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Abstract — Recently, much attention has been given to tr
rough set models based on two universes. And mamngugh
set models based on two universes have been devebkbfrom
different points of view. In this paper, rough vague set
model over two different universes, is proposedWe study
some important properties of approximation operatos and
investigate the rough degree.
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. INTRODUCTION

Rough setheory, originally proposed by Pawlak in 1
early 1980s [13-15 as a useful tool for treating wi
uncertainty or imprecision information, has b
successfully applied in the fields of artificialt@fligence,
pattern recognition, medical diagnosis,ta mining,
conflict analysis, algebra [3, 4, 6, 7, 9, 12-18], and so
on. In recent years, the rough set theory hassaz
great deal of interest among more and more resews.chit
is widely accepted that the theory of rough setsiclvis
very important to construct a pair of upper and lo
approximation operators, is based on avail
information In the pawlak approximation space,
upper and lower approximations of arbitrary suludgethe
universe of discourse can be represented dire The
lower approximation is the union of all equivalel
classes, which are classes induced by the equoe
relation on the universe and included in the gisen The
upper approximation is the union of all equivale
classes, which are classes ingldicby the equivalenc
relation on the universe having a nonempty intdise:
with the given set. So, the equivalence relatom ikey
and primitive notion in Pawlak’s rough set modéh the
Pawlak approximation space, the equivalence relasa
very restrictive condition and the sets used are idak
sets, so the application domain of rough set mau¢
narrowed. h 1993 W.L.Gau and D.J.Bueh [8]
Proposed the theory of Vague sets as an improveofe
theory of Fuzzy sets in approximating theal life
situation. Vague sets are higher order Fuzzy seis
Vague set A in the universe of discourse U is a
(ta, 1 —f4) wheret, and f, are Fuzzy subsets of
satisfying the conditiort,(u) < 1 — f,(u) for all u €eU.
Nowadays, many excellent works over single univ
have been achieved. Moreover, the study on thghreat
model overwo universe was done, and it has become
of the hottest researches in recent y for authors, Shen
and Wang [1Presearched the variable precision rougk
model over two universes and investid the properties.
Yan et.al [27] established the dw®l of rough set over du
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universes. More details about recent advancemeh
rough set model over twoniverses can be found in [1
11, 21, 22, 24, 30].In this paper, we will discuss rou
vague sets model over two universes in the gemedt
apprximation space, investigate its measure. Theak
the paper is organized as follows. The next set
reviews the basic concepts of vague sets, rough ant
rough vague sets. In the next section , rough eampis
model is constructed in generied approximation space
over two universes. Moreover, rough vague cut aatt
some important properties are presented. In sed, we
mainly studied how to measure tuncertainty of rough
vague set over two universes.

[I. PRELIMINARIES

Definition 2.1: [8]

A Vague set A in the universe of discourse S isaa
(ta, f4) wheret, : S - [0,1] and f,: S — [0,1] are
mappings (called truth membership function and ef
membership function respectively) whet,(X) is a lower
bownd of the grade of membership of x derived from
evidence for x ang,(x) is a lower bound on the negati
of x derived from the evidence against x at,(x) + f4(X)
< 1Vx€eS.

Definition 2.2: [8]

The interval {,(x),1- f4(X)] is called the Vague value
xin A, and it is denoted blj,(x). That isV,(x) = [t4(x),1-
fa(¥)].

Definition 2.3: [8]

A Vague set A of S is said to be contained in agic
Vague set B of S. That is < B, if and only if V,(x)
< Vp(x). That is t,(X)< tp(x) and1 — f,(X)<1 — fz(X)
vx € S.

Definition 2.4: [8]

Two Vague sets A and B of S are equal (i.e) A =fl
and only if AOB and BlA. (i.e) V,(X)<Vg(x) and
V()£ V,(X) VXE S, which impies t4(x) = tgz(x) and
1= fa(x) =1 — f5(x).

Definition 2.5 :[8]

The Union of two vague sets A and B of S w
respective truth membership and false membel
functionst,, f, andtg, f5 is a Vague set C of S, writteis
C = A O B, whose truth membership and fa
membership functions are related to those of A Brgy
tc = max{t,, tg}and1 —f =max{l—f, ,1— fz }=1-

min{f}, fg}.
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Definition 2.6: [8]

The Intersection of two vaguets A and B of S witl
respective truth membership and false membel
functionst,, f, andtg, f5 is a Vague set C of S, written
C = A n B, whose truth membership and fa
membership functions are related to those of A Briay
tc = min{ty, tgland 1 —fo =min{1—-f, ,1—fz }=1-
max{fy, fs}-

Definition 2.7: [8]

A Vague set A of S withr,(x) = 1 andf,(x) = 0VXe S,
is called the unit vague set of S.

Definition 2.8: [8]

A Vague set A of S with,(x) = 0 andf,(x) = Lv¥X€E S,
is called the zero vague set of S.

Definition 2.9: [8]

Let A be a Vague set of the universe S with ti
membership function, and false membership functiif,,
for a,p O [0,1] with a < B, the @, B) cut or Vague cut ¢
the Vague set A is a crisp subsk, gy of S given by
Ap = {XOS:V4(X)= (a, B)}, (it
Ap = {XOS:t,(x)=a and 1f,(X)= B}

Definition 2.10: [8]

The a-cut, A, of the Vague set A is the,a) cut of A

and hence it is given by, = { xOS :t,(x) = a}.

Ill. VAGUE ROUGH SET M ODEL

Definition 3.1:

Let X, Y be a nonempty finite universes, and a subs
OP (XxY)(i.e), R: XxY- {0, 1}) is called a binary
relation from X to Y. In general, if X =, R is called the
binary relation over single universes. If R sais
reflexivity, symmetry, and transitivity, then weysR is an
equivalence relation. But in generalized aximation
space over two universeR is a binary relation from X
Y and then R must not be equivalence rela
Note 3.2:

The set of all vague sets ofiXdenoted by \X)
Definition 3.3:

Let (X, Y, R) be a generalized approximation space
two universes, and for anyfA/(X), B O V(Y) denote
Rx(A) = {<y, trya) ()1 — ng(A)(y)> /yd Y},

Rx(A) ={<Y, tryy ) 1 = fryay®>/yDO Y}

BY(B) = {<X1 tﬁy(B)(x)v 1- fgy(B)(X)> /x0O X}v

Ry(B) = {<X, tﬁy(B)(x), 1 - fﬁy(B)(x) / X I:l X >}, Where
trya) (V) = A« € Rp(») ta(®¥), 1 = frya) () = A« erp 1=
fa(®)  tryay(Y) = Ve ry () ta (),

1-frey¥) = Vaer,) 1 = fa(®), trym)(x) =

Ay erge) t8(Y): 1 = fry3)(X) = Ay eryy 1 = f5(Y),
tﬁy(B)(X)zvy ers(x) LB,

1-fr,8)(X) =Vyeryy 1 — f5(¥). ThenRy(A) andRx(A)
are called the lower and upper approximations gliesse
A in V(X), and Ry(B) andR(B) are called the lower ar
upper approximations of vaguetsB in V(Y). (Rx(A),
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Ry(A)) and Ry (B), Ry(B)) are called rough vague s
over the universes X and Y.
Example 3.4:

Let (X, Y, R) be a generalized approximation spaweer
two universes. Let X, Y be two nonempty finite waises,
and let X denote the symptom set, and let Y deittuds
disease set. Suppose X % {x,, X3, X4, X5}, Y = {y1,
Y2, V3, Va, ¥s}, Where eachy; (i=1, ...... 5) stands for on
symptom, but eacly;(i = 1,...... 5) stands for a disease.
Assume R be a binary relation on X x Y, for &; 0 X, if
there exists y1Y, so the relation can be understood thi
a person has a symptom, so he had possibly suffer
from a diseasg;. Now, we can definthe relation R as
follows: R = {(x1, 1), (%1, ¥2), (X1, ¥3), (%2, ¥3), (%3,
y4-)! (X4, yl)! (X4, 3’2)a (xs, yS)} So Rp(yl) = {x11 X4},
Rp()’:) = {x1, x4} Rp()’3) = {x1, %2}, Rp()’4) = {x3},
R,(¥s) = {xs}. Suppose a person A has the symp
condition, and we can describe by vague set A =x;,
[0.8, 0.9]>, <x;, [0.6, 0.9]>, <x3, [0.2, 0.2]>, <x,, [0.6,
0.9]>, <xs, [0.1, 0.4]>}. Rx(A) = {< y4, [0.6, 0.9]>, <y,,
[0.6, 0.9]>, <y, [0.6, 0.9>, < y,, [0.2, 0.2]>, <ys,
[0.1,0.4]>} Rx(A) = {< y,, [0.8, 0.9]>, <y,, [0.8, 0.9]>, <
ys, [0.8, 0.9]>, <y,, [0.2, 0.2]>, <y, [0.1,0.4]>}

From the lower and upper approximations of A, we
draw a conclusion that the person must have hac
diseasey,, v,, V3, V4, Vs at the degrees [0.6, 0.9], [0
0.9], [06, 0.9], [0.2, 0.2] and [0.1, 0.4], respectivelind
the person may be have had the disey,, y,, Vs, V4, Vs
at the degrees [0.8, 0.9], [0.8, 0.9], [0.2, and [0.1, 0.6]
respectively.

Proposition 3.5:
Let (X, Y, R) be a generiakd approximation space ov
two universes, and for any A' O V(X), B,
B' 0O V(Y), one has the following properti
Rx(A) = ~Rx(~A), Rx(A) = ~Rx(~A)
Ry(B) = ~Ry(~B), Ry(B) = ~Ry(~B)

2. Rx(A n A') =Ry(A) n Rx(4'), Ry(A 0 A') = Ry(A)
O Rx(4")
Ry(B n B') =Ry(B) n Ry(B'), Ry(B O B') = Ry(B)
0 Ry(B')
A" O A= Ry(A') O Rx(A), Rx(A") O Rx(A)
B'OB=Ry(B) U BY(B)rEY(B,) O Ry(B)

4. Ry(A O A) ORy(A) ORy(A"), Ry(A n A") O Rx(A)

N Ry(A")
Ry(B O B') O Ry(B) O Ry(B"), EY(B n B") 0O EY(B)
n Ry(B')

5. Rx(A) O Rx(A), Ry(B) O Ry(B).

Proof:

We need to prove the first part of each propertyha:
similarity of the above propertie

1. BX(~A) = {< Y, /\xeRp(y) t~A(X)i /\xeRp(y) 1-
fea()> 1y Y}
= {< y-VxERp(y) 1- fA(x)- VxeRp(y) tA(x)>
/'y O Y} =~ Ry(A).
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So we haveRy(A) = ~ Ry(~A). The propertyRy(A)
= ~Ry(~A) can be proved similarl

2. EX(A n A,) = {< Y, /\xERp(y) tA mA’(X)! /\xeRp(y) 1-
fara(X)>1yD Y} ={<vy,
Axe Rp(¥) tA(X)DtA’(X)v Nxe Rp(¥) 1- fA(X) u1-
far()>1y0Y} =
{<yv Axe Rp(¥) tA(X)D/\x ERp(Y) tA’(X)i Axe Rp(») 1-
fa() OAxer,n 1 = far(¥)>1yO Y}=Rx(A) n
Rx(A"). Hence, we can obtaRy (A n A") =Rx(A) n
Ry (A").

3. According to the definitions of vague lower and eg
approximations, (3) holds.

4. Itis easy to prové by property (3

5. Forany yl Rx(A) , we can haveg, () =
Ax e ryy) ta(X) < Vxe ry) ta(®)s 1 = fryay(y) =
/\x € Rp(y) 1- fA(X) < Vx ERp(¥) 1- fA(x)-
ThereforeRy(A) O Ry (A)

Definition 3.6:

Let (X, Y, R) be a generalized approximation spaeer
two universes, and for any AV(X), B O V(Y), denote

Rx(Aq) = {y | Ry(y) U A}, Rx(4%) = {y | Ry(y) 0 Af #
®}, Ry(BY) = {x | Ry(x) O BE}, Ry(BS) = {x | Ry(X) n
Bf # ®} where o, B O [0, 1], Rx(4%) and Ry(4F) are
called the lower and upper approximationAg on the
universe X andgy(Bf) andﬁy(B‘f) are called the lowe

and upper approximations Bf on the universe®
Example 3.7:

Leta=0.8 and le = 0.1, then from example 3.4\
haveAd: = {x,}, so the lower and upper approximatic
of AJ can be presented as follovis;(A453) = ® and

Ex(Agﬁzla) ={y1,¥2,¥3}
Theorem 3.8:
Let (X, Y, R) be a generalized approximation spaeer

two universes: ity; > a,, p, > f,, we havegX(Aill) O
Rx(A72), R(Agl) ORx(A2), Ry(BL) O Ry(BL2), Ry(BLY)
ORy(B,2).

Proof:

Sincea; > a,, f,< 3, soAil1 O Aizz. For any y
DBX(Aﬁll), we can have,,(y) O Aﬁll . Thus,R,(y) O Aﬁzz
~ y O Ry(A22) that is,Ry(A5}) O Ry(A%2). The
propertiesRy (4;) DRy (472) , Ry(B,) O Ry(BL2),
EY(Bfi) DEY(BZ) can be proved similarl
Example 3.9:

Leta, = 0.8,a, =0.6,8 = 0.2 ands, = 0.1 then from

Example 3.4 we havédl = {x,, x,, x,}, so the lower ani
upper approximations of3-2 can be obtained as follows:

Rx(A3§) = {y1,¥2, y3} and Ex(fg% = {3’1'_3’21 V3}
Then,Ry(A33) O Rx(A3%) andRx(Ags) O Rx(A9) hold.
Remark 3.10:
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According to Definition 3.6, we can define two [zaaf
vague sets as followgy'(A) = {<y, try'(ay (W)l —

ng’(A)(Y)> /yad Y},

Ry (A) = (Y, t 1 ) 1= f 1y 0> /YO Y,
Ry'(B) = {<X, tr,/my(0), 1 = fp 1y (¥)> 1 x O X},
Ry (B) ={<x, tr 1 (0, 1= fr o (1) /XD X3},

Ry (B)

where t, 1 () = {a/ Ry(y) 0 45},

1= fryaw®) =0(B/R,() DALY, tr 1, ) =Dat/
Ry(y) n AL # @}

L 1) = D(B T Ryp(y) 1 A # B}, by, 15 () = Oat/
Ry(x) OB }, 1= fry/ () =

B/ R0) DBE }, b5 1 (1) = ([ Ry(x) 0 BE # @}

f @ ®) = (B /Ry(X) n BY # @},
Theorem 3.11:

Let (X, Y, R) be a generalized approximation spawoer
two universes, and for any B V(X), BO V(Y),
thenRy(A) = Ry'(A), Rx(A) =Ry (A) , Ry(B) =Ry'(B)
Ry(B) =Ry (B) .

Proof:

For any yO Y, denotea; = tgya)(¥) = Axe r, () talX),
B1= 1-fryay(V) = Axeryn 1 — fa(X)

a, =0{a/Ry(y) DAL}, B = (B /R,(y) DAL }. Leta,
B satisfyR,(y) O A5 , if x O R,(Y) , ta(¥) 2 0, 1 — f4(x)
2 B and /\xeRp(y) tA(X) 20, /\xERp(y) 1- fA(X) 2 B So,
a; 2 a, p; <, thereforea; > a, , B, < f,. On the other
hand, for anyt > a,, B < f3,, according to the definition «
a,, B2, we know that there exists[] R, (y), such that xJ
AL thatis,a; < t,(x) <a, B, < 1— fu(x) <B. Thus,a>
a;, B < B, by the arbitrary oa > a,, B < f, and we can
obtaina, 2 a;, B, < B,. HenceRy(A) = Ry'(A). The
propertiesRy(A) = Ry (A), Ry(B) = R/'(B) , Ry(B) =
R, (B) can be proved similar]

Definition 3.12:

Let (X, Y, R) be a generalized approximation s| over
two universesd,, 4, 0 V(X), By, B, O V(Y)

1. If Rx(A;) =Rx(4,), thenA, andA, are called lower
rough equivalences of X, denoted A4, =~y A4,.

2. If Ry(A;) = Rx(4,), thend, andA4, are called upper
rough equivalences of,Xlenotecc

3. If Ry(4;) = Rx(4,) and Ry(4;) = Rx(4,), thenA,
andA, are called rough equivalences of X, denotet
A= x A, .

4. If Ry(B;) =Ry(B,), thenB, andB, are called lower
rough equivalences of Y, denotedB; =y B,.

5. If Ry(B;) = Ry(B,), thenB, andB, are called upper
rough equivalences of, denoted b\B; =" B,.

6. If Ry(B;) = Ry(B;) and Ry(B;) = Ry(B,), thenB; and
B, are called rough equivalences of Y, denotec
A=y A, .
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Let (U, V, R) be a gemalized approximation space o\
two universesA,, 4,, 4,', A, OV(X), By, B,, B,', B,’
O V(Y), then
1. A~ A,

By » B,

= (AN A;) % Az, (A1n Ay) 2 Ay
= (Bin By) &y By, (B1n By) ~y By.
2. Ay~ A; = (AU Ay) ~ Ay, (A0 Ag) ~ Ay
By » B, = (B10 B,) &y B, , (B:0 By) ~ By
3. A; ¢ AL Ay 3 Ay then (A0 Ay) & A n Ay
Al a3 A Ay & Ay then (A0 A4,) ~ A0 A’
B, ~ B,', B, ~ B,’, then (B,n B,) ~, B;'n B,’
B, ~ B,', B, ~ B,’, then (B,0 B,) ~, B,'0 B,’
4. If A; ~y® or A;'=;®, then (4;nA4;") =xD
B, =y® or B;'~,®, then (B;nB,") =, ®.
5. If Ay =¢Xor A;'=¢X, then (4;04;") =X
B, =yY or B;'~,Y, then (B;0B;") =, Y.
6. A; 0A;", A ~®, thend; ~ ®
B, OB,', B,'~®, thenB, ~, ®.
7. If A, OA;" and4; X, thend;’ ~X
If B, OB, andB;~,Y, thenB;' &Y.
Proof: straightforward.
Proposition 3.14:

Let (U, V, R) bea generalized approximation space ¢
two universes, AIV(X), B OV(Y) thenl1. Rx(A) = n
{A,'OV(X)/ A ~ A}, Ry(B)=n {B'OV(Y) /B ~ B’}
2.Ry(A)=0{A'0OV(X)/A 2 A}, Ry(B) =0 {B'O
V(Y)/B »~ B'}

Proof: Follows from definitions.
Proposition 3.15:

Let (X, Y, R) be a generalized approximation space

two universes, AIV(X), for any 0<a, ay,

@y, B, B, B, < 1, define(Ry(A)5 = {y DY / tg,ay(¥) 2
o, 1= frey®) 2B}, Rx(A)s ={y DY/ gy 20,
1 frea®) 2 B then, (Ry(A)f O Ry ((4)%),
(Rx(A))5 O Rx((A)5).
Proof:

For any y{1 BX((A)g) =®£R,(y) O (A)g = for any
xOR,() O (A)g = forall xOR,(y), ts(x) 2q,
1= () 2B = Ay €Rp(¥) ta(x) 2 q, Nxeryn1— fa(X)
2B = tgyay(y) 20 andl — fryay(Y) 2B =y 0
(Rx(A))f . Thus, we have(Ry(4))5 O Rx((A)%).
Similarly we prove(Rx(4))2 0O Ry ((4)F).
Proposition 3.16:

Let (X, Y, R) be a generalized approximation spaer
two universes, Al V(X), for any <a, a, a,,

B. 3. B, < 1, define(Ry (B))f = {x 0 X/ tg,(g)(X) 2 0,
1- fBY(B)(X) 2B}, (EY(B))g ={x0OX/ tﬁy(B)(X) >q,
1— fz,@® 2B }then, (Ry(B))S O Ry ((B)L).

(Ry(B))z 0 Ry((B)g).
Proof: The proof is similar to Proposition 3.:
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IV. THE MEASURES OFROUGH VAGUE SET
MoDEL OVER TWO UNIVERSES

Definition 4.1:

Let (X, Y, R) be a generalized approximation spaoer
two universes, AJV(X), foranyO<a, <a; <1,0<4,
< B, <1, and the approximate precision of A about R

| excani]

I [®ean’Z]
where Az @ and the notatioh | denotes the cardinality of
aset. Letoy (A)((ay p) @21 = 1 (B ((ay.5,) (2,01 -
and px(A)[(al,ﬂl),(az,ﬂz)] is called the rough degree of
about the universe X.

Proposition 4.2:

Let (X, Y, R) be a generalized approximation space
two universes, A1 V(X), forany0O<a, <a; <1, 0< g,
<B<1, and the approximate precisic
“X(A)[(al,ﬂl),(az,ﬂz)] and the rough degre
Py (A)[(al,ﬂl),(az,ﬂz)] satisfy the properties as follows:
< ax (B ((ayp) (@2 p1S 1 AN S 0y (B)((ay ) (a0 ) S 1
Proof: Follows from Definition 4.

Example 4.3:
From Example 3.4, weave (0.8, 0.) — level cut set of

Ry(A) and the set (0.6, 0.1)level cut set oRy(A) as
follows: (Rx(A))0:3 = P, Rx(A)34 = {1, 5, ¥s}, So we
can compute the approxation precision and roug
degree as followstty (A)(0.5,0.1),0.6 ,0.1)] = 0

be defined as followsozx(A)[(‘xlﬁl)l(azﬁ2

Px(Bi08,01),006 01y = 1
Proposition 4.4:

Let (X, Y, R) be a generalized approximation spaoer

two universes, A, BJ V(X), A 0 B, and RyA) "2 =

az

(EXB)OZ2 ,forany O<a, <a; <1,0<f,<p <1then
x (B [(ay,8). @20 S A B(arp,). (@281

PxBi(arp) @2l = PxBi(arp,) (a2
Proof:

Since AT B , we can havéRy(A)),’ 0 (Rx(B)) ..
On the other handRy(4)) "2 = (EX(B))OZZ. Therefore,

az
the theorem can be proved by Definition
Proposition 4.5:

Let (X, Y, R) be a generalized approximation spawoer

two universes, A, Bl V(X), (EX(A))Z1 = (EX(B))(fZ2 , for

any0<a,<a;<1,0<p,<p <lthen

ax (B)((arp) (@281 = X Bi(arp,) @)

PxB(ay )@z = PxBiarp). @)

Proof: It can be proved by Theorem 4.3 and Definit
4.1.

Theorem 4.6:

Let X, Y be two nonempty finite universes, andRebe
the relation of X x Y. For anA, B O V(X). The rough
degrees and precisions of A, B[O B and An B have the
following relations. Consider
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pX(Au B (aw ) eny) | Rx (AN 22 U Ry (B2 | <
Py B (an ) ) | R (A)) 22
| R8s | - £ (A By ) cann X

|Rx ()22 ~ Ry (BY)2 |,

ax (AY B)((ay.8).(@2.5,)] (EX(A))aﬂzz v (EX(B))aﬂzz
& (A () ) | Rx (AN 22

.
ot B ) i | (R (B2

* P B)(ar,) @25,)]

(Rx(A))22 N Ry (BY) L

- aX (A mB) [(a1.ﬂ1)r(a2‘ﬂ2)]

Proof:
|LX(AuB)) A
’OX(A Y B)[(alﬂ1) (azﬂz =1- |(R (AL/B)) | =1-
|RxCacmid | |@xcang caxeg|
Ry Ry N2~ [y oy )]

On the other hand,ox (Anm B)[(alﬁl).(az,ﬂz)] =1-

|Rxarmniy| |xanB))] ]
||(_RX(AnB))§2| \(TX(A))azn(RX(B))aJ
Rx (A~ (Rx (B

. For classical sets X and Y, we h:¢

|02~ Ry 82
[XUuY|=|X|+ |Y]|- |X nYI.

Hence oy (AU B){(a, )l | B (A2 U

Ry(BY22| = [R ()22 U R (B - | R (A
(J(A»ﬂl = |, (A))ﬂz +|®R B2 -
R, ()2 AR (B2 | R (A2 - |Re B +
|cJ(A>)a1 n (J(Anaz < |R, ()2 | +|®, B
| R ()] - |ReBNE] - £ AB) (0 ,) a
R, ()2 v R, (B2 =
PX(A )[(al,ﬁl),(az,ﬁz)] |(_RX(A))§22 +

) Yz
Py (B)(a1,8,) (a2 | (R (B, ‘1 -
B
Px (B OB (ay )it | R (A)) N (Ry(B))g} | The
other inequality can be proved S|m|la
Proposition 4.7:
Let (X, Y, R), (X, Y, S) be two generalizt
approximation spaces over two universell] R,
R _J@ezi)
@ (A(arp) @2 b)) “ = o] WX Bi(arp) (@2
Rz
(%
|——ﬂ2’
Ry ()|
R |(_XA)a1| |Rxarg]
Px (arp) (@2.)] |(R Al (@]
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_‘(EYB)zll‘ s
0" B(ar b)) = | B)i(as,) @z,
Y& ap
|rvBY|
[
N o |exmng
pY (B)[(alrﬁ1)r(a2vﬂz)] =1- |(_RXB)ﬂ2‘ !
az
/1
RyBY |
S — 1
Py (B)[(alﬁl),(az,ﬂz)] =1- —‘(_R 5 | Then, we can obtain
az

R
ax (D) ((ay ) @) S 0% B (ay,8,) )]

S R
Px” B (anp,) @2 S Px B(anp,)(azfy)]
R S
@y B)i(ay,8) (@21 S ¥ Bi(ay 5,)). (a5, 8N
S R
Py” Bi(arp) @28 S Py B(ar) @2,
Example 4.8:

Consider an Example 3.4 and a new binary rel&i
over the universes X and Y ,

S = {(xl! YZ)! (x21 y3)1 (X3, Y4)1 (X4_, Y1)! (X3, y4-)! (X4,
v1), (x5, ys)}. Obviously, SO R. Therefore we have

S¢(A) = {< y,, [0.6, 0.9]>, <y,, [0.8, 0.9]>, <ys, [0.6,

0.9]>, <y,, [0.2, 0.2]>, <ys, [0.1,0.4]>}Sx(A) = {< y;,
[0.6, 0.9]>, <y,, [0.8, 0.9]>, <y, [0.6, 0.9]>, <y,, [02
0.2]>, <ys, [0.1,0.4]>} and(Sx (4))os = {¥2}, SX(A)

={y1, ¥2,¥3}. Then ax®(B) [(0.8, 0.1),(0.6,0.1)] =
_2
Px (B)[(o.a, 0.1),(0.6,0.1)] ~ 3-

So axR(A)[(o.B, 0.1),(0.6,0.1)] S ax (A) [(0.8, 0.1),(0.6,0.1)] »
PXS(A)[(O.S, 0.1),00.6,01)] S Py (A) [(0.8,0.1),(0.6,0.1)] -
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