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Abstract — In this paper, we consider the following
nonlinear third-order boundary value problem with
advanced arguments and Stieltjes integral boundary
conditions

{u"’(t) + f(t,u(a(t))) =0, te(01),
u(0) =) +Alul, u'(0)=0, u@@)=pu(n,)+A[ul.

Under some suitable conditions, we obtain the existence of at
least one positive solution to the above problem by applying
the Guo-Krasnoselskii fixed point theorem.
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I. INTRODUCTION

It is well-known that boundary value problems (BVPs
forshort) with integral boundary conditions cover multi-
point BVPs as special cases. Although there are many
papers concerning the problem of existence of positive
solutions to BVPs with integral boundary conditions,
see[1], [3]-[71, [9]-[13], [15]-[21]and the references
therein, only in a few papers has the problem of third order
differential equations been considered.

It is worth mentioning that Jankowski[11]studied the
existence of multiple positive solutions to the BVP

{u”’(t)+h(t)f(t,u(a(t))):0, te (0, w1

u(0) =u"(0)=0, u()=pu(n)+Aful, '
where ne(01), >0 and 2 denoted a linear functional
on C[0,1] given by

Au]= j"u (t)dA(t)

involving a Stieltjes integral with a suitable function A of
bounded variation. The measure dA could be a signed
one. The situation with a signed measure dA was first
discussed in[19] and [20]for second-order differential
equations; it was also discussed in[9] and [10]for second-
order impulsive differential equations.

Among the boundary conditions in (1.1), only u(l) was
related to u(n) and a Stieltjes integral. When u(0) was also
related to u(n) and the Stieltjes integral, the authors in
[16] and [17]obtained the existence and multiplicity of
positive solutions to the BVP
{u”’(t) + f(t,u(a(t)) =0, te(0,3),

u(0) = u(n) + Aful, u"(0)=0, u()=pBu(y)+Aul,
where ne(01), 0<y<p <1, A[u]was defined as in (1.2),
o :[01] —[0,1] was continuous and a(t) >t for t<[0.1]. The
main tools used were the Guo-Krasnoselskii fixed point

theorem and a fixed point theorem due to Avery and
Peterson[2].

1.2)

In this paper, we are concerned with the following
nonlinear third-order BVP with advanced arguments and
Stieltjes integral boundary conditions

u"(@®) + f (G u(e ) =0, te(0)),
u(0) = w(n,) + Alul,
u"(0) =0,
u() = pu(n,) +A,[ul,

(1.3)

where
Afu]= J“u(t)dA‘(t), =12,

here A, and A, are suitable functions of bounded variation.
Throughout this paper, we always assume that
O<n <n,<1, 0<y,B<1 f:[01]x[0,+oc) —[0,+oc)and
a:[01]—[01] are continuous, «(t)>t for te[01] and
a(t)<n, for te[n,n]. Itis important to indicate that it is
not assumed that A[u](i =12) is positive to all positive u.

In order to obtain our main results, we need the
following fixed point theorem, see [8] and [14].
Theorem 1.1(Guo-Krasnoselskii fixed point theorem). Let
E be a Banach space and K acone in E. Assume that Q

and Q, are bounded open subsets of E such that 0eQ,

QcQq,andle  T:kn@\Q)>kKbe a
continuous operator such that either
1) |[Tul < u] for ue K na, and|[Tu| > |ul| foru e K n g, or

2) [Tul|=]u] foru e K m o0, and|[Tu| < Ju| foru e K naQ, .
Then T has a fixed pointin kK ~ (@ \ Q).

completely

I1l. PRELIMINARIES

For convenience, we denote
A=Q1-y)1-npB)+1-Bny,
1 {(l—t)(t -s?), 0<s<t<],

k(t,s) =
(t.s) 2 [t@l-s), 0<t<s<],

p=a-np)dn0-a-pfur . i-12

7 = ijdA‘(t) +(1- y)'[‘td/\‘(t), i—1.2.

In the remainder of this paper, we always assume that
A-p >0, A—7,>0and (A-p)A-t)>pr,and  for
A, (i =1,2), the following conditions are fulfilled:

_[ldA‘(t) Zl[ltdA‘(t) >0, i=12,

K‘(s):J“k(t,s)dA‘(t)ZO, se[01], i=12.
Then, p >0, ¢ >0(i=12)and A>0.
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Lemma 2.1 [11] 0 <k(t,s) s%(1+ s)(L-s)’, (t,s)<[01]x[0]].

Let C[0,1] be equipped with the maximum norm. Then
C[0,]] is a Banach space. If we let

K ={ueC[0.1]:u(t) 20,t e[0,1], minu(t) > Tu], A[u] = 0,i =1,2},

where T = min{— 1—_’7}
l-y+ny 1-np
then K is aconein C[0]].
Now, we define operators T and S on K by

(Tu)(t) = 2128 ‘At(l‘ p) Afu]+ M E 1(1_ r) Aul+ (Fu)(t), te[0]]

and
(su)() = LB BNA—2) + (a0,
(A-p)A-1)-pr,
+ A-nB-tA-B)r, +(y +td-y))(A-p) )
(A-p)Aa-t)-pr,
+(Fu)(®), te[01],
where
(Fu)(t) = &= 772/3)7A— ty(L- B)

+ Wfk (n.,8) f (s,u(e(s)))ds

.[lk(n],s) £ (s,u(a(s))ds

+J‘]k(t,s)f(s,u(a(s)))ds, te[0.1].

Lemma 2.2 [22]Tand S:K — Kare completely
continuous. Moreover, T and S have the same fixed
pointsin K.

I11. MAIN RESULTS

Define

f° = limsupmax f(t’x), f, =liminf CLY) (t,x)’
ot 1e[0.1] X M E S | X

fr= |imsupmaxM, f =Iliminf min—f (t.x) )
e tef0.1] X - s telny ) X

C - %J'k(n,,s)ds +%Ik(nz,s)ds ; J.K‘(s)ds,i ~12,

D - %J”f((n,,s)ds ; %J”f((nz,s)ds + .r;c.(s)ds,i ~12,
n o A=npa-r)+A-y+ny)p, -
(A-p)A-7)-pz, '

LAonPr oy enn@-p); Mj‘k(n,,s)ds
(A-p)A-t)-pr, A :

Q-y+ny)B J’ 5
+—"— " | k(n,,s)ds + —,
N k(..9) 24
H, :1{(1—772)@—17)+ (ny +m.=n.7)p.
(A-p)A-7)-pr,

L on)e+ oy n—n)-p) Q-0 J”f((n‘,s)ds
(A-p)A-7)-pr, A

+H%j”f<(m,s)ds}

Theorem 3.1 If H f°<1<H,f then the BVP (1.3) has at
least one positive solution.
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Proof. Since H,f° <1, there exists ¢ >0 such that
H,(f%+¢g) <. (3.0
By the definition of f°, we may choose m >0 such that
f(t,x)<(f"+&)x te[01], xe[o,m]. (3.2)
Let Q ={ueC[01]:|u<m}. Then for anyu e K naQ,
o<u(t)<|u|=m, te[01],
which together with (3.1) and (3.2) implies that
(Su)(t)
_A-nB-tA-BNA-7)+ @y +tA=y)p, A[FU]
(A-p)Aa-1)-pr, ’
L A=np-td- B +(y +tl-y))(A-p) ATFul+ (Fu)(t)
(A-p)Aa-t)-pr,
_ Q=B -tA=-BNA-T)+(ny +tA=-7)p,
(A-p)A-7)-pr,

(%ij(n‘,s)f(s,u(a(s)))ds +%‘[]k(nz,s)f(s,u(a(s)))ds

+.[]K,(s) f(s,u(a(s)) dsj

L A-np-tA- B +(ny +tA-yNA-p)
(A-p)A-1)-pr,

(%J:k (n,,s)f(s,u(ax(s))ds + %ij(n” s) f(s,u(a(s))ds

+ .[’KZ(s) f (s,u(a(s)) ds)

LA-np)y-ty@-p)
A

J‘:k (1,.5) f (s, u( (s))) ds
+ 77ﬁ7’+ﬂ(1—7).['k(,72,3) f(s,u(a(s)))ds

+ J‘]k(t,s) f (s,u(c (5)))ds

cA-nB)A-z)+A-y+ny)p.
(A-p)A-7)-pr,

+ %ij(m,s) f(s,u(a(s)))ds + '[‘K‘(S) f(s,u(a(s) dsj

L@-np)ye + Ay +ny)A-p)
(A-p)A-7)-pr,

+ %.[‘k (7.,5) f (s,u(a () ds + J:‘K,(s) f(s.u(a(s) dsj

(%.[lk(n,,s) f(s,u(a(s))ds

(%ij(n‘,s) f(s,u(a(s))ds

+ Wfk (n,,8) f (s,u(a(s)))ds
+Mj‘k(nﬂs)f(s,u(a(S)))dS

. %J‘n’(u S)(1—s)" f (s,u(a(s))ds

1- A— 1-
<(f +e‘)HUH{( n,(li)(_ p)?A)f ( )_7p+rf7,y)p, c

Lonprrloyrnn@-p)e wj‘k (7.,5)ds
(A-p)A-7)-pr, A

(l—7+777)/3J“ 5
~ 1 I Gk , d —_
+ " 0 (n, s)s+24

=H,(f"+&)|ul
<|lu]. teroa.

This shows that

sl <u, ueKna,. (33)

On the other hand, since 1<H_ f,there exists ¢ >0
such that
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H,(f,—¢,) 21
By the definition of f,

that
f(t,x)>(f —g)x te[n.n] xe[m. +o).

(3.4)
we may choose m, >0 such

(3.5)

Letm, = max{ZmJ,%} and Q, ={u e C[01]:|ju| <m}.Then for

anyue K noQ, sincen <t<a(t)<n, teln,n], we have

u(@(®) > Tu|=Tm >m., teln.n],

which together with (3.4) and (3.5) implies that
(Su)(n,)

_@-n)A-z)+my+n,—ny)e. (1. [
T @) - e (A [ra91Gu@nes

+%J:IK(UQ,S)f(s,u(a(s)))ds +.[‘K‘(s)f(s,u(a(s)))d5]

A-n)r. +(y +n,-ny)XA-p)(w. [
o en 1 [ 2. [k(n.9) 1 (u(a(s ) ds

+%'[‘k(nz,s)f(s,u(a(s)))ds +.[‘Kz(s)f(s,u(a(s)))dsj
A-m)r
S .[k(n,,s)f(s,u(a(s)))ds

N H’%.[jk (1.,8) f (s,u(e(s))) ds

s @=n)A-7)+ @y +n,—ny)
(A-p)Aa-1)-pr,

+ %ﬂ&(nz,s) f(s,u(a(s))ds + .[”;i«,(s) f(s,u((5)) ds]

P, [%.[‘T(("”s) f(s,u(a(s)) ds

A-n)r +my+n —ny)A-p) (1w, [
+ o 2 Lk(nl,s)f(s,u(a(s)))ds

+%ﬁ<(nz,s)f(s,u(a(s)))ds +.[j;«z(s)f(s,u(a(s)))dsj
A-n)r
=LY Lk(ni,s)f(s,u(a(s)))ds

# 2L ) (0 (@ () s

> (f - 57)[(17 n)A-7)+(my+n,-ny)p

(. (i
T e [ X Lk(n],s)u(a(s))ds

+ ﬁj’l}(n,,s)u(a(s))ds + J“;c‘(s)u(a(s))dsj

L @-n)r 4y +n XA - p)(yp
e ey jk(n s)u(a(s)ds

" ﬁTT.[k (n.,s)u(a(s)ds + J:;”;’(S)U(a(s))dsj

+ %Lﬁ(n],s)u(a () ds

+1*?’%Jjﬁ(n?,s)u(a(5»ds}

> (f *gz)rHUH[(l n)A-7)+@my +n, -ny)p, D,
(A-p)A-1)-p7,
Jlq-n)r+my+n —ny)A-p)
(A-p)A-1)-pr,

A-n)r 1-y+ny (%
=LY J.Mk(n],s)ds L0 .[‘k(nz,s)ds}
=H.(f. =)y
2 ul:

This indicates that
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Isul[=[u], ueKnan,. (36)
Therefore, it follows from (3.3), (3.6) and Theorem 1.1
that the operator S has one fixed point ue K ~ (@, \Q)),

which is a desired positive solution of the BVP (1.3).
Theorem 3.2 If H f*<1<H,f, then the BVP (1.3) has at

2 '0?

least one positive solution.
Proof. since H, f >1, there exists ¢, > 0such that

H.(f —¢)>1 (3.7)

By the definition of f, we may choose m, >0 such that
ft,x)>(f —)x, teln,n], xelom]. (3.8)
LetQ, ={u eC[0.1]:|u]| <m}. Then for anyu e K noQ,, since

n <t<a(t)<n, te[n,n] we have
rlu|<u(@®)<|u|=m, tefrml,

which together with (3.7) and (3.8) implies that
(Su)(n,)

s @=n)A-z)+(my+n.—nr)p
A-p)A-1)-pr,

+ %ﬂ&(nz,s) f(s,u(a(s)ds + ﬂi«,(s) f(s,u(a () dsj

z [%.ﬁ(""s) f (s,u(a(s))ds

A-n)r +my+n —ny)A-p) (. [
+ G 2 Lk(nl,s)f(s,u(a(s)))ds

+%J:jlz<(nz,s)f(s,u(a(s)))ds +.[;lz«z(s)f(s,u(a(s))) ds]
A-n)r
=LY Lk(n],s)f(s,u(a(s)))ds

+Mﬁ(m,s) f(s,u(a(s))ds

S (1 S){(l n)A-t)+(my +n,-n7)p, (7p

(a-p)a-)-pr, a koo

. ﬁj"&(nz,s)u(a(s))ds + Jk,(s)u(a(S))de

L @-n)r 4y +n XA - p)(yp
e e jk(n $)u(a(s)ds

- ﬁTT.[k (n..s)ular(s)ds + J:;”;’(S)U(a(s))dsj

+ %J‘k (7., 5)u(e () ds

+1*?’%Jjﬁ(n?,s)u(a(5»ds}

Z(fﬁez)THUH[(l n)A-7)+(my +n,-ny)pe, D,
(A-p)A-1)-pr
Jq=n)r+my+n —ny)XA-p)
(A-p)A-1)-pr,

+ %J‘k (n,,8)ds + 1_y%."k (nz,s)ds}

=H, (f, —&)|ul
2 [ul
This indicates that
Isul = u], ueKnaq,. (3.9)
On the other hand, since H, f- <1, there exists ¢, > 0such
that H (f" +¢)<1.

By the definition of f-,
that

we may choose m.>0 such
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f(t,x)<(f +&)x te[0l], xe[m. +»),

which

fE,X)<M +(f"+¢)x te[0]], xe[0,+x),

where

implies that
(3.10)

M =max{f (t,x):te[01], xe[0,m.]}.

Letm, = max{2m

MH, _ .
Ty e @ -l ecodjuf<m)

Then forany ue K noQ,,

o<u(t)<[uf=m

which

(Su)(t)
L A-np)A-r)+A-y+ny)p,

, te[0]],
together with (3.10) implies that

w.
e - [le(n],s)f(s,u(a(s)))ds

+ %fk(n,,s) f(s,u(a(s))ds + J.O‘K‘(s) f(s,u( (s)) dsj

L @=np)e + Ay +ny)A-p)

7P, [
e (T‘[k(n,,s)f(s,u(a(s)))ds

L kst as +jﬂ‘xz<s>f<s,u(a<s»)dsj

+ Wfk(nﬁ) f(s,u(a(s))ds

« L LI i, 9) (s u(a () s

+ %J‘;(u S)L—s) f (s,u(a(s))ds

<SM+(f +¢)

uH){a—nﬁ)(A ~e)+ -y nne.
(A-p)A-z)-p1,

L A=np)r +Q-y+ny)A-p) c +
(A-p)A-7)-pr,

7+ny)ﬁj“ 5
il |k ,S ds + —
A o (n..8) ”

+ (-

(171“3)}/ '[‘k(ni,s)ds

=(M+(f +2)JupH,
<m(L-H,(F +&)+(f +)|u[H,

=

te[01].

This shows that

Isuf<[u], ueKneQ,. (3.12)

Therefore, it follows from (3.9), (3.11) and Theorem 1.1
that the operator S has one fixed point ue kK n (Q.\0Q)),

which

(1

[2

(3]

(4]

is a desired positive solution of the BVP (1.3).
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