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Abstract – Recent advances in technology to obtain DNA 

microarrays have made it possible to measure quantitatively 

the expressions of thousands of genes. These expression levels 

within subjects may be expected to be correlated. Since the 

number of subjects is usually quite small compared to the 

number of genes. Therefore, more and more statisticians are 

pursuing new methods to solve these large-dimensional 

problems. In this paper we use the new statistic proposed by 

Jiang, Bai and Zheng (2013) to test the independence of a 

microarray dataset, which has expression levels for 6500 

human genes, for 40 samples of colon tumor tissue and 22 

samples of normal colon tissue. 
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I. INTRODUCTION 
 

Test of independence for random variables is a very 

classical hypothesis testing problem, which dates back to 

the seminal work by Pearson [8], followed by a huge 

literature regarding this topic and its variants. 

Comprehensive overview and detailed references on this 

problem can be found in most of the textbooks on 

multivariate statistical analysis. For instance, here we 

recommend the masterpieces by Muirhead [7] and by 

Anderson [2] for more details. However, large 

dimensional data are occurring in many modern science 

fields, such as finance, bioinformatics and wireless 

communication, etc. Unfortunately, many classical 

statistical methods cannot be directly used for these large 

dimensional data. Therefore, more and more statisticians 

are pursuing new methods to solve these large-

dimensional problems, such as [3, 6]. This paper will 

focus on introducing the method proposed by [6] for 

testing the independence of large sets of random variables 

and also use it to a microarray dataset, which has 

expression levels for 6500 human genes, for 40 samples of 

colon tumor tissue and 22 samples of normal colon tissue.  

Let us take a review more specifically on some 

representative existing results in the literature, after 

necessary notation is introduced. Assume that 

x =  
𝑥1

𝑥2
 ~𝑁   

𝜇1

𝜇2
 ,  

𝛴11 𝛴12

𝛴21 𝛴22
  ≔ 𝑁(𝜇, 𝛴), 

in which xipossesses dimension pi  for i = 1, 2, such that 

p1  +  p2  =  p. Denote by i the mean vector of the i-th 

sub-vector xi and by Σij  the cross covariance matrix of xi 

and jx  for i, j = 1, 2. Then μ ≔ (μ
1
′ , μ

2
′)′and Σ ∶=  (Σij ) 

are the mean vector and covariance matrix of x  

respectively. 
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In this work, we consider the following hypothesis testing 

(T1)       0 12: 0H   ,     v.s.   1 0: not H H . 

To this end, we draw n  observations of x , namely 

1, , nx x . In addition, the i-th sub-vector of jx will be 

denoted by ijx for all 1, 2i  and {1, , }j n  . 

Conventionally, the corresponding sample means will be 

written as x = n−1  xj
n
j=1   and x j = n−1  xij

n
j=1 . Then, we 

can construct the sample covariance matrix. Set 

(1.1) X ≔  x1 − x , … , xn − x  , Xi ≔  xi1 − x 𝑖 , … , xin − x 𝑖 , 
i = 1,2. The sample covariance matrix of x and the cross 

sample covariance matrix of mx and lx will be denoted 

by  Σ  and  Σ 𝑚𝑙  respectively, to wit, 

Σ ≔
1

𝑛 − 1
𝑋𝑋 ′,   Σ 𝑚𝑙 ≔

1

𝑛 − 1
𝑋𝑚𝑋𝑙

′, 

In the classical large n  and fixed p  case, the likelihood 

ratio statistic Λn ≔ Wn
n/2

 with 

Wn ≔
|Σ |

|Σ 11| ∙ |Σ 22|
 

is a favorable one aiming at the testing problem (T1). A 

celebrated limiting law on n  under 0H is  

(1.2) 
2

2 log n     , as n  , 

where 

1 2 3

2

p p
n

 
  , 1 2p p  . 

One can refer to [11] or Theorem 11.2.5 of [7], for 

instance. The left hand side of (1.2) is known as the Wilks 

statistic. It is well known that when the dimension p is 

very small relative to the sample size n , the theoretical 

result (1.2) behaves very well. However, it performs badly 

when the dimension p  is large relative to the sample size

n . A new method was proposed to deal with the large-

dimensional complete independence test by [9]. However, 

their construction deeply depends on the sum of squared 

elements of the sample correlation matrix, and such a test 

would suffer from lack of invariance. Fujikoshi and 

Sakurai [5] derived the asymptotic distributions of the 

large dimensional canonical correlations. Their work is 

closely related, but their method has the similar problem 

and cannot be directly used for large dimensional 

independence test. Then Jiang, Bai and Zheng [6] 

proposed a statistic to discuss the independence test of 

large dimensional sets of variables by employing RMT. 

The classical likelihood ratio statistic is defined in (1.4). 

After some simple calculations, we obtain 

Wn ≔
 Σ 11 |Σ 22 − Σ 21Σ 11

−1
Σ 12|

|Σ 11| ∙ |Σ 22|
= |Ip2

− Σ 21Σ 11
−1

Σ 12Σ 22
−1

| 

Thus, consider the test statistic 
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(1.3)    ln⁡(Wn ) = ln  Ip2
− Σ 21Σ 11

−1
Σ 12Σ 22

−1
 . 

Jiang, Bai and Zheng[6] showed that if 

1 2 1 1/ (0, )nr p p r     and  

2 2 1 2/ ( 1 ) (0,1)nr p n p r     , then 

2ln . ( ) ( )

( )

nW p e f m f

v f

 
 

convergences weakly to standard normal distribution. Here 

12 2(1 ) ln( )
2 2

( ) ln( )
rnr c

n n nrn
e f 


   

1 1 1 2 2ln( ) ln
1 1 2

r r r c h d rn n n n n n nc d h
n n nr r r hn n n n

  
  , 

2

2

2 2 2

( )1
( ) ln

2 ( )

ch r d
m f

c d h





,

2

2 2
( ) 2 ln

c
v f

c d



, 

1 2 1 2h r r rr   ,
1 1

1
( 1 )n p p


   , 

and

2 1 2 2 1 2

1 2 2 1 2 2

1
, ( (1 ) (1 ) (1 ) (1 ) )

2
c d h r r r h r r r

 
       

0c d  . 

Now we apply the proposed test statistic to a microarray 

dataset, which comes from a study ofgene expression in 

colon adenocarcinoma. Gene expression levels have been 

measured using the Affymetrix technology. This 

microarray dataset was derived from 40 tumor and 22 

normal colon tissues for more than 6500 human genes, i.e. 

62n  . A section of 2000 genes with highest minimal 

intensity across the samples was made by Alon et al. [1]. 

The description of the dataset can be found in [4] and [10]. 

The preprocessed datasetis from http://www.tatsuya.e.u-

tokyo.ac.jp/, where the expression levels have been 

transformed by the log10  transformation. 

It was shown in [10] that the covariance matrices of 

tumor group and normal group should be equal. Hence we 

can use the proposed test statistic to investigate the 

independence of these genes. Before that we need the 

following preprocessing steps: (i) reorder: reorder the 

genes according to the magnitude of the t-statistic for 

comparing the two groups. (ii) partition: partition the 

reordered genes into 80 blocks in sequence with each one 

containing 25 genes. (iii) screen: get ride of the blocks 

which have singular sample covariance matrices. Then it 

remains 77blocks and 1925 genes. For testing the 

independence of each two of these 77 block genes, based 

on the proposed test statistic, we get all the p -values are 

essentially one. Thus there is strong evidence that the 77 

block genes are independent. 
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