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1. INTRODUCTION
Many problems in various disciplines such as
engineering, medicine, economics, environmental

sciences, and so forth have various uncertainties. These
problems, which one comes face to face within life, cannot
be solved using classical Mathematics method. In
classical mathematics, a mathematical model of an object
is devised and the notion of the exact solution of this
model is determined. As for these problems of uncertainty,
the mathematical model is too complex, the exact solution
cannot be found. There are several well-known theories to
describe uncertainty. Considering the uncertainty factor,
LoftiZadeh in [1] introduced Fuzzy sets, in which a
membership function assigns to each element of the
universe of discourse, a number from the unit interval
[0,1] to indicate the degree of belongingness to the set
under consideration.

Many fields of modern mathematics have been emerged
by violating a basic principle of a given theory only
because useful structures could be defined this way. Set is
a well-defined collection of distinct objects, that is, the
elements of a set are pair wise different. If we relax this
restriction and

allow repeated occurrences of any element, then we can
get a mathematical structure that is known as Multisets or
Bags. For example, the prime factorization of an integer
n >0 is a Multiset whose elements are primes. The
number 120 has the prime factorization 120 = 233151
which gives the Multiset {2,2,2,3,5}.

A complete account of the development of multiset
theory and applications can be seen in [2],[3], and [4]
respectively.

As a generalization of multiset, Yager in [5] introduced
the concept of Fuzzy Multiset. An element of a Fuzzy
Multiset can occur more than once with possibly the same
or different membership values.

Fuzzy multisets have found several applications in areas
including Mathematics [6], Statistics and Engineering [7],
Computer Science [8], medicine [9], Economics and
Environmental sciences [10].

Since the original paper by Yager [5], different definiti-
ons and redefinitions of the concept of fuzzy multisets,
and the corresponding operators, are available in the

literature ([8],[11],[12],[13],[14],[15],[16],[17],[18],[19],[
20],[21]). In this paper, a unified conceptual approach and
operations on fuzzy multisets is presented:

The various conceptual approaches of fuzzy multisets
in the literature and the corresponding remarks are
presented in section 2. The unification of the various
approaches is presented in section 3. Section 4 summarizes
and conclude the entire paper.

2. PRELIMINARY DEFINITIONS AND NOTATIONS
DEFINITION 2.1[5]

2.1.1A collection of elements which may contain
duplicates is called a multiset (bag) (mset for short).
Formally, if S is a finite set of elements, amset M drawn
from the set S is represented by a function Countysuch
that County:S - N where Nrepresents the set of non-
negative integers. For each x € §, Count,(x) indicates
the number of times the element x appears in the
msetM .Note that M,County(x) are assumed finite and
County (x) = 0 implies that x € M. For a mset, different
expressions such as M = {m,/x,,m,/x,, ..., m, /x,} and

mq m, mn
M = {xl,xl, v X1, X9, X, eeuy Xg y eeny X, Xy ...,xn}

areused indicating m; times membership of x; in M. In
other words, M ={a,a,a,a,b,b,b,c,c,c} can be
rewritten M ={4/a,3/b,3/c} whereCounty(a) =
4, County (b) = 3,County(c) = 3.AmsetM is a set if
County(x) =0 or 1 for all x €S. Note that M,
County(x) are assumed finite and Couny(x) =0
implies that x € M. A mset is said to be empty or null
denoted @ if County(x) =0 forallx € S.
2.1.2Assume M is a mset drawn from the set §. The
subset B of § such that x € B, if Count,,(x) > 0 and
x & BifCounty (x) = 0 is called the set supporting the
mset M.
The set of all finite msets drawn from the set S is denoted
by M(S).
2.1.3.The following are basic relations and operations
on msetsM, N € M(S)
(1). (inclusion): M € N & County(x) < County(x) for
allx €es§
(ii). (equality): M = N & County(x) = County(x) for
allx €S
(iii). (Union):County,y(x) = max
{County (x), County(x)}for allx € §
(iv). (intersection):County,ny (x)
= min{County (x), County(x)}forall x € §
(v). (addition):Count .,y (x)
= County (x) + County(x)forall x € §
(vi). Difference

Copyright © 2015 IJASM, All right reserved

7



County_y(x) = max{County (x) — County(x), 0}
forall x €S

1.4Let S be a finite set of elements. A fuzzy mset (fuzzy
bag) A drawn from § is a function
Count.Mem,: S - Q.

Where Q is the set of all msets drawn from the unit
interval [0,1]. Since any mset such as Count. Memy,(x)
can itself be characterized by a count function over its set,
in this case I = [0,1],

CountCount.MemA(x): I >N

As the characterizing count function for the
msetCount. Memy(x).  Thus, for any «a€l,
Countcount.mem,(x)(@) is a number in the set of non-
negative integers, N, indicating the number of times x
appears with membership « in the fuzzy mset A, that is, it
is the number of %/, objects in msetA.

For simplicity, the Count. Mem, function is denoted by
C.M,, thus, C. M, (x) is the mset corresponding to element
x. For the function Countcountmem,(x)» the notation
CC.Myx is used instead. Therefore CC.Myx(a) is the
count of @ graded x objects in the fuzzy msetA. Note that
for all Aand x, CC.M4x(0) = 0.

An ordinary msetB on § can be considered as a fuzzy mset
by the following formulations:

CC.Mgx(1) = Countg(x)
CC.Mgx(a) = Ofora # 1

2.1.4The following are the basic relations on fuzzy
msetsA, BoverS:

(). (equality); A =B if C.My(x) =C.Mg(x) for all

XES

In particular, A = B if CC. M x(a) = CC.Mpgx(a) for all

xe€S,a€el

(ii). (inclusion); A € B if C.My(x) € C.Mg(x) for all

xX€ES.

In particular, A € B if CC.Myx(a) < CC.Mgx(a) for

allx e S, ael

(iii). (addition);

C.My,g(x) =C.My(x) + C.Mg(x)forall x €.

In particular, CC.Maypyx(a) = CC.Myx(a) +

CC.Mgx(a)forallx eS,a €I

(iv). (union); C.Myyg(x) = C. My (x)UC. Mg(x) for all

X €ES.

In particular,CC. M4p)x (@) = max
{CC.Myx(a),CC.Mgx(a)Yforallx €S, a €1

). (intersection);C. My (x) = C. My (x)NC. Mg (x)

forallx € S.

In particular,CC. M (4np)x(a) = min

{CC.Myx(a),CC.Mgx(a)Yforallx €S, a €1

(vi). (difference);C.My_g(x) = C.My(x) — C. Mg(x) for

alx €S

In particular,CC. M (4_pyx(a) = max

{cC.Mux(a) — CC.Mgx(a),0}orallx €S, a €1

2.1.5 AssumeA is a fuzzy mset drawn from the set §.
The fuzzy subset B of S is called the fuzzy supporting set
via its membership function ug if and only if for each
X ES,
ug(x) = max,{C. M, (x)|CC.Myx(a) > 0}.
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In essence, pg(x) is equal to the highest membership
grade which has non zero count in the msetC. M, (x).
2.1.6 LetA be a fuzzy mset drawn from the set §. The
cardinality of x in A denoted Card,(x) is defined:
Card,(x) = Y pe; a.CC. M yx ().
The cardinality of the fuzzy msetA denoted Card A
defined:
Card A =Y es Card,(x) .
For example if
A=1{{04,0.2,0.5}/x,{0.3,0.5,0.6}/y,{0.5,0.4}/z},
have Card,(x) = 0.5+ 0.4+ 0.2 = 1.1,
Card,(y) = 0.6 + 0.5 + 0.3 = 1.4and
Card,(z) =05+ 04=09.
Thus,Card A = Card,(x) + Card,(y) + Card,(x) =
1.1+14+09=34
2.1.7 Assume A is a fuzzy mset drawn from the set S.
The absolute cardinality of A denoted /Card(A)/
isdefined:
J/Card(A)/= Y. es/Card,(x)/where/Card,(x)/ is the
absolute cardinality of x in A defined:
[Card,(x)/= Yaer CC.Mgx(a).
For example
A =1{{04,0.2,0.5}/x,{0.3,0.5,0.6}/y,{0.5,0.4} /z},
have /Card,(x)/=1+1+1=3
J/Card,(y)/=1+ 1+ 1= 3and
JCard,(2)/=1+1=2.
Thus,/Card(A)/=/Card,(x)/+/Card,(y)/+/
Cardy(z)/=3+3+2=38
Definition 2.2([8],[111,[12],[13]1,[14],[15],[16],[17]).
2.2.1Let Sbe a non empty set called the universal set.
A crisp msetM of § is characterized by the count
functionC,;: § —» N where N is the set of natural numbers
including zero. For every x €S8, Cy(x) denotes the
number of times the object x appears in M. For example if
M ={a,a,a,b,b,b,c,c,c,c}, we have Cy(a) =3,
Cy(b) =3,Cylc) = 4.
2.2.2Let M and N be crisp msetsof §. The following are
the basic relations and operations on the msets:
(1). (inclusion);
MCN e Cylx) <Cy(x)allx €S.
(>ii). (equality);
M =N o Cy(x) =Cy(x)allx €S.
(iii).(union);
Cyun (@) = max{Cy(x), Cy(x)}all x € S.
(iv). intersection);
Cunn (@) = min{Cy(x), Cy(x)}all x € S.
(v). (sum);
Cysn (@) = Cy(x) + Cy(x)all x € S.
(vi). (difference);
Cy—_n () = max{Cy(x) — Cy(x),0}all x € S.
2.2.3A fuzzy msetA of § is characterized by a function
Count, = uy: S — Q where Q is the set of all crisp msets
over the unit interval [0,1] so that for every x € S, puu(x)
is a crisp mset of [0,1].
2.2.4For any x € §, the membership sequence is
defined to be the decreasingly ordered sequence of the
elements in u,(x) denoted by wuj(x),u3(x), ..., ukh(x)
such that pj (x) = p3(x) = -+ =l (x).

is

we

if
we
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For example
If A={{0.2,0.1.07,0.5,0.3}/x,{0.3,0.5,0.4,0.8,0.6}/y},We
have p(x)={0.2,0.1.0.7,0.5,0.3} and p(y)={0.3,0.5,0.4,0.
8,0.6}. Thus the membership sequence for x andyin Aare
(0.7,0.5,0.3,0.2,0.1) and (0.8,0.6,0.5,0.4,0.3) respectively.

2.2.5The length of a membership sequence of an
element x in a fuzzy mset A denoted L(x;A) is
defined:L(x; A) = max{j|u;(x) # 0}
For instance for
A =1{{0.2,0.1.0.7,}/x,{0.3,0.5,0.4,0.8,0.6}/y}, we have
L(x;A) =3,L(y;A)=5.
For any two fuzzy msetsA and Bof S, we haveL(x;A,B)
defined:
L(x;A,B) = max{L(x;A,),L(x;B)} and without ambiguity,
L(x;A,B) is denoted by L(x).
For example let
A = {{0.2,0.3}/x,{0.5,1,0.5} /y}and

B = {{0.6}/x,{0.6,0.8}/y,{0.1,0.7}/w}
Clearly, L(x) =2, L(y) = 3, L(w) = 2 and
A =1{(0.3,0.2)/x,(1,0.5,0.5)/y, (0,0) /w}
B ={(0,0.6)/x,(0.8,0.6,0)/v,{0.7,0.1} /w}

2.2.6In the operation between two fuzzy msets A and B
of S, the lengths of the membership sequences are set
equal preferably toL(x). The following are basic relations
and operations for fuzzy msets A and B of §
(1). (inclusion);

ACS B o ph(x) <pb(x),i=12,..,L(x),

(i1). (equality);

A=B o pi(x) =pub(x),i=1.2,..,L(x)
(union);

taus () = (4G V b (Oi = 1.2,...,L(0))

Where pty (x) V ph (x) = max{p} (x), u (x)}
(intersection);

tans () = (4G A b COi = 1.2,...,L(0))

Where pty (x) A ph (x) = min{ub (x), u5 ()}
(sum);pasp (x) = pa(x) + pp(x)

(difference):pi,_p (x) = { 14 (0 (ug(x) = 0)

(up(x) > 0)
Wherei = 1,2, ..., L(x)
a-Cut:Thea-cut for any fuzzy mset Aover S,
denoted by (A),, is defined:
pa(x) < a = Cay, (x) = 0,

W) = a, W) <a- Clay, () = j,j=1.2,....p
2.2.7 v-Cut:The v-cut for any natural number v and
fuzzy msetA over §, denoted by (A)" is a fuzzy set whose
membership is given by p4yv(x) = py(x) , x €S
In other words, the membership of (A) is the vth value in
the membership sequence of A.
2.2.8The cardinality of a fuzzy msetA of § denoted

|Alis defined:

Al = Bres 55 wh (x)or
|A] = ZeslAl where

AL = 2557 (o).
For example if

A =1{{04,0.2,0.5}/x,{0.3,0.5,0.6}/y,{0.5,0.4} /z},we

(iii).

@iv).

).

(vi). 0

(vi).
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have |A|, =05+04+4+0.2 = 1.1,
|Al, = 0.6 + 0.5 + 0.3 = 1.4and
|A], =05+ 0.4 =09.
Thus,
|A] = |Al, + |Al, +14],=11+1.4+09 =34
2.2.9A fuzzy msetover the set § said to be empty
denoted @ if ug(x) = @ for all x € S.In particular,u(x) =
0 for all iand x € S.
Note that L(x; @) = 0 forall x € S.
2.2.10The root (support) set of a fuzzymsetd of §
denoted A* is given byA* = {x € S|u,(x) # 0}
Definition 2.3 ([18],[19],[20])
2.3.1A collection of elements which may contain
duplicates is called amset. If S is a set of elements, a mset
A, defined on a universe S, is characterized by a function
wy as follows:w,: S — N.
For each x € §, w,(x) is the characteristic value of x € A
indicating the number of occurrences of the element x in A
andx €A © wy(x) >0
2.3.2Let A and B be any msets on the set §. The
following are the basic relations and operations on the
msets:
(1). (inclusion) A € B & wy(x) < wg(x)
(if). (union):w,p(x) = max{w,(x), wg(x)}
(iii). (intersection):wynp(x) = minfw,(x), wg (x)}
(iv). (addition): w445 (x) = w,(x) + wg(x)
(v). (difference):wy_g(x) = max{0, w,(x) — wg(x)}
2.3.3.A fuzzy msetA, on the universe S, can be defined
by a characteristic function:
Y,: S = Q, where Q is the set of all crisp msets defined on
[0,1].
For example if
A={{0.1,0.4,0.2,0.5}/x,{0.3,0.50.2,0.6 }/y,{0.1,0.5,0.4}/z}
We haveWV, (x)={0.1,0.4,0.2,0.5},%¥,4 »)
{0.3,0.5,0.2,0.6} and¥, (2)={0.1,0.5,0.4}
2.3.4.The following are basic relations and operations
for fuzzy msetsA and B of §
(1). (inclusion);
ACBo Y, (x) CWYs()for all x€S
i) € (1) © 0y, (@) < 0y, ()
forall a € [0,1]
(>ii). (equality);
A =B o ¥Y,(x) = Wg(x)forall x €S where

where

W, (1) = Wp(2) © (@) = Wy (@for  all
a € [0,1]

(iii).(union);
Yo (x) = Y (x)U%; (%) for all X€ES

wherewy , goyywy ) (@) =

max{w\pA(x) (@), 0wy (a')} for all « € [0,1]
(iv).(intersection);

Yinp(x) =Y (x)NWPs(x) for all x €S where

Wy 40Ny (@) = Minfwy, (@), Wy, (@} for

all « €[0,1]

(V). (sum);

Y,5(x) = W (x) + W5 (x) forall x € S where

Wy, ()+wp ) (@) = Oy, () (@) + Oy () (@)for

all a €[0,1]
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(vi). (difference):
Y, _p(x) = W4 (x) — Wg(x)for all x € S where
Wy 4 (x)-wp0) (@) = Max{wy () (@) — Wy, (@), 0}
forall a € [0,1]

(vii).a-Cut:Thea-cut for any fuzzy mset Aover S, denoted
by A, is defined as a crisp mset containing all the
occurrences of the elements x € S whose grade of
membership in A is greater than or equal to the degree

a € [0,1].

The number of occurrences of the element x in A4, is
denoted wy,, (x) defined:

(UAa(x) = ZBG‘PAx w‘{’Ax(ﬁ) Whereﬁ 2a

(viii). w-Cut:Thew-Cut of a fuzzy msetd over S is the
fuzzy set A® such that the grade membership of the
element x in A® denoted p 0 (x) is defined:

Ugo(x) = sup{a|a)Aa(x) > w}where w € N*.

For example if

A={(0.5,0.4,0.2,0.1)/x,(0.6,0.5,0.3,0.2)/y,(0.5,0.4,0.1)/z}

A ={0.5/x,0.6/y,0.5/z} .

A? ={0.4/x,0.5/y,0.4/z}
A3 ={0.2/x,0.3/y,0.1/z}
A*={0.1/x,0.2/y}
2.3.5.Considering the notion of fuzzy cardinality, the
occurrences of an element x in a fuzzymsetA on the
universe S, can be characterized as a fuzzy integer denoted
by Q,(x). This fuzzy number is the fuzzy cardinality of

the fuzzy set of the different occurrences of xin A. Thus, a

fuzzy mset A, on the universe §, can be characterized by a

function:Q4: § — N

whereN¢ is the set of fuzzy natural integers.

For example if

A={(0.5,0.4,0.2,0.1)/x,(0.6,0.5,0.3,0.2)/y,(0.5,0.4,0.1)/z}

Then

Q,(x)={1/0,0.5/1,0.4/2,0.2/3,0.1/4}

Q@) ={1/0,0.6/1,0.5/2,0.3/3,0.2/4}

Q,(z) ={1/0,0.5/1,0.4/2,0.1/3}
Using fuzzy integers, A can be alternatively be represented
by
{1/0,0.5/1,0.4/2,0.2/3,0.1/4}x,
A=4{1/0,06/1,0.5/2,0.3/3,0.2/4}y,
{1/0,0.5/1,0.4/2,0.1/3}'z
Note that w4, (x) = (QA (x))a.
From the above example, we have
Wy, (x)=3= (QA(x))o.z
2.3.6.For any fuzzy msetsA and B drawn from the set

S, the following operations and relations are defined:

(@. Qayp (6) = max(2,(x), Q5 ()

(iD). Qynp (x) = min(Q (x), 2 ()

(iii). Qu45(x) = Qu(x) + Qp(x)

(V). Qaxp(x) = Qu(x) X Qp(x)

Where pq, )05 (2)

= sup  min(fg, (M), Haye(M))for any

(mn)|m#nzz
# € {+,%X, min, max, ... }.
Note that for any «a € [0,1], we have

(Q#2() = (@) #(Qs(), -
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(V). AS B © Ug,m) () < pogx)(w) forall x € § and
w € N*

2.3.7.The extend to which a fuzzy msetA over the set §
is sub fuzzy multiset (‘sub fuzzy mset’ for short) of a
fuzzy mset B over the set S using the standard conjunction
and Gdodel implication denoted pc(A. B) is defined:

He(A.B) = minxes{min?el\l*{.uﬂA(x) (@) =¢ By (@)}
. 1 i <
with: (p = ) = {q othgrwige
2.3.8.The fuzzy cardinality of a fuzzy msetA drawn
from the set S denotedby |A|, is defined:
|A| = ZXGS -QA(x)-
For example if
A =1{{04,0.2,0.5}/x,{0.3,0.5,0.6}/y,{0.5,0.4}/ 2z}
We have
Qu(x)=1{1/0,0.5/1,0.4/2,0.2/3}
Q) ={1/0,0.6/1,0.5/2,0.3/3}
Q,(z) ={1/0,0.5/1,0.4/2}
and
|A| = Qy(x) + Qu(¥) + Qu(2)
={1/0,0.5/1,0.4/2,0.2/3}
+{1/0,0.6/1,0.5/2,0.3/3}
+{1/0,0.5/1,0.4/2}
={1/0,0.6/1,0.5/2,0.5/3,0.4/4,0.3/5,0.2/6}
+{1/0,0.5/1,0.4/2}

={1/0,0.6/1,0.5/2,0.5/3,0.5/4,0.4/5,0.4/6,0.3/7,0.2/8}

Definition 2.4 [21]
2.4.1.LetS be a crisp set. A (crisp) mset over § is a
mapping M:S — N, where N stands for the set of natural
numbers including the 0. A mset M over § is finite if its
support (root)
Supp(M) = {x € S|M(x) > 0}
is a finite subset of S. The sets of all msets and of all finite
msets over a set are denoted by MS(S) and FMS(S)
respectively, and L for null (empty) mset defined by
1 (x) =0forevery x €.
2.4.2.For every A,B € MS(S), the following relation
and operations are defined:
(i). (Inclusion):
A< B e A(x) < B(x)foreveryx € §
(i1). (Sum):
(A+B)(x) =A(x) + B(x)
(iii). (join):
(AVB)(x) = A(x)VB(x)
whereA(x)VB(x) = max{A(x), B(x)} forall x € S.
(iv). (meet): (AAB) (x) = A(x)AB(x)
whereA(x)AB(x) = min{A(x), B(x)} forall x € §.
(v). (difference):
A<B->(B—-A)(x)=B(x)—A(x)forallx € §.
2.4.3.LetS be a crisp set. A fuzzy mset denoted M over
S is a mapping M: S - MS[0,1].
A fuzzy msetM over S is finite if its supportSupp (M) =
{x € S|M(x) #L}is a finite subset of § and, for every
x € Supp(M), M(x) is a finite mset of [0,1]. The sets of
all fuzzy msets and of all finite fuzzy msets over § are
denoted by FMS(S) and FFMS(S) respectively, and by L
the (finite) fuzzy mset defined by 1 (x) =L forallx € S.
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2.4.4.For every A,B € FMS(S), the following relation
and operations are defined:
(i). (Inclusion):
A<B o A(x) < B(x)forallx €S
In particular,
A< B o A(x)(t) < B(x)(tfor all
t € [0,1].
(i1). (sum):
(A + B)(x) = A(x) + B(x)forall x € S.
In particular,
(A+ B)(x)(t) = A(x)(t) + B(x)(t)for all x € S and
t €[0,1]
(iii).(join):
(AVB)(x) = A(x)VB(x)forallx € §
In particular,
(AVB)(x)(t) = A(x)(t)VB(x)(t)for all x € S and
t € [0,1] where
AX) (VB (x)(t) = max{A(x)(t), B(x)(t)}.
(iv). (meet):
(AAB)(x) = A(x)AB(x)forallx € §
In particular,
(AAB)(x)(t) = A(x)(t)AB(x)(t)for all x €S and
t € [0,1] where
A)(OAB(x)(£) = min{A(x)(¢), B(x)(D)}.
(v). (difference):
A<B-> (B-A)(x)=B(x)—A()forall x €S.In
particular,
A< B - (B=A))(t) =Bx)() —AQ)()
forallx €S and t € [0,1].
2.5. Remarks on msets
2.5.1The characterized functions
County:S - N, C:S - N, wy: S - N, M:§ - Nfor
any mset M are equal. i.e
County = Cy = wy = Msince for each x € S, the
multiplicity County(x), Cy(x), wy(x) or M(x) is
unique.
2.5.2.For any msetsM and Nover §,
County (x) < County(x) & Cy(x) < Cy(x)
< wy(x) < wy(x) © M(x) < N(x) (from 2.5.1).
Hence, the inclusion relation € and < are uniformly
defined on msets.
2.5.3.For any msetsM and Nover §,
County (x) + County(x) = Cy(x) + Cy(x)
= wy(x) + wy(x) =M(x) + N(x),
max{Count,, (x), County(x)}
= max{ Cy(x), Cy(x)} = max{ wy (x), wy(x)}
= max{M(x), N(x)},
min{Count, (x), County(x)}
= min{ Cy (x), Cy(x)} = min{ wy (x), wy(x)}
= min{M(x), N(x)},
max{Count, (x) — County(x), 0}
= max{ Cy(x) — Cy(x),0}
= max{ wy(x) — wy(x),0}
= max{M(x) — N(x), 0} (from 2.5.1).
Thus, the operations, +,U , N,V,A,
uniformly defined on msets.
2.6. Remarks on fuzzy msets.
2.6.1.Mm([0,1]) = Q.

x €S and

and — are
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2.6.2.For any fuzzy msetAover S, the characterized
functions C. Mz : § —» M([0,1]), uz: § » M([0,1]),
Y1 S - M([0,1])andA: S - M([0,1]) are equal. i.e
CMij=uz=%z;=4 (Since the
msetsC. M z(x), uz(x), ¥z(x) and A(x) are unique and
equal for a unique fuzzy mset A.
For example if
A =1{{0.1,0.4,0.2,0.5}/x,{0.3,0.5,0.2,0.6}/y,{0.1,0.5,0.4}/ z}
we have
C.Mz(x) ={0.1,0.4,0.2,0.5} = puz(x) = W1(x) = A(x),
C.Mz(y) ={0.3,0.5,0.2,0.6} = uz(y) = Y1(y) = A(y),
C.Mz(z) ={0.1,0.5,0.4} = uz(z) = Yz(2) = A(2).
Since
C.Mz(s) = uz(s) = ¥;(s) = A(s)for all
s€S ={xy,z},wehave C.Mz = uz =¥; = A.
However,
Q;(x) = {1/0,0.5/1,0.4/2,0.2/3,0.1/4} = C. Mz(x)
Q;(y) ={1/0,0.6/1,0.5/2,0.3/3,0.2/4}
# C.Mz(y)Q4(2)
={1/0,0.5/1,0.4/2,0.1/3}
# C.M;(2)
In particular,
Qi(s) # C.Mz(s) = uz(s) = Wz(s) = A(s)for all
ses={xy,z}
Hence Qg # C.Mz=uz =¥z = A
2.6.3.For any fuzzy msetsA and Bover S,
C.Mz(x) = C.Mp(x) © pz(x) = pup(x)
o Wi(x) =Wsz(x) & A(x) = B(x)forallx € §
2.6.2).
Thus,

(from

A=B o C.Mz(x) = C.Ms(x)
o pz(x) = uz(x)
o Wilx) =¥s(x)
< A(x) = B(x)
andC.Mz(x) € C.Mz(x) & ¥z(x) € Y5(x)
o A(x) € B(x).
Thus,
ACB o C.Mz(x) € C.Mz(x)
o Wi(x) € WPp(x)
o A(x) € B(x)
However,A € B & p4(x) < uk(x) forall x € S and
i =1,2,..,L(x) (by definition). Alternatively,
A S B o pz(x) < pz(x), where
1i(x) < pup(x) © uz(x) < pp(x).
But puz(x) < ug(x) » C.Mz(x) € C.Mz(x).
For example given
A = {{0.1,0.5,0.2}/x,{0.5,0.6,0.4}/y , {0.1,0.7,0.8} /z}
B = {{0.3,0.6,0.2}/x,{0.5,0.8,0.7, }/y ,{0.2,0.9,0.8}/z}
Clearly, uz(x) = {0.5,0.2,0.1}, uz(y) = {0.6,0.5,0.4},
uz(z) = {0.8,0.7,0.1}and puz(x) = {0.6,0.3,0.2}, uz(y) =
{0.8,0.7,0.5},
ug(2) = {0.9,0.8,0.2}. In particular, pz(s) < ug(s) for all
x € {x,y,z} andA € B. But C. M;(x) & C. Mz(x) since
CC.Mz(0.1) =1> CC.Msx(0.1) = 0.
Hence, the inclusion relation € is not uniformly defined.
2.6.4.For the fuzzy msetsA and B over S above
We have
C. Mz (x)UC. M5(x) = {0.1,0.5,0.2}U{0.3,0.6,0.2}
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However, . .
tavs () = s Upp(x) = {p50) v g ()i = 1,2,..}
= {0.6,0.3,0.2}.

Qz(x) ={1/0,0.5/1,0.2/2,0.1/3}

Qz(x) ={1/0,0.6/1,0.3/2,0.2/3}

max(QA (%), Qg (x))
={1/0,0.6/1,0.3/2,0.2/3}
Thus, the union operation is not uniformly defined.
Similarly, we have
C.Mz(x)NC.Mz(x) = {0.1,0.5,0.2}Nn{0.3,0.6,0.2}
= {0.2}
= W (ONY5(x)
= A(x)AB(x)

= {0.1,0.5,0.2,0.6}
= ‘Pg(x) U\Pg (x)
= A(x)VB(x)

But
tang () = ua()Npg(x) = {p500) Apg )i = 1,2,..}
= {0.5,0.2,0.1}and
min(Qz(x), Q5(x)) ={1/0,0.5/1,0.2/2,0.1/3}

Thus, the intersection operation is not uniformly defined.

C.Mz(x) + C.Mz(x) = {0.1,0.5,0.2} + {0.3,0.6,0.2}
= {0.1,0.5,0.2,0.3,0.6,0.2}
= {0.6,0.5,0.3,0.2,0.2,0.1}
= pz(x) + pp(x)
= Ws(x) + W5(x)
= A(x) + B(x)
But Qz(x) + Qz(x)

={1/0,0.6/1,0.5/2,0.3/3,0.2/4,0.2/5,0.1/6}

Hence, the additive union is not uniformly defined.

C.Mz(x) — C.Mz(x) = {0.1,0.5,0.2} — {0.3,0.6,0.2}

= {0.1,0.5}
=W¥;(x) - ¥5(x)

However, pz_5(x) = {0,0,0} (since ug(x) > 0)
In particular, the difference operation is not uniformly
defined.
Consequently, the operations +, U
not uniformly defined on fuzzy msets.

2.6.5. Forany fuzzy msetsAover S, notes that
|A| # |A| = Card Aand|4| #/Card(A)/# |Al

, N,V,A\,and — are

3.FuzZZYMSETS - AUNIFIED APPROACH

In this section, proposals for the unification
and relationship of various approaches outlined in section
two are presented.

3.1 Symbolic notations and definitions

For the purpose of uniformity and without any loss
of generality, the following symbols and notations are
proposed.

(1). p, for the characterised function p,: S = MS[0,1] for
any fuzzy mset A over the set S.

(ii). p4{x) for membership sequence of x € § in the fuzzy
msetA define:

palx) = (i), 3 (%), o, 1P (x))such

pAGO) = W (0) = 2 S (x)
(iii).(A) = {us(x)/x |x € §}. In particular, for each x € §

that
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We have pq(x) = pu(x) .

(iv). The length of a membership sequence of an element x
in a sequenced membership fuzzy mset (A) denoted
L(x; (A)) is defined:

L(x;(A)) = max{j|u)(x) # 0}
For instance for
A ={{0.2,0.1.0.7,}/x,{0.3,0.5,0.4,0.8,0.6} /y}, we
have
(4) = {(0.7,0.2,0.1)/x, (0.8,0.6,0.5,0.4,0.3) /y }and
L(x;{A)) = 3,L(y;(4)) = 5.
For any two sequenced membership fuzzy msets{A)
and (B)of §, we have
L(x; A, B)defined:
L(x; (A),(B)) = max{L(x;(A)), L(x;(B))}and
without ambiguity, L(x; (4), (B)) is denoted by L(x).
For example if
A = {{0.2,0.3}/x,{0.5,1,0.5} /y}and
B = {{0.6}/x,{0.6,0.8}/y,{0.1,0.7} /w}.
We have
(A) = {(0.3,0.2)/x,(1,0.5,0.5)/y}and

(B) = {(0.6)/x,(0.8,0.6)/y,(0.7,0.1) /w}
Clearly, L(x) = 2,L(y) =3,L(w) = 2 and

(v). For any two fuzzy msetsA and B over the set S,

The union of (4) and (B) denoted by (A)U(B) is
given by (s (x)

= peay () Vi (x)

= (,u,ﬁ,(x) V/,tg(x)|i =1,2, ...,L(x))

wherep (x) V ph (x) = max{uh (x), us (x)}

The intersection of (A) and (B) denoted by (A)N(B)
is given by payn(s)(x)

= M(4>(X)A#(§>(x)

= (40 Apb ()i = 1,2, ..., L(x))

wherep (x) A ph (x) = min{ub (x), u5 ()}

The equality of (4) and (B) denoted (A) = (B) is defined:

(A) = (B) © pay(x) = ppy(x). In particular,

(A) = (B) & pi(x) = puh(x)forallx € S.

Note that

{12 @), 170 ()}

# (UA (), i (), e, 1y ()

In particular, p,(x) # pa{x)

Note that pfs(x) = Oand gy (x) = (0,0, ...,0).

Proposition 3.1Let A be a fuzzy msetover S. It can
easily be seen that (4), = A, for any a € [0,1].

Proof:

Let x €S such that Ci, (x) =j. Then ,uf,(x) > a and

ufl(x) < «a (by definition)

Thus, ub(x) = @5(x) = > ph(x) > a.

Hence, C4 (x) =j and Ciay (x) = C4, (x) for all

€S.

In particular, (4), = A,

Proposition 3.2LetA be fuzzy mset over §. Then for any
nonnegative integer w, (A)® = A®

Proof:

Now for any x € S,

Heayo (x) = ug (x), (by definition).
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Let @ = uZ (x). Clearly, a = sup {,8|CAB (x) = w}.
In particular, u§ (x) = pao (x)and gy (x) = pao(x).
Hence, (A)® = A®

Proposition 3.3LetA and B be fuzzy msets overS.
Then A € B & uc(A.B) =1 where A C B is defined in
terms of < relation on real numbers
Proof:
This is clear from the various definitions of the inclusion
relation and use of Gddel’s implication.

Proposition 3.4. Let A and B be fuzzy msets over the
set S. Then
(). Hy(0) < 5 () © (@) < pnge(@) forall x €35,

w€eN*i=12,..,L(x) = L(x; B).

(i) A=B o Qx) = Qz(x)forallx €S
Proof:
(1). Let (A) and (B) be sequenced membership fuzzymsets
over the set S such that
ph(x) < pb()forall x € S,i = 1,2, ..., L(x).
We have

By () = (A (), 1), o, 15 (1))

and

Uy (1) = (uh (), B (X), o, 1y (x))

Hence,

Qy (x) =

{170,830 /1,13)/2, 15 (0) /L(0) 05 () =
{170, /L 130)/2, o1 @) /L)

Now g, (0) = 1 = pqy,(0) and
Hax(1) = i (x) < pp(x) = poge (1),
Ha,x(2) = p5(0) < puE(x) = poyx(2)
(L) = 157 (0) < 157 () = pa e (LX)
(by hypothesis).
In particular, pg (@) < Ug,.(w) forall x € §,
w €Nt i=12 ., L(x).
Conversely, let Ug ,,(0) < Ugyx(w) forall x € S,
w € N*,
Clearly, wu4(x) <pb(x) for all i=12,..,L(x) (by
definition).
(ii) Let A = B. Then (4) = (B) and
pa(x) = pp(x) >0, (1)
i =1,2,..,L(x)forall x €S (by definition)
In this case,
max{L(x;A),L(x;B)} = L(x; A) = L(x; B) = L(x)
In particular,

04(0) = {1/0, (/1 e, 15 () /w0 Jand
Qp(x) = {1/o,u§(x)/1, ...,ug(x)(x)/w},w € N*.
Hence, {1 /0, () /1, o, uE () /w}

= {1/O,u§(x)/1, ...,/,tg(x)(x)/w} (from (1).

In particular,Q,(x) = Qg(x) forallx € §
Conversely, assuming Q,(x) = Qg(x) forall x € S,

Then {1/0, u5(x)/1, ..., 15 (x)/w}

= {1/0,1b()/1, e, 1wl (D) [0}, @ € N*.
In this case, p = q and
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(ua(0), u5(x), o,y (1)) = (up (), w3 (x), .., i (x)).
In particular,{A) = (B) and A = B
(by definition).
Proposition 3.5.Let A and B be fuzzy msets over the set
S.Thenforallx € §
@). Quyp(x) = Qu<A)U<B>x(x)
(ii). Qnp(x) = Qu<A>n<B)x(x)
(iii). Quip(x) = QuA.,.Bx(x)
The validity of the results (i)-(iii) can be seen using the
example:
Let
A = {{0.1,0.5,0.2}/x,{0.5,0.6,0.4} /v, {0.1,0.7,0.8}/z}
B = {{0.3,0.6,0.2}/x,{0.5,0.8,0.7,}/v,{0.2,0.9,0.8} /z}
Clearly, 0, (x) = {1/0,0.5/1,0.2/2,0.1/3},
() ={1/0,0.6/1,0.5/2,0.4/3},
,(z) ={0/1,0.8/1,0.7/2,0.1/3}.
Qp(x) ={1/0,0.6/1,0.3/2,0.2/3},
Q;(y) ={1/0,0.8/1,0.7/2,0.5/3},
0,(2) = {1/0,0.9/1,0.8/2,0.2/3}.
1) Quup (@) = max{Q,(x), Qg (x)} (by definition).
={1/0,0.6/1,0.3/2,0.2/3} (using definition 2.3.7(1)).
But 4y (x) = (0.6,0.3,0.2) (definition 2.2.6 (iii)).
Hence, QM<A)U<B>x(x) ={1/0,0.6/1,0.3/2,0.2/3}
In particular, Q,5(x) = Q#<A>u<3)x(x)’(1)
Quup () = max{Q,(y), Q5 (y)} (by definition).
={1/0,0.8/1,0.7/2,0.5/3}(using definition 2.3.7(1)).
But M(A)U(B)(y) = (08,07,05)
Hence, QM(A)U(BW(y) ={1/0,0.8/1,0.7/2,0.5/3}
In particular, Q5 (y) = QM(A)uua)y Q)
Qaup(2) = max{Qy(z), Q5 (2)} (by definition).
={1/0,0.9/1,0.8/2,0.2/3}(using definition 2.3.7(i)).
But 40 (2) = (0.9,0.8,0.2)(definition 2.2.6(iii)).
Hence, QM(A)U<B>J/(Z) ={1/0,0.9/1,0.8/2,0.2/3}

In particular, Q,5(z) = QV-(A)U(B)Z(Z)(3)

Consequently from (1)-(3) above, we have

Quup(S) = Qg s(S)foralls € § = {x,y, z}.

(ii). Qunp(x) = min{Q,(x), Q5 (x)} (by definition)
={1/0,0.5/1,0.2/2,0.1/3}(using definition 2.3.7(ii)).
But pi4yns)(x) = (0.5,0.2,0.1) (definition 2.2.6(iv)).
Hence, Qu<,4)n<3>x(x) ={1/0,0.5/1,0.2/2,0.1/3}

In particular, Qynp(x) = Qﬂm)ms)x(x) 1)

Qune () = min{Q,(¥), Q5 (y)} (by definition)
={1/0,0.6/1,0.5/2,0.4/3}(using definition 2.3.7(ii)).
But fyaynsy(¥) = (0.6,0.5,0.4) (definition 2.2.6(iv)).
Hence, Q) 0my @) = {1/0,0.6/1,0.5/2,0.4/3}

In particular, Qunp(¥) = Quyy 05y ) 2)

Qanp(2) = min{Qy(2), Q5(2)} (by definition)
={1/0,0.8/1,0.7/2,0.1/3}(using definition 2.3.7(ii)).
But p4yns)(2) = (0.8,0.7,0.1) (definition 2.2.6(iv)).
Hence, Q#(Am(g)z(z) ={1/0,0.8/1,0.7/2,0.1/3}

In particular, Qynp(z) = Q#<A>n<3)z(z) 3)

Consequently from (1)-(3) above, we have

Qunp(s) = Qy 0 pys(S)foralls € S = {x, y,z}.
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(iii). Q@) = Qu(x) + Qp(x) (definition 2.3.7(iii)
={1/0,0.6/1,0.5/2,0.3/3,0.2/4,0.2/5,0.1/6}
(definition 2.3.7(ii)).
But piy,p(x) = ua(x) + ug(x) (definition 2.2.6(v))
={0.1,0.5,0.2} + {0.3,0.6,0.2}
={0.6,0.5,0.3,0.2,0.2,0.1}.
Hence, Q,, ,, o (%)
=1{1/0,0.6/1,0.5/2,0.3/3,0.2/4,0.2/5,0.1/6}
In particular,Q4,5(x) = Q,,, (). (1)
Q) = Q) +Q5() (definition 2.3.7(iii)
={1/0,0.8/1,0.7/2,0.6/3,0.5/4,0.5/5,0.4/6}
But py45(y) = pa(y) + up(y) (definition 2.2.6(v))
= {0.5,0.6,0.4} + {0.5,0.8,0.7}
= {0.8,0.7,0.6,0.5,0.5,0.4}
Hence, Q,,, .y (V)
=1{1/0,0.8/1,0.7/2,0.6/3,0.5/4,0.5/5,0.4/6}
In particular,Q4,5(y) = Qp,, 5y (). (2)
Qu5(2) = Qu(2) + Qp(2) (definition 2.3.7(iii)
={1/0,0.9/1,0.8/2,0.8/3,0.7/4,0.2/5,0.1/6}
But pu.p(2) = uy(2) + ug(z) (definition 2.2.6(v))
= {0.1,0.7,0.8} + {0.2,0.9,0.8}
={0.9,0.8,0.8,0.7,0.2,0.1}.
Hence, Q,,,, ., (2)
=1{1/0,0.9/1,0.8/2,0.8/3,0.7/4,0.2/5,0.1/6}
In particular,Qy,5(2) = Q,, ;-(2) 3)
From (1)-(3), it is clear that
Qusp(s) = Q,, g-(s)foralls € § = {x,y,z}.
Proposition 3.6.Let A be a fuzzy mset over the set S.
Then
() |Alx = Xb o1 Hax(@), p = L(x;(A)).
(DAl = ooy s (@)where ¢ = B L(xis (A)), i € S.
For example, if
A=1{{04,0.2,0.5}/x,{0.3,0.5,0.6}/y,{0.5,0.4}/z}
(). |A], = 04+ 0.2+ 0.5 = 1.1
Q,(x) ={1/0,0.5/1,0.4/2,0.2/3}
3

Z o (@) = 0.5 +0.4+0.2 = 1.1
w=1
Thus 1ALy = 11 = $3_, o e (@)
AL, = 0.3 + 0.5 + 0.6 = 1.4
0,0 = (1/0,06/1,05/2,03/3)
ZuﬂAy(w)_06+05+03— 14
Thus |A|y - 1 4= Za) 1.uﬂAy(w)
1Al = 0.5+ 0.4 = 0.9
,(2) = {1/0,05/1,0.4/2)
3
z o,z (@) = 0.5 + 0.4 = 0.9

w=1
Thus |A], = 0.9 = ¥3_1 uq,,(®)
Hence, |Al, = X} _; fo (@), p = L(x;(A)) forallx € S
(id). [A] = 2,0 + 2, () + 2 (2)

={1/0,0.6/1,0.5/2,0.5/3,0.5/4,0.4/5,0.4/6,0.3/7, 02/82n

L(x;{A)) + L(y;(A)) + L(z;{A)) =3+3+2=38
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Z (@) = 0.6 +05+05+05+0.4+0.4+0.3

w=1

+0.2 =234
But |A| = |Al, + |Al, + |Al, = 1.1+ 1.4+ 0.9 = 3.4
Hence, |A| = Xd,_; uyz ().

Proposition 3.7.Let A be a fuzzy mset over the set S.

Then

() /Card,(x)/= L(x;{(A))

(i) /Card(A)/= Xiz4 L(x;;(A)).

Proof:

(1). /Cardy(x)/= Y 4e; CC.Myx(a) =m where a >0
and m € N* (by definition). Since m > 0, We have
L(x;(4)) =m

(ii). /Card(A)/= Y;/Card,(x;)/(by definition)

But from (i) above, we have

[Card, (x;)/= L(x;; (A)).

Hence, /Card(A)/= X", L(x;; (A))
X €8 ={x1, %3, e, Xp}

4. CONCLUSION

In this paper, the various conceptual approaches of
fuzzy msetshas been outlined in section two with some
remarks. In the remarks, it has been pointed out that the
characteristic functions for a fuzzy mset are equal in the
literature except the characterized function as a fuzzy
integer. Also shown is the uniformity in the various
definitions of operations and relations on fuzzy msets
except Miyamoto ([11],[8],[12]) and those defined as
characterized fuzzy integer([19],[20]).The cardinality of a
fuzzy mset is uniformly defined but varies from absolute
and fuzzy cardinalities. These cardinalities are pair wise
distinct.

In the proposed unified approach, the various concepts
such as a-cut and the v-cut has been relatively established
as equal in the literature. Here, a symbolic notation for
fuzzy membership sequenced mset has been introduced to
avoid ambiguity in the use of operators including union
and intersection on fuzzy msets. The union, intersection
and addition of fuzzy integers of the occurrences of an
element in fuzzy msets defined in [19] and [20], has been
demonstrated equal to the fuzzy integer of the occurrences
in the union and intersection of their corresponding
membership sequenced msets and addition of the msets
respectively. The cardinality of a fuzzy mset also
expressed as a function of its fuzzy cardinality. More
results could also be seen on absolute cardinality.
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