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I. INTRODUCTION 
 

Let 𝑋𝑡  be a diffusion solution of the stochastic 

differential equation: 

𝑑𝑋𝑡 = 𝜇 𝑋𝑡 𝑑𝑡 + 𝜎 𝑋𝑡 𝑑𝑊𝑡                  𝑡 ∈  ℝ+ 

Where (𝑊𝑡 ;   𝑡 ∈  ℝ+) is a standard Brownian motion; 𝜇 

and 𝜎 are two continuous and unknown functions of class 

𝐶1 and with 𝜎 assumed to be strictly positive. 

We know that under Lipschitz conditions on 𝜇(. ) and 

𝜎(. ) there exists for any given initial 𝑋0 independent of 

(𝑊𝑡 ;   𝑡 ∈  ℝ+) a unique, with probability one, solution of 

the above equation [8]. 

This unique solution must have a stationary transition 

density, say 𝑓𝑥𝑡 |𝑥0
 .  , satisfying the forward equation of 

Kolmogorov: 

𝜕2  
1
2

𝜎2 𝑥 𝑓𝑥𝑡 |𝑥0
 𝑥  

𝜕𝑥2
−

𝜕  𝜇 𝑥 𝑓𝑥𝑡 |𝑥0
 𝑥  

𝜕𝑥
=  𝜕𝑓𝑥𝑡 |𝑥0

(𝑥) 
 

With 𝑓𝑥𝑡 |𝑥0
(. )  growing to a limiting density, say 𝑓(. ) as 

𝑡 grows to infinity. 

For practical reason, we assume (𝑋𝑡) to be a stationary 

process with density 𝑓 and we consider the estimation of 

𝜇(𝑥) for each 𝑥 ∈ 𝑆 where 𝑆 stands for the subset  

{𝑥 ∈  ℝ ∶ 𝑓 𝑥 > 0}. 

This problem has been considered by [7]. A 

convergence in quadratic mean has been established for a 

kernel estimate of the drift function from the regression 

equation   

  𝐸 𝑋𝑡+𝑝  𝑋𝑡 =.  ;   𝑝 ≥ 1. 

Subsequently, the uniform almost sure convergence of 

the kernel estimate of the drift function under the ergodic 

condition has been obtained by [1]. And later on an 

estimation of the drift coefficient from 𝜌 -mixing 

sequences has been considered by [2]. 

In this paper, we consider the drift estimation under the 

strong mixing condition using the Bernstein-type large 

deviations inequality to obtain the almost sure 

convergence of an estimate of the drift function by discrete 

observations of the trajectory. 

We also obtain the uniform almost sure convergence of 

the same estimator and give the rate of convergence. 

Let 𝑑 be positive and fixed, 𝑛 ∈ ℕ, the Markov 

observation (𝑋𝑗𝑑 ; 0 ≤ 𝑗 ≤ 𝑛) provides: 

𝑋𝑗𝑑 +𝑑 − 𝑋𝑗𝑑 = 𝜇𝑑 𝑋𝑗𝑑  + 𝜎𝑑(𝑋𝑗𝑑 )𝑌𝑗𝑑  

Where 𝜇𝑑 𝑋𝑗 = 𝐸 𝑋𝑗 +𝑑 − 𝑋𝑗  𝑋𝑗   and 𝜎𝑑
2 𝑋𝑗  =

𝑉 𝑋𝑗 +𝑑  𝑋𝑗   are supposed to exist and define discrete 

versions of 𝜇 and 𝜎2, (𝑌𝑗 ) being a stationary Gaussian 

process such that: 

𝐸 𝑌𝑗 +𝑑  𝑋𝑠;  𝑠 ≤ 𝑗 = 0   and  𝐸 𝑌𝑗 +𝑑
2  𝑋𝑠;   𝑠 ≤ 𝑗 = 1  

A natural estimator of 𝜇𝑑  is: 

𝜇𝑑,𝑛 𝑥 =
 𝐾  

𝑥 − 𝑋𝑗𝑑

𝑕𝑛
 (𝑋𝑗𝑑 +𝑑 − 𝑋𝑗𝑑 )𝑛

𝑗 =0

 𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛
 𝑛

𝑗 =0

    ∀ 𝑥 ∈ 𝑆 

Where (𝑕𝑛 ) is a positive sequence of real numbers such 

that 𝑕𝑛 → 0 and 𝑛𝑕𝑛 → ∞, when 𝑛 → ∞, and K a Parzen-

Rosenblatt kernel type, that is a bounded function 

satisfying  𝐾 𝑥 𝑑𝑥 = 1 and lim|𝑥|→∞ 𝑥 𝐾 𝑥 = 0, in 

addition we will assume it to be strictly positive and with 

bounded variation. 

We establish the almost sure convergence of 𝜇𝑑,𝑛  to 𝜇𝑑  

under the strong mixing condition and using the fact that: 

𝜇 𝑥 = lim𝑑→0 𝑑−1(𝑋𝑗 +𝑑 − 𝑋𝑗 |𝑋𝑗 = 𝑥) we get an estimate 

𝑑−1𝜇𝑑,𝑛  of 𝜇, if 𝑑 = 𝑑(𝑛) such that 𝑁 = 𝑛𝑑 → ∞, which 

is a necessary condition for both 𝑁𝑕𝑛 → ∞ and the strong 

mixing condition. 

 

II. ASSUMPTIONS 
 

A1. The process  𝑋𝑗𝑑  , 𝑗 ∈  ℕ is strictly stationary and 

strong mixing that is: 

𝛼𝑛 = 𝑆𝑢𝑝  𝑃 𝐴 ∩ 𝐵 − 𝑃 𝐴 𝑃 𝐵  ;   𝐴 ∈  𝜑0
𝑗
,   𝐵

∈  𝜑𝑗 +𝑛
∞  → 0, 𝑛 → ∞ 

Where 𝜑0
𝑗
 (resp. 𝜑𝑗 +𝑛

∞ ) stands for the 𝜎-field generated by 

(𝑋𝑠;   𝑠 ≤ 𝑗)   (resp. (𝑋𝑠;   𝑠 ≥ 𝑗 + 𝑛)) 

A2. The 𝑋𝑗𝑑  have a continuous and bounded density f 

A3. The initial random variable 𝑋0 has a finite moment of 

order 4: 𝐸 𝑋0
4 < ∞ 

A4. The functions 𝜇 and 𝜎 are Borel measurable on ℝ, 

bounded, satisfying the uniform  

Lipschitz condition:  𝜇 𝑥 − 𝜇 𝑦  + |𝜎 𝑥 − 𝜎 𝑦 | ≤
𝑐1|𝑥 − 𝑦| for all  𝑥, 𝑦  in ℝ x ℝ, 

and where 𝑐1is a positive constant. In addition 𝜎 is 

assumed to be strictly positive. 

A5. We assume that, for some 𝜀 −neighbourhood compact 

𝐶  of a specified compact C,   

        ∃ 𝛾 > 0, ∃ 𝑥 ∈  𝐶,     𝑓 𝑥 ≥ 𝛾. 

A6. The density f is twice differentiable and its second 

derivatives are bounded on the compact C. 

Remark 

If we assume that the initial condition 𝑋0 is independent of 

(𝑊𝑗 ; 𝑗 ∈  ℝ+) with density f, then a condition such as: 

∀ 𝑥 ∈  ℝ       𝜇 𝑥  +  𝜎 𝑥  ≤  𝑐2(1 + 𝑥2)1/2  where 𝑐2 is 
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a strictly positive and given constant, implies that the 

process (𝑋𝑗 ) is stationary [8]. 

 

III. MAIN RESULTS 
 

Theorem 1: 
Under assumptions A1 through A4, if we further assume 

that the sequence (𝑕𝑛 ) satisfies with  

𝑚𝑛 : 

lim
𝑛→∞

𝑛𝑕𝑛
2

𝑚𝑛 𝑙𝑜𝑔𝑛
= ∞                   

 𝑛𝛼(𝑚𝑛)

𝑚𝑛𝑕𝑛
𝑛

<  ∞ 

where 𝑚𝑛  is an unbounded and non-decreasing sequence 

chosen such as 

1 ≤  𝑚𝑛  ≤ 𝑛/2. 

Then for all x in S we have: 

𝜇𝑑,𝑛 𝑥  →   𝜇𝑑 𝑥 ,         𝑎. 𝑠.       when    𝑛 →  ∞. 

Corollary 
Under assumptions of Theorem 1, if we choose 𝑕𝑛  and 

𝑑 = 𝑑(𝑛) such that: 

𝑑 → 0,      𝑛𝑑 →  ∞,        𝑑−1𝑕𝑛 = 𝑜(1) 

𝑛𝑑𝑛
2𝑕𝑛

2

𝑚𝑛 𝑙𝑜𝑔𝑛
 →  ∞;            

 𝑛𝛼(𝑚𝑛)

𝑚𝑛𝑕𝑛
𝑛

<  ∞ 

then for all x in S we have 

𝜇𝑑,𝑛 𝑥   →    𝜇 𝑥 ,         𝑎. 𝑠.       when    𝑛 →   ∞. 

Theorem 2 
Under assumptions A1 through A5. We further assume 

that the sequence (𝑕𝑛 ) satisfies with  

𝑚𝑛 : 

lim
𝑛→∞

𝑛1−2𝜗

𝑚𝑛 𝑙𝑜𝑔𝑛
= ∞                   

𝑛
1
2
−𝜗𝛼(𝑚𝑛)

𝑕𝑛
𝜌+1

𝑚𝑛𝑛

<  ∞ 

for a fixed 𝜌 > 1 and some fixed 𝜗 ∈ ]0,1[. 
If the kernel K is Lipschitz, then for all compact C where 

𝑓 𝑥 ≥  𝛾 > 0, we have: 

𝑆𝑢𝑝𝑥∈𝐶|𝜇𝑑,𝑛 𝑥 − 𝜇𝑑 𝑥 |  → 0,         𝑎. 𝑠.        
when    𝑛 →  ∞. 

Theorem 3 
Under assumptions of Theorem 2 and A6, if the kernel 

K is even satisfying 

  𝑥2𝐾 𝑥 𝑑𝑥 <  ∞, if there exists 𝛿 ∈]0,1/2[ and a finite 

positive constant D such that: 

∀𝑛 ∈ ℕ, 𝑛 ≥ 3   𝑛𝛿𝑕𝑛
2 ≤ 𝐷 then, 

𝑛𝛿𝑆𝑢𝑝𝑥∈𝐶|𝜇𝑑,𝑛 𝑥 − 𝜇𝑑 𝑥 |
= 𝑂(1),         𝑎. 𝑠.       when    𝑛 →  ∞. 

 

IV. PRELIMINARY RESULTS 
 

We make use of the following decomposition 

𝜇𝑑,𝑛 𝑥 − 𝜇𝑑 𝑥 =
1

𝑓𝑛 𝑥 
[𝑔𝑛 𝑥 + 𝑝𝑛 𝑥 + 𝜇𝑑 𝑥 𝑙𝑛 𝑥 ] 

with  

𝑔𝑛 𝑥 =
1

𝑛𝑕𝑛

  𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

 𝜇𝑑 𝑋𝑗𝑑  − 

𝑛

𝑗 =0

𝜇𝑑 𝑥 𝑓(𝑥) 

𝑝𝑛 𝑥 =
1

𝑛𝑕𝑛

  𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

 𝜎𝑑 𝑋𝑗𝑑  𝑌𝑗𝑑 +𝑑  

𝑛

𝑗 =0

 

𝑙𝑛 𝑥 = 𝑓 𝑥 − 𝑓𝑛(𝑥) 

𝑓𝑛 𝑥 =
1

𝑛𝑕𝑛

  𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

  

𝑛

𝑗 =0

 

The proofs are based on the following theorem which 

provides an exponential type inequality for a bounded 

strongly mixing process. 

Theorem ( see: [4].) 
Let 𝑍𝑡  be a centered and real-valued strong mixing 

process. If there exists constants d and D such that for all t, 

0 < 𝑑 ≤   𝑍𝑡   ≤ 𝐷. 

Then for all 𝜖 > 0  we have: 

𝑃    𝑍𝑡

𝑡

 > 𝑛𝜖 ≤ 8 exp  −
𝜖2𝑛

25𝐷2𝑚𝑛
 +  

18𝐷𝑛

𝑑𝜖𝑚𝑛
 𝛼(𝑚𝑛) 

where 𝑚𝑛  is a sequence satisfying 1 ≤ 𝑚𝑛 ≤ 𝑛/2. 
Lemma 1 

If the sequence (𝑕𝑛) is satisfying the conditions of 

Theorem 1, then for all 𝑥 ∈ 𝑆 

𝑓𝑛 𝑥 → 𝑓 𝑥 ,           𝑎. 𝑠.      𝑛 → ∞ 

Proof:  (see: [5].) 

Lemma 2 
Under assumptions of Theorem 1, we have, 

𝑔𝑛 𝑥 → 0,           𝑎. 𝑠.      𝑛 → ∞ 

Proof: 
We write  

𝑔𝑛 𝑥 =  𝑔𝑛
∗ 𝑥 − 𝐸𝑔𝑛

∗ 𝑥  + [𝐸𝑔𝑛
∗ 𝑥 − 𝜇𝑑 𝑥 𝑓 𝑥 ] 

where  

𝑔𝑛
∗ 𝑥 =

1

𝑛𝑕𝑛

  𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

 𝜇𝑑 𝑋𝑗𝑑   

𝑛

𝑗 =0

 

It is already shown that : 𝐸𝑔𝑛
∗ 𝑥 − 𝜇𝑑 𝑥 𝑓 𝑥 → 0, 𝑛 →

∞   (see: [7].) 

It remains to show that: 𝑔𝑛
∗ 𝑥 − 𝐸𝑔𝑛

∗ 𝑥 → 0, 𝑎. 𝑠.   𝑛 →
∞. 
Let put 𝑔𝑛

∗ 𝑥 − 𝐸𝑔𝑛
∗ 𝑥 =  𝑍𝑗  

𝑛
𝑗 =0  where 

𝑍𝑗 =
1

𝑛𝑕𝑛
 𝐾  

𝑥 − 𝑋𝑗𝑑

𝑕𝑛
 𝜇𝑑 𝑋𝑗𝑑  − 𝐸  𝐾  

𝑥 − 𝑋𝑗𝑑

𝑕𝑛
 𝜇𝑑 𝑋𝑗𝑑     

By definition we have 𝐸𝑍𝑗 = 0. 

If 𝐾1 and 𝜌1 are upper-bounds of K and 𝜇𝑑  respectively, 

we have: 

|𝑍𝑗 | ≤
1

𝑛𝑕𝑛

2𝐾1𝜌1 ≤ 𝑀 

Using the theorem of [3] we get 

 𝑃   𝑍𝑗
𝑛
𝑗 =0  > 𝜖 ≤ 8 exp  −

𝑐1𝑛𝑕𝑛
2

𝑚𝑛
 +

𝑐2

𝑚𝑛 𝑕𝑛
 𝑛𝛼(𝑚𝑛) 

Where 𝑐1 and 𝑐2 are two positive constants. Therefore, 

assumptions of Theorem 1 and the choice for 𝑕𝑛  show that 

∀𝜖 > 0,         𝑃    𝑍𝑗

𝑛

𝑗 =0

  <  ∞

𝑛

 

Lemma 3 
Under assumptions of Theorem 1, if the sequence 𝑚𝑛  is 

satisfying: 

 

𝑛1−2𝜗𝑕𝑛
2

𝑚𝑛 𝑙𝑜𝑔𝑛
 →  ∞      and       

𝑛1+2𝜗

𝑚𝑛𝑕𝑛

 𝛼 𝑚𝑛 <  ∞

𝑛

 

For some 𝜃 in ]0,1[. Therefore, we have: 
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𝑝𝑛 𝑥 → 0,   𝑎. 𝑠.    𝑛 →  ∞. 
Proof: 

The study of 𝑝𝑛 𝑥  cannot be made directly because of 

the possible large values for the variables 𝑌𝑗𝑑 +𝑑 . 

We use a truncation technique which consists in 

decomposing 𝑝𝑛 𝑥  in 𝑝𝑛
+(𝑥) and 𝑝𝑛

−(𝑥) where  

𝑝𝑛
+ 𝑥 =

1

𝑛𝑕𝑛

 𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

 

𝑛

𝑗 =0

𝜎𝑑(𝑋𝑗𝑑 )𝑌𝑗𝑑 +𝑑𝟙[ 𝑌 ≥𝑀 𝑛 ] 

and  𝑝𝑛
− 𝑥 = 𝑝𝑛 𝑥 − 𝑝𝑛

+(𝑥); 𝑀(𝑛) being a non-

decreasing sequence satisfying 𝑀 𝑛 = 𝑛𝜗  for some 

𝜗 ∈]0,1[. 
Therefore, we have: 

𝑝𝑛
+ 𝑥 ≤

1

𝑛𝑕𝑛

𝐾1𝜌2  |𝑌𝑗𝑑 +𝑑 |𝟙[ 𝑌 ≥𝑀 𝑛 ]

𝑛

𝑗 =0
 

where 𝜌2 is an upper bound of 𝜎𝑑 . 

Leading by Schwartz inequality to: 

𝐸|𝑝𝑛
+ 𝑥 | ≤

1

𝑛𝑕𝑛
𝐾1𝜌2  𝐸(𝑌𝑗𝑑 +𝑑

2 )1/2(𝑃[|𝑌𝑗𝑑 +𝑑 | ≥ 𝑀(𝑛)])1/2

𝑛

𝑗 =0

 

Subsequently, the use of the Markov inequality provides 

for any sequence (𝜖𝑛) 

𝑃(|𝑝𝑛
+ 𝑥 − 𝐸𝑝𝑛

+ 𝑥 | ≥ 𝜖𝑛) ≤
𝑐3

𝜖𝑛𝑕𝑛 (𝑀(𝑛))𝛽/2
 

where 𝑐3 stands for a positive constant and 𝛽 such that 

𝛽 >
4

𝜗
− 2. 

The choice 𝜖𝑛 = 𝜖0(𝑛1−𝜗𝑕𝑛)−1 for a certain 𝜖0 > 0 

provides: 

𝑃(𝑛1−𝜗𝑕𝑛 |𝑝𝑛
+ 𝑥 − 𝐸𝑝𝑛

+ 𝑥 | ≥ 𝜖0) ≤ 𝐿𝑛1−𝜗(1+
𝛽
2

)
 

with L being a positive constant. 

The choice of 𝛽 makes that the upper bound is the 

general term of a convergent series, hence: 

𝑝𝑛
+ 𝑥 − 𝐸𝑝𝑛

+ 𝑥  → 0,   𝑎. 𝑠.    𝑛 → ∞. 
Now, it remains to show that  

𝑝𝑛
− 𝑥 − 𝐸𝑝𝑛

− 𝑥  → 0,   𝑎. 𝑠.    𝑛 → ∞.  
We write 

𝛷𝑗  𝑥 =
1

𝑛𝑕𝑛

𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

 𝜎𝑑(𝑋𝑗𝑑 )𝑌𝑗𝑑 +𝑑𝟙[ 𝑌 <𝑀(𝑛)] 

 

−
1

𝑛𝑕𝑛

𝐸  𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

 𝜎𝑑 (𝑋𝑗𝑑 )𝑌𝑗𝑑 +𝑑𝟙[ 𝑌 <𝑀(𝑛)]  

 

then, similarly to the proof of Lemma 2, using the theorem 

in [4]. We get 

 𝑃    𝛷𝑗 (𝑥)

𝑛

𝑗 =0

 > 𝜖 < ∞.

𝑛

 

Lemma 4 
Under assumptions of Theorem 2, we have: 

𝑆𝑢𝑝𝑥∈𝐶 𝑝𝑛 𝑥  → 0,   𝑎. 𝑠.     when   𝑛 → ∞ 

Proof: 
Materials in the proof of Lemma 3, permit to conclude 

that 

𝑆𝑢𝑝𝑥∈𝐶|𝑝𝑛
+ 𝑥 − 𝐸𝑝𝑛

+ 𝑥 |  → 0,   𝑎. 𝑠.    𝑛 → ∞. 
It remains to show that 𝑆𝑢𝑝𝑥∈𝐶 𝑝𝑛

− 𝑥 −  𝐸𝑝𝑛
− 𝑥  → 0,

𝑎. 𝑠.     when  𝑛 → ∞. 

Let  𝐵𝑗 ;    𝑗 = 1, … , 𝑙𝑛   be a cover of C by 𝑙𝑛  spheres 

with centers 𝑣𝑗  and radii less than 𝑕𝑛
𝜂

 with 𝑙𝑛 ≤ 𝑙1𝑕𝑛
−𝜂

, 

where η is a fixed number such that for 𝛾 > 0, 𝜂 > 1 +
1/𝛾 and 𝑙1 a given positive constant. 

If x is a fixed point in C, there exists a point 𝑣𝑘  such that 

𝑥 ∈ 𝐵𝑗  and we write: 

𝛷𝑗  𝑥 = 𝛷𝑗  𝑣𝑘 + 𝛷𝑗
 (𝑥)     

where    𝛷𝑗
  𝑥 = 𝛷𝑗  𝑥 − 𝛷𝑗  𝑣𝑘      

The kernel K being Lipschitz of order 𝛾, there exists a 

finite positive constant 𝜆 such that: 

𝑆𝑢𝑝𝑥∈𝐶   𝛷𝑗  𝑥 

𝑛

𝑗 =0

 ≤ 𝜆𝑕𝛾 𝜂−1 −1𝑛−1    𝑌𝑗𝑑 +𝑑  + 𝐸 𝑌𝑗𝑑 +𝑑   

𝑛−1

𝑗 =0

 

The law of large numbers gives: 𝑛−1   𝑌𝑗𝑑 +𝑑  →𝑛
𝑗 =0

𝐸𝑌𝑗𝑑+𝑑 𝑎.𝑠.  which is sufficient to get 

𝑆𝑢𝑝𝑥∈𝐶   𝛷𝑗  𝑥 

𝑛

𝑗 =0

 ≤ 𝛬𝑕𝛾 𝜂−1 −1    𝑎. 𝑠. 

where Λ stands for a positive constant. 

It remains to show that:   max  𝛷𝑗  𝑣𝑘 𝑛
𝑗 =0  ;   𝑘 =

1,…,𝑙𝑛 →0,   𝑎.𝑠.    when  𝑛→ ∞. 

For any 𝜖 > 0, we have: 

𝑃  max   𝛷𝑗  𝑣𝑘 
𝑛

𝑗 =0
 > 𝜖 

≤ 𝑙1𝑕𝑛
−𝜂

exp −𝑐6𝑛𝑕𝑛
2𝑚𝑛

−1 

+ 𝑐7𝑙1 𝑚𝑛𝑕𝑛
𝜂+1

 
−1

 𝑛𝛼(𝑚𝑛) 

where 𝑐6 and 𝑐7 are two positive constants. Hence we get 

the result. 

Lemma 5 
Under assumptions of Theorem 2, we have 

𝑆𝑢𝑝𝑥∈𝐶 𝑔𝑛 𝑥  → 0,    𝑎. 𝑠.    when  𝑛 → ∞ 

Proof: 
We pick up the decomposition in the proof of Lemma 2 

which allows to write: 

𝑆𝑢𝑝𝑥∈𝐶 𝑔𝑛 𝑥  ≤ 𝑆𝑢𝑝𝑥∈𝐶 𝑔𝑛
∗ 𝑥 − 𝐸𝑔𝑛

∗ 𝑥  

+ 𝑆𝑢𝑝𝑥∈𝐶 𝐸𝑔𝑛
∗ 𝑥 − 𝜇𝑑 𝑥 𝑓(𝑥)   

𝑔𝑛
∗ 𝑥 =

1

𝑛𝑕𝑛

 𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

 

𝑛

𝑗 =0

𝜇𝑑(𝑋𝑗𝑑 ) 

Then, using Bochner’s Lemma and the fact that 𝜇𝑑  is 

Lipschitz we obtain: 

𝑆𝑢𝑝𝑥∈𝐶 𝐸𝑔𝑛
∗ 𝑥 − 𝜇𝑑 𝑥 𝑓(𝑥) → 0,   𝑛 → ∞. 

Now, using the technique of covering C by a finite 

number of spheres as done in the proof of Lemma 4, leads 

to  

𝑆𝑢𝑝𝑥∈𝐶 𝑔𝑛
∗ 𝑥 − 𝐸𝑔𝑛

∗ 𝑥  → 0,   𝑎. 𝑠.     𝑛 → ∞ 

Lemma 6 
Under assumptions of Theorem 2, there exists 𝛾0 > 0, 

such that 

 𝑃 𝑖𝑛𝑓𝑥∈𝐶𝑓𝑛(𝑥) ≤ 𝛾0 < ∞

𝑛

 

Proof: 
Using the inequality below will permit to get the result 

𝑖𝑛𝑓𝑥∈𝐶𝑓𝑛 𝑥 ≥ 𝑖𝑛𝑓𝑥∈𝐶𝑓 𝑥 − 𝑆𝑢𝑝𝑥∈𝐶|𝑓 𝑥 − 𝑓𝑛 𝑥 | 
Lemma 7 
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Under assumptions of Theorem 3 we have 

𝑛𝛿𝑆𝑢𝑝𝑥∈𝐶 𝑔𝑛
∗ 𝑥  = 𝑂 1   𝑎. 𝑠. ,   𝑛 → ∞ 

Proof: 
Using the same decomposition as in the proof of Lemma 

2 will permit to write: 

𝑛𝛿𝑆𝑢𝑝𝑥∈𝐶 𝑔𝑛
∗ 𝑥  ≤ 𝑛𝛿𝑆𝑢𝑝𝑥∈𝐶 𝑔𝑛

∗ 𝑥 −  𝐸𝑔𝑛
∗ 𝑥  

+ 𝑛𝛿𝑆𝑢𝑝𝑥∈𝐶 𝐸𝑔𝑛
∗ 𝑥 − 𝜇𝑑 𝑥 𝑓(𝑥)  

 

where 

𝑔𝑛
∗ 𝑥 =

1

𝑛𝑕𝑛

 𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

 𝜇𝑑(𝑋𝑗𝑑 )

𝑛

𝑗 =0

 

To proof that the first term in the right-hand side of the 

inequality is O(1) a.s., when n → ∞, it is sufficient to 

proceed in the way we did in the proof of Lemma 4, using 

𝑛−𝛿𝜖0 instead of 𝜖 for a certain 𝜖0 > 0. 
Now, using the inequality below: 

𝑛𝛿𝑆𝑢𝑝𝑥∈𝐶 𝐸𝑔𝑛
∗ 𝑥 − 𝜇𝑑 𝑥 𝑓(𝑥) ≤ 

 

𝜌1𝑛
𝛿𝑆𝑢𝑝𝑥∈𝐶  

1

𝑕𝑛

 𝐾  
𝑥 − 𝑢

𝑕𝑛

 𝑓 𝑢 𝑑𝑢 − 𝑓(𝑥) 

+ 𝛤𝑐3𝑛
𝛿𝑕𝑛   𝑧 𝐾 𝑧 𝑑𝑧 

where 𝜌1 and 𝛤 are two upper bounds of 𝜇𝑑  and f 

respectively and 𝑐3 a positive constant. 

A Taylor expansion of the first term in the right-hand 

side of the inequality above and the hypotheses about the 

sequence 𝑕𝑛  permit to conclude. 

Lemma 8 
Under assumptions of Theorem 3, we have: 

𝑛𝛿𝑆𝑢𝑝𝑥∈𝐶 𝑝𝑛 𝑥  = 𝑂 1 ,    𝑎. 𝑠.    𝑛 → ∞ 

Proof: 

𝑛𝛿𝑆𝑢𝑝𝑥∈𝐶 𝑝𝑛 𝑥  

=
𝑛𝛿

𝑛𝑕𝑛

𝑆𝑢𝑝𝑥∈𝐶   𝐾  
𝑥 − 𝑋𝑗𝑑

𝑕𝑛

 

𝑛

𝑗 =0

𝜎𝑑(𝑋𝑗𝑑 )𝑌𝑗𝑑 +𝑑   

A truncation technique and a use of similar materials to 

those in the proof of Lemma 4 permit to conclude. 

Lemma 9 
Under assumptions of Theorem 3 we have: 

𝑛𝛿𝑆𝑢𝑝𝑥∈𝐶 𝑓𝑛 𝑥 − 𝑓 𝑥  = 𝑂 1 ,      𝑎. 𝑠. ,      𝑛 → ∞ 

Proof: 
This is a particular case of Lemma 7 in which we put 

𝜇𝑑 .  = 1. 
 

PROOFS OF THEOREMS 
 

5.1 Proof of Theorem 1 

We obtain 

 𝜇𝑑,𝑛 𝑥 − 𝜇𝑑 𝑥  ≤
1

𝑓 𝑥 −  𝑓𝑛 𝑥 − 𝑓 𝑥  
 

  𝑔𝑛 𝑥  +  𝑝𝑛 𝑥  +  𝜇𝑑 𝑥  |𝑙𝑛 (𝑥)|  

With the Lemmas 1, 2, 3, we conclude that: 𝜇𝑑,𝑛 𝑥 →
𝜇𝑑 𝑥 ,   𝑎. 𝑠. ,   𝑛 → ∞. 
5.2 Proof of Corollary 
It is sufficient to write 

𝜇𝑑,𝑛 𝑥 

𝑑
− 𝜇 𝑥 =

𝜇𝑑,𝑛 𝑥 − 𝜇𝑑 𝑥 

𝑑
+  

𝜇𝑑 𝑥 

𝑑
− 𝜇 𝑥   

Then, similar arguments to those in the proof of 

Theorem 1, and the assumptions made in the Corollary 

allow concluding. 

5.3 Proof of Theorem 2 
We obtain 

𝑆𝑢𝑝𝑥∈𝐶 𝜇𝑑,𝑛 𝑥 − 𝜇𝑑 𝑥   
 

≤

𝑆𝑢𝑝𝑥∈𝐶 𝑔𝑛 𝑥  + 𝑆𝑢𝑝𝑥∈𝐶 𝑝𝑛 𝑥  + 𝑆𝑢𝑝𝑥∈𝐶 𝜇𝑑 𝑥  

|𝑓𝑛 𝑥 − 𝑓 𝑥 |

𝑖𝑛𝑓𝑥∈𝐶𝑓𝑛(𝑥)
 

The result follows from the Lemmas 4, 5, and 6. 

5.4 Proof of Theorem 3 
lemmas 7, 8, and 9 permit to conclude. 

 

VI. CONCLUSION 
 

The proposed kernel estimate for the drift function 

remains strongly consistent under all conditions, say weak 

mixing or strong mixing or ergodic, and the rate of 

convergence would be subject to improvement. Even 

though the discretization for observations of the trajectory 

is the best way to construct the estimator, one could be 

interested in dealing with the continuous case to avoid loss 

of information. 
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