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Abstract —In 1970 G.P. Pkhariyal and R.S. Mishra [7]
have introduced a weurvature tensor and this tensor is
defined in local coordinates as [3]

Wojkn = Rpjin + ﬁ(gkaik ~ GjkRpn)-

For a Riemannian spaceV,, the projective curvature tensol
Pi,, is defined as [3]

J
P;kh = R;‘kh - ;(&:R}‘k - 6;{th).

The conformal curvature tensor Cyj, ( Weyl's conformal
curvature tensor ), for aV, is defined through the «quation
(3]

Cijkn = Rijin — %(gikth + gjnRir —
gjrRin) _g(gihRjk — GucRjn).

The aim of this paper is to develop the above curvate
tensors by study their properties in generalizec BR—
recurrent space which characterized bythe condition

BuRjin = AmRjin + 1m(8;9kn — 6iGjn) »
R}kh # 0, where B,, is covariant derivative operator with
respect to x™ in sense of Berwald,A, and u,, are the
recurrence vectors.
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|. INTRODUCTION

H.S. Ruse [9] considered a threedimensional
Riemannian space having the recurrent of curvaamsor
and he called such spaceRiesmannian space of recient
curvature and extended to dimensional Riemannis
space by A.G. Walker [1], Y.ONong [13] Y.C. Wong
and K. Yano [14] and others. Thide was extended to
Finsler space by A. Moor [2] fothe first time. Due to
different connections of Finsler spi the recurrent of
Cartan's third curvature tensﬁjt'kh have been discuss
by R. Verma [12].

P.N. Pandey, S.Saxena and , Goswami [11]
introduced a generalized Fkeeurrent Finsler spa,
F.Y.A. Qasem and AM.A. Ablashbari ([41.[61
introduced a generalized™ - recurrent space and studi
some types of this spacalso they definet a
generalized R"-recurrent space and obtainesome
identities satisfied in such space [5].

Let E, be an n-dimensional Finslepace equipped wit
the metric function F(x,y) satisfying the wuest
conditions[8].

The vectory;is defined by
(1.1) yi = gi;(x, )y’

The two sets of quantitieg;; and its associive g¥/,

which are components ofraetric tensor connected |
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12 gue*=of={o B 125
In view of (1.1) and (1.2), we ha
(1.3) a) &y =y, b)&y:i = y. and
g]'r'
The tensoc;j, is defined by

C) 6}”ng' =

1.
Cijx = Eakgij
which is positively homogeneous of degr-1 in y* and
symmetric in allits indices and calle(h)hv-torsion tensor
[10]. According to Euler's theorem on homogenec
functions, this tensor satisfies the followi
(1.4) Cijkyl = Cjkiyl = Ckijyl =0. .

Berwald covariant derivati B, T/ of an arbitrary
tensor fieIdI‘j" with respect tox* is given by

BT} = 0T} — (0,T/) G

+ T/ Gy — TGl

In most of existing literature, Berwald covarii
derivative B, T} appears as ). Berwald covariant
derivative of the vectoy' vanish identically, i.¢
(1.5) B,y'=0.

But, in general, Berwald covariant derivative bk
metric tensorg;; does not vanish and given k
(1.6) Brgi; = —2y" ByCijp. '

A Finsler space whose connection paran Gjy,is
independent ofy! is called anaffinely connected space
( Berwald spacg.

In particular, B,g;; vanishes for affinely connectt
space, i.e.

The hv-curvature tensofCartan’s second curvatu
tensor)is defined by [8].

The te.nsoer‘kh is positively homogeneous of degi
zero in y* and satisfies
(1.8) lekh y) = Pep.

The associate curvature ten P, is given by

(1.9) Prjkn = Pikn Gir-

P-Ricci tensorP;, and the curvature vectcP, (of
Cartan's second curvature tensor) are give
(1.10) ij = P]Lkl
and
(1.11) P.= P} .

The h- curvature tensdCartan’s third curvature tensc
) is defined by

}kh = ahl—‘j’;ci + (azrﬁcl) G, + Cjim(akGfT - Gl‘rcrllGlll)
+ LoD — k/h "

This tensor satisfiehé following relatios
(1.12) }khgjk = Rfil
and
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(1.13)
The associate curvature tengQr,, satisfie:

i
Rjii =

J jk-

(1.14)  Ryjng® = Rjin-
The deviation tensoR;, R-Ricci tensorR; and the
curvature vector,, are related by

(1.15) gYRj =R}

and

(1.16) Ryy’ = Ry.

L. Berwald deduces a tensor
W} =HL — HS}

—{(0,H, — 0,H)y'}/(n + 1).

* k/h means the subtraction from former terms by
interchanging the indices k and h.
This tensor is callegrojective deviation tens. The

tensorW} is positively homogeneous of degree twcy?,
we defined the following projective tens

. 1. . .
Win = §(akWIi — 0 W)
and
ikn = 0jWiep,
=20,(0 W} — 3, W),
3
The tensoﬁ/l/']-l}(h is known agrojective curvature tenst
(generalized Weyl'projective curvatie tensoy and the
tensorWy,, is known asprojective torsion tensa(Weyl's
projective torsion tens@r They are ske- symmetric in
their lower indices k and h.
These tensors agatisfies the followin:
(1.17) Wiy’ = Wiy
and
(1.18) Wiy* = W
The associate curvature tensitt, ., satisfies

(1.19) Wyjkn 9P = jl}ch-

Il . A GENERALIZED BR-RECURRENT
SPACE

Let us consider a Finsler spaGgwhose Cartan's thi
curvature tensoR}kh satisfies
(2.1) BuRjkn = AmRjkn

+:um(6jlgkh - Sllcgjh)' Rixn # 0,
wherel,,, andu,,, are non-zeraovariant vectcs field. The
space and the tensaatisfying the condition2.1) will be
celled a generalized BR-recurrent space and a
generalizedB -recurrent tensoryespectively and denott
them briefly by GBR) — RE, and (B — R, respectively.
Let us consider a BR) — RF,.

Contracting the indices i and h the conditiol (2.1),
using (1.13), (1.5) and (1.3c), we get

Transvecting the condition (2.2) by and using (1.16),
we get
(2.3) BmRi = ARy

Thus, we conclude
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Theorem 2.1.In G (BR) — RF,,, R-Ricci tensor Ry and
the curvature vectak, behaveas recurrent.

Transvecting the conditiof2.1) by g’*, using (1.12)
and (1.2), we get

(2.4) B,R. = A,R}
if and only if
Bmgjk =0,

since Ry, # 0.
Transvecting the condition (2.2) kg’*, we get

(25) BuR= AR
If and only if
Bmgjk =0,

since Rj, # 0.

Thus, we conclude
Theorem 2.2.In G (BR) — RF,,, the deviation tensorr},
and the curvature scal&rbehav: as recurrent if and only
if Bng’* =0.

In view of (1.7), we may rewrite theorem 2.2 addaks :
Theorem 2.3. The GBR) — RF, is affinely connected
space provided the deviatidgansor R}, or the curvature
scalarR behaves as recurrent.
In 1970 G.P.Pokhariyal andR.S. Misra [7] have
introduced aW- curvature tensor anor W,-curvature
tensor and studied itgoperties
This tensor is defined in local coordinateq3]
(2.6) Wyjkn = Rpjkn
1

+ E.(gkaih = GjxRpn).

Transvecting (2.6) by®*, using (1.9), (1.14), (1.2) and
(1.15), we get
(2.7) VV]Lkh = R}kh

1, .
+ E(‘Sllchh ~ gjR})-
Let us consider a BR) — RE,.

Taking the covariant derivative of (2.7) with resp&
x™ in sense .of Berwalqi/;e get
(2.8) BuWiikn = BmRjin

L, . .
+ E((sIL(Bijh - gjkBmR;l - Rthgjk)'

Using the conditions (2.1)2.2) and (.4) in (2.8), we
get
(2.9) Bijlkh = A(nR;'kh
+ Ilm(fsjlgkh ~ 8kgin)

Am . .
+=2 (8¢ Rjn — 9jiR})
2 .
+ —— RiY" By Cjiem.
Using (2.7) in (2.9), we get
(2.10) Bijlkh = _Aijlkh _
+ #m(‘sjlgkh - Sllcgjh)
P
+ ER;lyhBhC]km .
This shows that
BijLkh = /1ijllfh '
+ lim(fsjlgkh ~ 8k 9jn)
if and only if
(2.11) y" By Cikm = 0,
since R, # 0.
Thus, we conclude
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Theorem 2.4. In G(BR) — RF,,Weyl's projective
curvature tensor is generalizeecurrent if and only i
(2.11) holds [ provided,,g’* = 0].
In view of (1.6) and (1.7), we magwrite theorem 2.4 ¢
follows :
Theorem 2.5. The GBR) — RF,,, is affinely connecte
space provided Weylgrojective curvature tens W]-l}(h is
generalized recurrent.
Transvecting (2.10) byy/, using (1.17), (1.5), (1.3a),
(1.1) and (1.4), we get
(2.12) Bkaih = Amthh
+ i (Y Gin = Gicn)-

Thus, we conclude
Theorem 2.6. In G(BR) —RF,, Berwald covarian
derivative of the first order for Wyl's projective torsio
tensor Wy, is given by the conditiol(2.12)
[providedB,,g’* = 0]. Transvectingthe conditiol (2.12)
by y*, using (1.1),(1.3a), (1.5) and (8)1we get

B W} = 1, Wi.
Thus, we conclude
Theorem 2.7. In G(BR) — RF,, Weyl's projective
deviation tensorW, behaves as recurrent [provic
Bg’¥ =0].

For a Riemannian spadé, the projective curvatur
tensoer"kh (Cartan's second curvature tensor ) is def
as [3]
(2.13) P]Lkh = R}klh

- §(6,‘1R]-k — 8LRjn).

Let us consider a BR) — RE,.

Taking the covariant derivative of (&) with respect to
x™ in sense of Berwald,we get
(2.14) Bijlkh = BmR}kh

— 2 (8LBmRjk — SiBumRy).

Using the conditions (2.1) and (2.2) in14), we get
(2.15) BuyPhn = Am{Rly — ~(8hRy —
8kRjn)} . .

+ #m(5}gkh — 8k9jn)-

Using (2.13) in (2.15), we get

(2.16) BijLkh = Ampjlkh
+ #m(‘sjlgkh - 6llcgjh)'

Thus, we conclude
Theorem 2.8.In G(BR) — RF, (for n=4) Cartan's second
curvature tens jikh is generalized recurre.

Transvecting the condition (2.16) by, using (1.1), (1.5),
(1.8) and (1.3a), we get
(2.17) Bmphith = Amphith

+ (¥ Gin = Sicvn)-

Thus, we conclude
Theorem 2.9. In G(BR) —RF, (for n=4), Berwald
covariant derivative athe first order for the (v)t-torsion
tensorP., is given by the condition (271
Transvecting the condition (2.16) by;,., using (1.6),
(1.14) and (1.3c), we get

BinPrjkn = AmPrjn

+ tm(9jrGin = GirGjn)
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—2 lekhyhBhCi‘rm-

This shows that

BmPrjkh = lmPrjkh

+ (G Gkn = GrrGjn)

if and only if
(218) .yhBhCirm =
since Py, # 0.
Thus, we conclude
Theorem 2.10.In G(BR) — RF,(for n=4), the associate
curvature tensop, ., is generalized recurrent if and ot
if (2.18) holds.

In view of (1.6) and (1.7), we may rewrite theor2rhO
as follows :

Theorem 2.11.The GBR) — RF,, is affinely connected
space providedhe associate curvaturensor Py, is
generalized recurrent.

Contracting the indices i and h the condition (2.16),
using (1.3c) and (1.10), we get
(2.19) By, Py = APk
Thus, we conclude
Theorem 2.12.In G(BR) — RF,, (for n=4), R-Ricci tensor
R;, behaves as recurre@ontracting the indices i and ©
the condition (2.17), using (1), (1.1) and (1.3b), we get
(2.20) B, P, = Ay Py
Thus, we conclude
Theorem 2.13.In G(BR) — RF,, (for n=4), the curvature
vectorP, behaves as recurrent.

The conformal curvature tenscC;jy, ( Weyl's
conformal curvature tensor ), forV, is defined through
the equation [3]

Cijkn = Rijin
_%(gikth + gjnRic — 9inRix — 9jxRin)

0:

R
- g(gihgjk - gikgjh)
so that [3]
(2.21)  Cln = Rign
—%(5};th + gjnRi — 81 Rk — gjkRh)

R, . .
_6(6;1gjk - 8Ilcgjh)'

Let us consider a BR) — RE,.

Taking the covariant derivative of 21) with respect to
x™ in sense of Berwaldye get
(2.22) mCikn = BmRjkn

1 . . .
_5{5k(Bijh) + (Bmgjh)Rllc + gjk(Blelc) -
5;1(Bijk) - (Bmgjk)R;L —Ijk (BmRﬁl)}

1 . )
—=BnR(8,9% — 8k9jn)
Re.: ;
=5 n(Bngji) = 8i(Bmgjn)}:

Using the conditions (2.2 (2.2), (2.3) and (2.4) in

(2.22), we get

(2.23) Bmc}kh = lij'kh + #m((sjigkh - 5}igjh) -
~{8kAmBin + GinAmRh = OhAmRje — GjudmRE} —
H(Brgi)R = (Bngp )R} = “2R(5hgp —
8igin) = 5 {6h(Bmg) = 5(Bmgin)}

Using (2.21) in (2.23), we get
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(2.24) BmC}kh = AmC}kh (3.10) In generalizedBR-recurrent Finsler space (for
1t (8 gien — 6L91) n=4), the curvature vect®, behaves as recurr.
J
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behaveas recurrent if and only B,,g’% = 0.
(3.4) The generalizedBR-recurrent Finsler space
affinely connected pace provided the deviatic
tensor R, or the curvature sdar R behaves as
recurrent.
(3.5) ThegeneralizedBR-recurrent Finsler space
affinely connected space provided Weyl's
projective curvature tenso j‘}{h is generalized
recurrent.
(3.6) In generalizedR-recurrent Finsler space, Wey
projective deviation tensd#;; behaves as recurre
provided B,,g’* = 0.
(3.7) In generalizedBR-recurrent Finsler space (fi
n=4), Cartan's second curvature tens j"kh is
generalized recurrent.
(3.8) In generalizedBR-recurrent Finsler space (for
n=4), the associate curvature tensiP., is
generalized recurrent if and only y"B,,C;yp, = 0
holds.
(3.9) The generalized BR-recurrent Finsler spar
provided the associate curvature tenp, ., is
generalized recurrent.
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