሻ = {ͳ Ͳ, Ͳ.͸ ͳ⁄⁄ , Ͳ.ͷ ʹ, Ͳ.ͷ ͵, Ͳ.ͷ Ͷ, Ͳ.Ͷ ͷ, Ͳ.Ͷ ͸, Ͳ.͵ ͹, Ͳ.ʹ ͺ⁄⁄⁄⁄⁄⁄⁄ ;ݔሺܮ { ሻۄܣۃ + ;ݕሺܮ ሻۄܣۃ + ;ݖሺܮ ሻۄܣۃ = ͵ + ͵ + ʹ = ͺ 

∑�|஺̌|ሺ�ሻ8
�=ଵ = Ͳ.͸ + Ͳ.ͷ + Ͳ.ͷ + Ͳ.ͷ + Ͳ.Ͷ + Ͳ.Ͷ + Ͳ.͵+ Ͳ.ʹ = ͵.Ͷ 

But |ܣ| = ௫|ܣ| + ௬|ܣ| + ௭|ܣ| = ͳ.ͳ + ͳ.Ͷ + Ͳ.ͻ = ͵.Ͷ 

Hence, |ܣ| = ∑ �|஺̌|ሺ�ሻ௤�=ଵ . 

Proposition 3.7.Let ܣ  be a fuzzy mset over the set �. 

Then 

(i) /݀ݎܽܥ஺ሺݔሻ/= ;ݔሺܮ  ሻۄܣۃ
(ii) /݀ݎܽܥሺܣሻ/= ∑ ;௜ݔሺܮ ሻ௡௜=ଵۄܣۃ . 

Proof: 

(i). /݀ݎܽܥ஺ሺݔሻ/= ∑ ሻߙ஺�ሺܯ.ܥܥ = ݉ఈא�  where ߙ > Ͳ 

and  ݉ א ℕ+ (by definition). Since ݉ > Ͳ, We have ܮሺݔ; ሻۄܣۃ = ݉ 

(ii). /݀ݎܽܥሺܣሻ/= ∑ ௜ሻ/௜ݔ஺ሺ݀ݎܽܥ/ (by definition) 

 But from (i) above, we have 

=/௜ሻݔ஺ሺ݀ݎܽܥ/  ௜ݔሺܮ ;  .ሻۄܣۃ
 Hence, /݀ݎܽܥሺܣሻ/= ∑ ௜ݔሺܮ ; ሻ௡௜=ଵۄܣۃ  

௜ݔ  א � = ,ଵݔ} ,ଶݔ … ,  {௡ݔ
 

4. CONCLUSION 
 

In this paper, the various conceptual approaches of 

fuzzy msetshas been outlined in section two with some 

remarks. In the remarks, it has been pointed out that the 

characteristic functions for a fuzzy mset are equal in the 

literature except the characterized function as a fuzzy 

integer. Also shown is the uniformity in the various 

definitions of operations and relations on fuzzy msets 

except  Miyamoto ([11],[8],[12]) and those defined as 

characterized fuzzy integer([19],[20]).The cardinality of a 

fuzzy mset is uniformly defined but varies from absolute 

and fuzzy cardinalities. These cardinalities are pair wise 

distinct.  

 In the proposed unified approach, the various concepts 

such as ߙ-cut and the �-cut has been relatively established 

as equal in the literature. Here, a symbolic notation for 

fuzzy membership sequenced mset has been introduced to 

avoid ambiguity in the use of operators including union 

and intersection on fuzzy msets. The union, intersection 

and addition of fuzzy integers of the occurrences of an 

element in fuzzy msets defined in [19] and [20],  has been 

demonstrated equal to the fuzzy integer of the occurrences 

in the union and  intersection of their corresponding 

membership sequenced msets and addition of the msets 

respectively. The cardinality of a fuzzy mset also 

expressed as a function of its fuzzy cardinality. More 

results could also be seen on absolute cardinality. 
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