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I. INTRODUCTION 
 

In an experimental design, one is interested in 

comparing v different objects of interest (called 

treatments) by testing against b different subjects (called 

blocks). A complete design would require each block 

being subject to all v treatments and this, cost-wise is 

expensive, even for small values of v and b. To 

economize, a 𝑡 −design in which not every 𝑘 −set is a 

block can be designed in which each subject is tested in 

such a way that all t treatments are equally tested among 

the subjects. Therefore, the results of this study would be 

useful in; experimental design as a tool to control 

variability and minimization of cost.  

 

II. BALANCED INCOMPLETE DESIGNS 
 

Definition.2.1.1. A block design is a family of 𝑏 subsets 

of a set 𝑆 of 𝑣 elements such that, for some fixed 𝑘 and 𝜆, 

with 𝑘 < 𝑣,𝜆 > 0 

 Each subset has 𝑘 elements, 

 Each pair of elements of 𝑡 occurs together in exactly 𝜆 

subsets. 

The elements of 𝑆 are called varieties, and the subsets of 

𝑆 are called the blocks. 

Theorem 2.1.2. In a block design each element lies in 

exactly 𝑟 blocks, where 

    𝑟 𝑘 − 1 = 𝜆(𝑣 − 1)   and    𝑏𝑘 = 𝑣𝑟    (2.1.1)  

Proof: Concentrate on any one of the elements, and 

suppose that it occurs in 𝑟 blocks, for some 𝑟. Each of 

these 𝑟 blocks contains (𝑘 − 1) other elements, so that the 

number of pairs including this chosen element is 𝑟(𝑘 − 1). 

But there are (𝑣 − 1) elements with which it can be paired 

with, and each pair occurs 𝜆 times. Hence  

    𝑟 𝑘 − 1 = 𝜆 𝑣 − 1                                      (2.1.2)                                                                      

Since 𝑘, 𝑣 and 𝜆 are fixed it follows that 𝑟 must be the 

same for each element. For this fixed value of 𝑟, each 

element therefore has 𝑟 appearances in the blocks, so that 

there are 𝑣𝑟 appearances of elements altogether. But there 

are 𝑏 blocks each with 𝑘 elements, so the number of 

appearances must also be 𝑏𝑘. Thus 𝑏𝑘 = 𝑟𝑣  .▌ 

The five parameters 𝑏, 𝑣, 𝑟, 𝑘, 𝜆 of a block design are 

therefore not independent, but have two restrictions as 

stated in the theorem. Whatever 𝑏, 𝑣, 𝑟, 𝑘, 𝜆 are, they must 

satisfy (2.1), but conversely if five numbers 𝑏, 𝑣, 𝑟, 𝑘, 𝜆 

satisfy (1.1), there is no guarantee that a 

 𝑏, 𝑣, 𝑟, 𝑘, 𝜆 −configuration exists. 

(For example there is no BIBD with 𝑣 = 15, 𝑏 =
21, 𝑘 = 5, 𝑟 = 7 and 𝜆 = 2.This implies that there are still 

unsolved problems concerning BIBDs). 

Corollary 2.1.3. If a 𝑣, 𝑘, 𝜆 -BIBD exists; then 𝜆(𝑣 −
1) ≡ 0(𝑚𝑜𝑑 𝑘 − 1) and 𝜆𝑣(𝑣 − 1) ≡ 0(𝑚𝑜𝑑𝑘 𝑘 − 1 ). 

For example an (8, 3, 1)-BIBD does not exist 

because 𝜆 𝑣 − 1 = 7 ≢ 0(𝑚𝑜𝑑2). 

Apart from the above theorem, another important 

necessary condition for the existence of a(𝑣, 𝑘, 𝜆)-BIBD is 

known as “Fisher’s inequality, proved in 1940. 

Theorem 2.1.4. For a (𝑏, 𝑣, 𝑟, 𝑘, 𝜆)-configuration,  𝑏 ≥ 𝑣. 

Proof: Let 𝐴 be the incidence matrix, so that 𝐴 has 𝑏 rows 

and 𝑣 columns. The aim is to find the matrix 𝐶 = 𝐴′𝐴. 

Where 𝐴′ is the transposed matrix of 𝐴. The element  𝑎𝑖𝑗
′  in 

the 𝑖𝑡𝑕  row and 𝑗𝑡𝑕   column of 𝐴′ is equal to 𝑎𝑗𝑖 , the 

element in the 𝑗𝑡𝑕  row and the 𝑖𝑡𝑕  column of  𝐴. 

Then  𝐶 = (𝑐𝑖𝑗 )𝑣×𝑣, where 

𝑐𝑖𝑗 =  𝑎𝑖𝑕  
′

𝑕

𝑎𝑕𝑗  

     =  𝑎𝑕𝑖

𝑕

𝑎𝑕𝑗   

In particular, 

          𝑐𝑖𝑖 =  𝑎𝑕𝑖
2 =  𝑎𝑕𝑖

𝑕𝑕

 

Since each 𝑎𝑖𝑗  is 0 or 1 and 02 = 0, 12 = 1 . But  

𝑎𝑕𝑖 = 1  if and only if the 𝑖𝑡𝑕  element is the 𝑕𝑡𝑕   set, and is 

0 otherwise. Thus 

𝑐𝑖𝑖 =  𝑎𝑕𝑖
𝑕

 

= 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑒𝑡𝑠 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑡𝑕𝑒 𝑖𝑡𝑕  𝑒𝑙𝑒𝑚𝑒𝑛𝑡 = 𝑟 

Also, if 𝑖 ≠ 𝑗, 

𝑐𝑖𝑗 =  𝑎𝑕𝑖𝑎𝑕𝑗𝑕 . 

Now 𝑎𝑕𝑖𝑎𝑕𝑗  is equal to 1 if and only if 𝑎𝑕𝑖 = 𝑎𝑕𝑗 = 1, 

that is, only if the 𝑕𝑡𝑕  set contains both the 𝑖𝑡𝑕  and the 𝑗𝑡𝑕  

elements.  

There are λ such 𝑕’s. Thus 𝑐𝑖𝑗 = 𝜆, and 
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𝐶 = 𝐴′𝐴 =

 
 
 
 
 
𝑟 𝜆 𝜆
𝜆 𝑟 𝜆
𝜆 𝜆 𝑟

⋯
𝜆
𝜆
𝜆

⋮ ⋱ ⋮
𝜆 𝜆 𝜆 ⋯ 𝑟 

 
 
 
 

 

This result can also be written as 

𝐴′𝐴 =  𝑟 − 𝜆 𝐼 + 𝜆𝐽 , where 𝐼 denotes a unity matrix and 

𝐽 denotes the matrix with every entry equal to 1. 

To show that 𝑏 ≥ 𝑣, let 𝜌(𝐶) denotes the rank of the 

matrix 𝐶, 

𝜌 𝐶 = 𝜌(𝐴′𝐴) ≤ 𝜌(𝐴) ≤ 𝑏.              (2.1.3) 

Since 𝜌(𝑋𝑌) ≤ 𝜌(𝑌) for all matrices 𝑋, 𝑌, and the rank 

of a matrix is no greater than the number of its rows or 

columns. 

However, 

𝑑𝑒𝑡

 
 
 
 
 
𝑟 𝜆 𝜆
𝜆 𝑟 𝜆
𝜆 𝜆 𝑟

⋯
𝜆
𝜆
𝜆

⋮ ⋱ ⋮
𝜆 𝜆 𝜆 ⋯ 𝑟 

 
 
 
 

 

= 𝑑𝑒𝑡

 
 
 
 
 

𝑟 𝜆 𝜆
𝜆 − 𝑟 𝑟 − 𝜆 0
𝜆 − 𝑟 0 𝑟 − 𝜆

⋯
𝜆
0
0

⋮ ⋱ ⋮
𝜆 − 𝑟 0 0 ⋯ 𝑟 − 𝜆 

 
 
 
 

 

On subtracting the first row from each of the others, and 

this in turn, on adding to the first column all the other 

columns, is equal to 

𝑑𝑒𝑡

 
 
 
 
 
𝑟 + 𝜆(𝑣 − 1) 𝜆 𝜆 𝜆

0 𝑟 − 𝜆 0 0
0 0 𝑟 − 𝜆 ⋯ 0
⋮ ⋱ ⋮
0 0 0 ⋯ 𝑟 − 𝜆 

 
 
 
 

 

=  𝑟 +  𝑣 − 1 𝜆 . (𝑟 − 𝜆)𝑣−1 

= 𝑟𝑘(𝑟 − 𝜆)𝑣−1 

≠ 0  since theorem above implies that   𝑟 > 𝜆 

Thus 𝐶 is a nonsingular 𝑣 × 𝑣 matrix, and so 𝜌 𝐶 = 𝑣 . 

Thus (1.3) gives   𝑏 ≥ 𝑣 as required.▌ 

 

III. INCIDENCE MATRIX 
 

The incidence matrix 𝐴 of a (𝑣, 𝑏, 𝑟, 𝑘, 𝜆)-BIBD satisfies 

the following properties: 

1. every column of 𝐴 contains exactly 𝑘  “1”s; 

2. every row of 𝐴 contains exactly 𝑟  “1”s; 

3. two distinct rows of 𝐴 contain “1” in exactly 𝜆 columns 

Theorem 2.2.1. Let 𝐴 be a 𝑣 × 𝑏  0-1 matrix and let 

2 ≤ 𝑘 < 𝑣. Then 𝐴 is an incidence matrix of 

a(𝑣, 𝑏, 𝑟, 𝑘, 𝜆)-BIBD if and only if 𝐴𝐴′ = 𝜆𝐽𝑣 + (𝑟 − 𝜆)𝐼𝑣    

and 𝑢𝑣𝐴 = 𝑘𝑢𝑏  where 𝐼𝑣  denotes a  𝑣 × 𝑣 unity matrix 

and 𝐽𝑣 denotes a 𝑣 × 𝑣 matrix with every entry equal to 1. 

Proof: First, suppose (𝑋, 𝐵) is a(𝑣, 𝑘, 𝜆)-BIBD, where 

𝑋 =  𝑥1 , … , 𝑥𝑣   and 𝐵 =  𝑏1 , … , 𝑏𝑏   . Let A be its 

incidence matrix. The (𝑖, 𝑗)-entry of 𝐴𝐴′ is 

 𝑎𝑖 ,𝑕

𝑏

𝑕=1

𝑎𝑗 ,𝑕 =  
𝑟 𝑖𝑓 𝑖 = 𝑗
𝜆 𝑖𝑓 𝑖 ≠ 𝑗

  

Hence, from properties 2 and 3 enumerated above, every 

entry on the main diagonal of the matrix 𝐴𝐴′ is equal to 𝑟, 

and every off-diagonal entry is equal to 𝜆 so 𝐴𝐴′ = 𝜆𝐽𝑣 +
(𝑟 − 𝜆)𝐼𝑣  . 

Furthermore, the 𝑖𝑡𝑕  entry of 𝑢𝑣𝐴 is equal to the number 

of “1”s in column 𝑖 of 𝐴. By property 1, this equals 𝑘. 

Hence, 𝑢𝑣𝐴 = 𝑘𝑢𝑏  

Conversely, suppose that 𝐴 is a 𝑣 × 𝑏 0-1 matrix such 

that 𝐴𝐴′ = 𝜆𝐽𝑣 + (𝑟 − 𝜆)𝐼𝑣   and 𝑢𝑣𝐴 = 𝑘𝑢𝑏 . Let (𝑋, 𝐵) be 

the design whose incidence matrix is   𝐴. Clearly we have 

 𝑋 = 𝑣 and  𝐵 = 𝑏 . From the equation  𝑢𝑣𝐴 = 𝑘𝑢𝑏  , it 

follows that every block in 𝐴 contains 𝑘 points. From the 

equation   𝐴𝐴′ = 𝜆𝐽𝑣 + (𝑟 − 𝜆)𝐼𝑣 , it follows that every pair 

of points occurs in exactly 𝜆 blocks. Hence, (𝑋, 𝐵) is a 

(𝑣, 𝑏, 𝑟, 𝑘, 𝜆)-BIBD.▌ 

 

IV. SYMMETRIC BIBDS 
 

Definition.2.3.1. A BIBD in which 𝑏 = 𝑣 (or 

equivalently,𝑟 = 𝑘 or 𝜆 𝑣 − 1 = 𝑘2 − 𝑘) is called a 

Symmetric BIBD. (Note that this terminology does not 

mean that the incidence matrix is a symmetric matrix.) 

The necessary existence conditions for symmetric 

BIBDs, which are known as “Bruck-Ryser-Chowla 

Theorem”, are given by the following theorem which is 

stated without proof; it was published in 1950. 

Theorem. 2.3.1  Suppose that a symmetric (𝑣, 𝑘, 𝜆)-

configuration exists. Then: 

a) if 𝑣 is even, 𝑘 − 𝜆 must be a square; 

b) if 𝑣 is odd, the equation 

𝑧2 =  𝑘 − 𝜆 𝑥2 + (−1)(𝑣−1)/2𝜆𝑦2 has a solution in 

integers 𝑥, 𝑦, 𝑧 not all zero. 

The proof of (a) follows from the proof of Fisher’s 

inequality that (𝑑𝑒𝑡𝐴)2 = 𝑑𝑒𝑡𝐶 = 𝑘2(𝑘 − 𝜆)𝑣−1 , that is 

𝑑𝑒𝑡𝐴 = 𝑘(𝑘 − 𝜆)(𝑣−1)/2 . So (𝑘 − 𝜆)(𝑣−1)/2 is a rational 

number. But if 𝑣 − 1 is odd this requires that 𝑘 − 𝜆 is 

itself a square. 

2.4. Example of constructing BIB designs 
Now consider 𝑣 = 7, 𝑏 = 7, 𝑘 = 3, the conditions are 

fulfilled with; 

𝑟 =
𝑏𝑘

𝑣
=

7 × 3

7
= 3 

𝜆 = 𝑟
(𝑘 − 1)

𝑣 − 1
=

3 × 2

6
= 1 

Let the points be A, B, C, D, E, F, and G. Ordering the 3 

blocks with A first and assume that B-C, D-E and F-G are 

together in these blocks. We obtain: 

Step one 
Table 2.4.1: Results of Step one 

A A A     

B D F     

C E G     

 

Second step 
Next B and C must occur twice more and not together 

(order of blocks not important). The result is: 

Table 2.4.2. Results of Step two. 

A A A B B C C 

B D F     

C E G     
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Third step 
D and F must occur together. We can assume this 

happens in a B block. The E and G must be together in the 

other B block. Then there is only one choice for the two C 

blocks (because order is unimportant). We get: 

Table 2.4.3:   2 − (7,3,1)-configuration. 

A A A B B C C 

B D F D E D E 

C E G F G G F 

 

When using this design for practical experiments we 

must randomize. We randomize the treatments according 

to the labels, the order of the blocks, and the order of the 

three treatments within a block. 

The complementary design 

The complementary design is constructed by replacing 

each block with a block consisting of the remaining points. 

In our case we get: 

Table 2.4.4: Complementary design. 

D B B A A A A 

E C C C C B B 

F F D E D E D 

G G E G F F G 

 

We see that 𝑣 = 7, 𝑟 = 4, 𝑏 = 7, 𝑘 = 4 and 𝜆 = 2. 

Note that we could construct the same BIB designs by 

use of PG (2, 2). 

 

V. CONSTRUCTION AND RESOLVABILITY OF 

DESIGNS 
 

Our construction use the concept of: congruence modulo 

an integer 𝑛 

2.5.1. Ordered Pairs, Relations, and Functions 

Definition.2.5.1.1. An ordered pair (𝑎, 𝑏) is a list with 

two elements. That is, ordered pair consists of two objects. 

A relation from a set 𝐴 to a set 𝐵 is a set of ordered pairs 

whose first entries are in 𝐴 and whose second entries are 

in 𝐵. 𝐴 is called the Domain of the relation and 𝐵 is called 

the Range. A function from 𝐴 to 𝐵 is a relation from 𝐴 to 

𝐵 that associates with each element 𝑎 of 𝐴 a unique 

element 𝑏 of 𝐵. 

Definition 2.5.1.2. One-to –one Function 

A function 𝑓 is called a one-to-one function or injection 

if it associates different values in the range with different 

values in the domain. 

Definition 2.5.1.3. Onto functions and Bijections 

A function 𝑓 from 𝐴 onto 𝐵 is defined as a function 

from 𝐴 to 𝐵 such that each member of 𝐵 is associated with 

atleast one member of 𝐴. A function from 𝐴 onto 𝐵 is also 

called a surjection from 𝐴 to 𝐵. 

A one-to-one function from a set 𝐴 onto a set 𝐵 is called 

a Bijection. A bijection from a set 𝐴 onto itself is called a 

permutation of that set. 

 

 

 

 

VI. ISOMORPHISM AND AUTOMORPHISM 

 

Definition 2.5.2.1. Suppose (𝑋, 𝐴) and (𝑌, 𝐵) are two 

designs with  𝑋 =  𝑌 . (𝑋, 𝐴) and (𝑌, 𝐵) are isomorphic 

if there exists a bijection 𝛼: 𝑋 → 𝑌 such that: 

  𝛼 𝑥 : 𝑥 ∈ 𝐴1 : 𝐴1 ∈ 𝐴 = 𝐵 

In other words if we rename every point 𝑥 ∈ 𝑋 by ∝
(𝑥), then the collection of blocks of 𝐴 is transformed 

into 𝐵. The bijection ∝ is called an isomorphism. 

Definition 2.5.2.2. Suppose (𝑋, 𝐴) is a design. An 

Automorphism of (𝑋, 𝐴) is an isomorphism of this design 

with itself. In this case, the bijection ∝ is a permutation of 

𝑋 such that: 

  ∝  𝑥 : 𝑥 ∈ 𝐴1 : 𝐴1 ∈ 𝐴 = 𝐴 

Definition 2.5.2.3. Equivalence Relation 

A relation 𝑅 on a set 𝑆 is a set of ordered pairs of 

elements of 𝑆. A set 𝑅 of ordered pairs of elements of a set 

𝑋 is an equivalence relation on 𝑋 if: 

1) (𝑥, 𝑥) is in 𝑅 for all 𝑥 in 𝑋 (reflexive law) 

2) If (𝑥, 𝑦) is in 𝑅 then (𝑦, 𝑥) is in 𝑅 for all 𝑥 and 𝑦 in 𝑋. 

(symmetric law ) 

3) If (𝑥, 𝑦) and (𝑦, 𝑧) are in  𝑅, the (𝑥, 𝑧) is in 𝑅 for all 

𝑥, 𝑦 and 𝑧 in 𝑋. (transitive law) 

Definition 2.5.2.4. Equivalence Classes 

Let 𝑅 be an equivalence relation on a set 𝑋. Then there is a 

collection 𝐶 of nonempty subsets of 𝑋 such that: 

1) Each element  𝑥 of 𝑋 is in some set 𝐶𝑥  of 𝐶 

2) Any two different sets in 𝐶 are disjoint. 

3) For each set 𝐶𝑦  in 𝐶, all elements of 𝐶𝑦  are equivalent 

relative to 𝑅 

4) If two elements 𝑥 and 𝑦 are equivalent relative to 𝑅, 

then they lie in the same set of 𝐶 (in fact  𝐶𝑦 = 𝐶𝑥  ) 

The sets 𝐶𝑥  in the collection 𝐶 are called equivalence 

classes. A collection of 𝐶 of nonempty, mutually disjoint 

sets whose union is 𝑋 is called a Partition of 𝑋, or a set 

partition of 𝑋. 

Definition 2.5.2.5. Congruence modulo an integer 𝑛 𝑎 is 

congruent to 𝑏 modulo 𝑛, written 𝑎 ≡ 𝑏 (𝑚𝑜𝑑 𝑛) , if and 

only if 𝑛 is 𝑎 factor of 𝑎 − 𝑏. This relation is an 

equivalence relation. Since 𝑛 is a factor of ′𝑎 − 𝑎 = 0’ our 

relation is reflexive. Since 𝑛 is a factor of 𝑏 − 𝑎 = −(𝑎 −
𝑏) whenever it is a factor of 𝑏 − 𝑎, our relation is 

symmetric. Now suppose 𝑎 ≡ 𝑏 (𝑚𝑜𝑑 𝑛) and 𝑏 ≡
𝑐 (𝑚𝑜𝑑 𝑛), so 𝑐 − 𝑏 = 𝑘𝑛, and 𝑏 − 𝑐 = 𝑕𝑛. Then 

𝑎 − 𝑐 = 𝑎 − 𝑏 + 𝑏 − 𝑐 = 𝑘𝑛 + 𝑕𝑛 =  𝑘 + 𝑕 𝑛, so our 

relation is transitive. Thus, it is an equivalence relation. 

2.5.3. Arithmetic of integers modulo 𝑛 
Arithmetic of integers modulo 𝑛 provides a powerful 

tool for constructing of designs. 

Definition 2.5.3.1. Cyclic designs 

A balanced design is said to be cyclic 𝑚𝑜𝑑 𝑛 with base 

𝐵 if : 

1) The element of 𝑣 are equivalence classes 𝑚𝑜𝑑 𝑛 

2) 𝐵 is a set of blocks of the design 

3) Every block in the design may be obtained in exactly 

one way by adding some 𝑚 (𝑚𝑜𝑑 𝑛) to each element 

of a block in 𝐵. 
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Example 2.5.3.2. If 𝑣 =  0,1,2,3,4  is the set of 

equivalence classes 𝑚𝑜𝑑 5, and 𝐵 =   0,1 , (2,4) , then 𝐵 

is a base for the design. When we add 1 to each element of 

(1, 0) we get another pair 1 unit apart. Continuing in this 

way, we get all pairs 1 unit apart [2]. We also get (4, 0) 

which is also a pair 1 unit apart, if we arrange 0, 1,2,3,4 

around a circle in a natural order. It is this circular 

visualization of distance that underlies the use of the word 

cyclic. In the same way, we get every pair 2 units apart by 

repeatedly adding 1 to the pair (2, 4).  By shifting our base 

blocks around the circle one place at a time, we ensure that 

every point appears the same number of times as every 

other point [4].  

The fact that each difference appears once means that as 

we move around the circle, each pair of the numbers with 

difference 1 appears once, each pair with difference 2 

appears once and so on. 

In general, suppose we have a base of blocks for our 

design. We visualize them as sets on a circle labeled by 

the integers 𝑚𝑜𝑑𝑢𝑙𝑜 𝑛. 

Theorem 2.5.3.3. A set 𝐵 of 𝑘-elements of the integer’s 

𝑚𝑜𝑑 𝑛 is a base (difference set) for a design which is a 

cyclic 𝑚𝑜𝑑 𝑛 if and only if each nonzero integer 𝑚𝑜𝑑 𝑛 

occurs the same number of times as a difference 𝑎 − 𝑏 of 

distinct elements chosen from the set in 𝐵. 

Proof:  Suppose 𝐵 is a base. Then if the pair (𝑎, 𝑏) is in λ 

blocks then 𝑎 − 𝑏 is difference between λ pairs in the base 

blocks. Now suppose each nonzero integer 𝑚𝑜𝑑 𝑛 appears 

the same number 𝜎 of times as a difference between pairs 

in 𝐵. Then for some list of numbers 𝑚1, 𝑚2, 𝑚3 ⋯𝑚𝜎  the 

pairs  𝑎 + 𝑚𝑖 , 𝑏 + 𝑚𝑖  must be distinct pairs in the blocks 

of 𝐵. Thus any pair (𝑎 + 𝑚, 𝑏 + 𝑚) will occur 𝜎 times in 

the blocks we generate from 𝐵 by adding numbers. Thus 

we have a family of 𝑘-element sets generated from 𝐵 such 

that each pair of elements of 𝑣, the integers 𝑚𝑜𝑑 𝑛, occurs 

exactly 𝜎 times among the sets. Now, if one class 𝑥 occurs 

𝑟 times and another class 𝑦 occurs 𝑟′ times, then 𝑥 is in 

𝑟(𝑘 − 1) pairs in the blocks and 𝑦 is in      𝑟′(𝑘 − 1) pairs 

in the blocks. Since the number of pairs involving each 

element is the same 𝑟 = 𝑟′. Thus 𝐵 is a base for a design.▌ 

Definition 2.5.3.4. Cyclic Designs 
Suppose we introduce a new element ∞ to the integers 

mod n and define   

∞ + 𝑚 = ∞ − 𝑚 = ∞, 

𝑚 − ∞ = −∞ − 𝑚 = −∞                          for all 𝑚                                                                                

A balanced design is said to be ∞ − cyclic 𝑚𝑜𝑑 𝑛 if 𝑣 

consists of  ∞ and the equivalence classes of integers 

𝑚𝑜𝑑 𝑛, and if it has a base 𝐵 satisfying conditions (ii) and 

(iii) of the (definition 2.5.3.1). 

Theorem 2.5.3.5. If 𝐵 is a family of 𝑘 −  element subsets 

of the equivalence classes of integers 𝑚𝑜𝑑 𝑛 and ∞, the 𝐵 

is the a base for an ∞ −cyclic design if and only if ∞, −∞ 

and each residues 𝑚𝑜𝑑 𝑛 occurs the same number of times 

as the difference of elements of the same set in 𝐵 and if no 

proper subset of 𝐵 has this property [1].  

For example the sets 
  0, 1, 3 ,  4, 5, 9 ,  2, 6, 8 , (∞, 7, 10)  form a base for a 

(12, 3, 2) ∞ −  cyclic design mod 11. 

 

VII. RESOLVABLE DESIGN 
 

A 𝑡 − (𝑣 , 𝑘, 𝜆) design is resolvable if the blocks 𝐵 may 

be grouped into a 𝑆 sets each of which is a partition of 𝑉. 

(note, we partition the blocks into sets of blocks, each set 

of which is a partition of 𝑉 into parts of size 𝑘). 

Each of the partitions of 𝑉 is called a parallel class of 

the blocks in analogy to the parallel line in a plane 

geometry[3]. A parallel class is a subset of disjoint blocks 

from 𝐵 whose union is 𝑉. A partition of 𝐵 into 𝑟 parallel 

classes is called a resolution, and a  𝑣, 𝑘, 𝜆  is said to be a 

resolvable if 𝐵 has atleast one resolution [2]. 

Theorem 2.5.4.1. If a design is resolvable, then 
𝑏

𝑟
 and 

𝑣

𝑘
 

are the same integer. 

Proof: Since 𝑉 is a union of some number 𝑚 of disjoint 

sets of size 𝑘, then 𝑣 = 𝑘𝑚 . Thus 
𝑣

𝑘
 is an integer. But 

since 𝑏𝑘 = 𝑣𝑟 , we get by division 
𝑣

𝑘
=

𝑏

𝑟
 . 

Therefore a 𝑡 − (𝑣, 𝑘, 𝜆) can have a parallel class only if 

𝑣 ≡ 0 𝑚𝑜𝑑 𝑘. 

Theorem 2.5.4.2. A cyclic or ∞ − cyclic design is 

resolvable if it has a base which is a partition of 𝑉.▌ 

2.5.5. Constructing new designs from old  
This is the construction whose techniques are based on 

putting two designs together or modifying an existing 

design to get anew one [3]. There are quite a few 

elementary and straightforward ways to construct new 

designs from existing ones; we describe a number of these 

ways here. 

2.5.5.1. Complementary Designs 
Is a design obtained by replacing each block of 𝐵 of a 

design 𝐷 on 𝑉 by its complement 𝑉 − 𝐵. This design 

which is denoted by 𝐷  , is called complementary design or 

complement of 𝐷.A complement of a 𝑡 − (𝑣, 𝑘 , 𝜆) design 

is a  𝑡 − (𝑣, 𝑣 − 𝑘, 𝜆  𝑣−𝑡
𝑡

  𝑘
𝑡
 )  design or a                     

𝑡 − (𝑣, 𝑘, 𝜆𝑚𝑎𝑥 − 𝜆) design where 𝜆𝑚𝑎𝑥 =  𝑣−𝑡
𝑘−𝑡

  

2.5.5.2. Residue Design 
For a fixed element 𝑥 ∈ 𝑉,   we can partition 𝐵 into two 

sets, those blocks 𝐵𝑑  containing 𝑥 and those blocks 𝐵𝑡  not 

containing 𝑥. it is easily shown that: 

(𝑣:∖  𝑥 , 𝐵𝑡) is a 

  𝑡 − 1 −  𝑣 − 1, 𝑘, 𝜆(𝑣 − 𝑘)/(𝑘 − 𝑡 + 1)  
This is termed as the residual design of a 𝑡 − (𝑣, 𝑘, 𝜆) . 

2.5.5.3. Derived Design 
Removing 𝑥 from each block of 𝐵𝑑  to form 𝐵𝑑

𝑥  yields a 

 𝑡 − 1 − (𝑣, 𝑘 − 1, 𝜆)  design. 

(𝑣:∖  𝑥 , 𝐵𝑑
𝑥 ) is called the derived design of a 𝑡 − (𝑣, 𝑘, 𝜆). 

2.5.5.4. Dual design 
The incidence matrix 𝑁 of a design with 𝐵 blocks and 𝑉 

varieties, then by transposing this matrix 𝑁 to get 𝑁𝑡  we 

get the incidence matrix of a design with 𝑉 blocks and 𝐵 

varieties. The design whose incidence matrix is 𝑁𝑡   is 

called the dual of the original design. By Fishers 

inequality, the dual design can be a design only if 𝑏 = 𝑣 . 

2.5.5.5. Unions of designs  
When a simple design 𝐷 and its complement design 𝐷  

are put together we obtain the set of all subsets of size 𝑘 
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chosen from 𝑉. Thus, putting these two balanced designs 

together gives another balanced design[4]. 

2.5.5.6. Product of Designs 
Given designs 𝐷1 and 𝐷2  on sets 𝑉1 and 𝑉2 we define 

the product design 𝐷1 × 𝐷2 to be the design of the set of 

ordered pairs 𝑉1 × 𝑉2 whose blocks are the sets 𝐵1 × 𝐵2 

with 𝐵1 a block of 𝐷1 and 𝐵2 a block of 𝐷2 . 

2.5.5.7. Sum Construction 
Given two BIBDs on the same point set, “sum 

construction” involves forming the collection of all the 

blocks in both designs[5]. 

Theorem 2.5.5.7.1. Suppose there exists a  𝑣, 𝑘, 𝜆1 − 

BIBD and a  𝑣, 𝑘, 𝜆2 − BIBD. Then there exists a 

 𝑣, 𝑘, 𝜆1 + 𝜆2 − BIBD. 

Corollary 2.5.5.7.2. Suppose there exists a  (𝑣, 𝑘, 𝜆) − 

BIBD. Then there exists a  𝑣, 𝑘, 𝑠𝜆 − BIBD for all 

integers    𝑠 ≥ 1 . 

 

VIII. CONCLUSION 
 

BIBDs are very important in research and properly 

developed designs give appropriate results when doing 

statistical analysis. 
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