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Column Trapped by a Step Load

A. M. Ette

Abstract — The analysis presented here is concerned wi
the determination of the dynamic buckling load of a
imperfect viscousy damped but clamped finite column that
rests on an elastic nonlinear (cubic) foundation tht is
subjected to a step load. The light viscous dampings
assumed to be of some order of the imperfection. M-
timing perturbation procedure is used toobtain results which
are strictly asymptotic. The results show that the alumn
buckles at higher buckling loads than if it had bee subjected
to simply-supported end conditions. Infact the dynamic
buckling load for a clamped column satises the
inequality 1 < 4p < 2.125, while a similar inequality for
columns with simply supported end conditions i0 < 4, < 1.
The results also showthat in general, damping increases th
dynamic buckling load. It is also observed that theonly
situation in which the dynamic budking load is higher than
the corresponding static buckling load is if dampig is
present, otherwise without damping, the static buding load
is always higher thanthe dynamic buckling load for a step
loading consideration.

Keywords — Buckling, Column, Dynamic, Step Load.
|. INTRODUCTION

There is already in existence a substantial quardti
investigations related to the stability (or othesa)i of
columns (finite or infinite) when subjected to eitha
static load or dynamic loads. Some of these easludies
include investigations by Amazigo and E[1], Amazigo
and Frank [2], Elishakoff and Glde'[3] and Ette [4],
among others. However,most of these earli
investigations did not incorporate damping in tl
formulations and the very few thdid discuss damping
did not do so in a dynamic buckling setting. We aek
that investigations into the dynamic buckling alustures
is a familiar terrain of scholarly investigationdasome o
the recent studies, which are indeed enormousude
those by Ette and Osuji [5], Capieernourt et al[6,7],
Belyaev et al. [8]land Artem and Aydin[9]. We also
mention the investigation by Kakowski[10] who studied
the static and dynamic interactive buckling recng axial
extension mode of thin-walledhannel, while Kowal-
Michalska [11] similarly investigated some imports
parameters in dynamic buckling analysis of p
structures subjected to pulse loading.

In this study,we aim at investigating the dynan
buckling process of a clamped viscouslymped finite
column stressed by a load, for the case where dhann
rests on nonlinear (cubic) elastic foundat.

[I. FORMULATION OF THE PROBLEM

The usual dimensiondifferential equation satisfied t
the deflectionW (X, T)of a clamped finite column restir
on a nonlinea(cubic) elastic foundation

J. U. Chukwuchekwa

I. U. Udo-Akpan

d2w
W+ W = aksW? = —2P(T) —

Xz’
T>0, 0<X<m Q)
W=Wyx=0at X=0m;T>0 2)
WX,0) =W, (X,00=0, 0<X<m (3)

Wherem, is the mass per unit lengtQis the damping
coefficient, EI is the bending stiffness wheFE and/are
the Young's modulus and is the moment of inertia
respectively. Hee the nonlinear elastic foundation exer
force per unit length given by, W—a k;W?3on the
column wherek,and k; are constants such thik, >
0,k,; > 0 anda is the imperfectio- sensitivity parameter
which is such that foaley the nonlinear elastic foundatis

is said to be "softening”, wheias for a=-1, the
foundation is said to be "hardening”. In this foulation,
we haveexcluded all nonlinearities higher than cul
while all nonlinear derivatives oW (X,T) are also
excluded.

[1l. NON-DIMENSIONALIZATION OF THE
PROBLEM

To reduce equations (1) and (3) to -dimensional
form, we adopthe following quantitie:
1 1

G x v (@ a0 -2

1 1
t= (227, ew = ()2 W 2e2 = —2,
(&) e = (2 waet - —L
0<6<<1, 0<A<10<e<<1.
On substituting all these i(1) to (3) and simplifying,
we get
Wit 26W, 0+ W+ 2Af ()W, + W — aw®

P(T)

X

1
2

d?w
= —Zelf(t)m, t>00<x<m, 4)
w=w,=0, atx=0,7 (5)
w(x,0) =w, (x,00=0, 0<x<m (6)

Here, a subscript following comma indicates partial
differentiation, whilév is a twice-differentiable stress- free
imperfection. In generalf (t)is a time dependent loadi
function while A is the amplitude (or magnitude) of t
loading. For a clamped viscously damped finite ool A
satisfies the inequality< 1 < 2.125, while f(t)is a step
load such that

1, t>0

fo=1{y 2o (7)

IV. CLASSICAL BUCKLING LOAD,A¢

The classical buckling load, is the load that is
required tobuckle the perfect colun and is obtained by
neglecting the imperfection|lahe nonlinear terms as well
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seff (t) = 1.Thus, the relevant differential equationr
classical buckling load is

Woxxx T 2AWs +Ww =10 (8a)
w=w,=0at x=0,m (8b)
To solve 8(a,b) we let
w(x) = Yo, (1 — cos 2nx)U, 9)
On substituting (9) into (8a) we get

Z [U,(—16n* + 8n21) cos 2nx

n=1
+(1 —cos2nx)U, =0 (10)

We multiply(10) bycos 2mx, for a fixedm and integrate
from Otom and get
(16m* —8Aim? + U, =0 (11)
According to Budiasky and Hutchinson12], the
condition for static buckling is
£=0 (12)
wherewis the displacementhus differentiatin(11) with
respect t0,,and noting that = 1(U,,,), we ge
_ 16m* +1
. co 8m?
where.is the classical buckling load. The least valus
Acis obtained whem = 1 and for this, we ge

Ac = =2125 (13)

V. STATIC BUCKLING LOAD, A

To obtain the static buckling loadwe delete all term
with time derivatives in (4) and get
Wt 2AW, 0+ W — aw’
el 0<x<m, (14)
w=w,=0, atx=0,7m (15)
Here, we have s¢i(t) = 1.To solvg14) and (15), we let

2—
= —Zeld—w

W= a,(1—-cos2mx), |a, K1 (16)
Next, we let
wx) =Y, V0el; vO =yO(x) (17)

and substitute (16) and (17) into (1a1)d (15) and equate
coefficients of powers ofto get

0(e): NV =vL) +2ar% +v® =

XXXX

—8Am?a,, cos 2mx (18)

0(e?): NV@ =0 (19)

0(e®): NV® = o(v0)? (20)

etc.

To solve(18) to (20), we let

VO (x) = 2, 2P sin?nx

= Y2 ;(1—cos 2nx)l/;l(i) (22)
On substituting (21) int¢18), we get, foi = 1

z:[l/n(l)(—mn4 + 8n?1) cos 2nx

i=1

+V,'1(1)(1 — cos 2nx)]

= —8Am?a,, cos 2mx (22a)

If we multiply (22a) bycos 2mxand integrate froi O to
mwe get, fom =m
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(16m* — 8n21 + 1)Vn51) = 8Am?a,,

L, o 8Aimifay

“Vn =B = 16m4—8n21+1 (22b)

2 VD = D1 — cos 2mx) (22¢)
On substituting in (19)faér= 2, we get

v® =0 (23)

We next substitute in (20r i = 3, and obtain
i [ (~16n* + 8n21) cos 2nx
(3)
pe +V, 3(1 — cos 2nx)|
= a(Vngl)) (1 — cos 2mx)3
N
(Vm ) o cos 2mx
+ % cos4mx — % cos 6mx] (24)

We multiply (24) bycos 2mxand Integrate from 0O to
and get

3
15a(yM)
(16m* — 8m21 + DV = 15a(tn”) . )
L3 _ 15aB3
V= 4(16m*—8Am2+1) (25a)

(25a) On multiplying (24)by cos4mxand integrating
from O tom, we get, fom = 2m

3a ()’

(256m* — 16Am2 + DV, = — >

-3aB3 250
2 (256m*—16Am2+1) ( )
If we multiply (24) bycos 6mxand integrate from O ta,
we get

ay® o

2m

(1296m* — 36Am? + NV, = aB?
RGN aB®
M T 1296m4—36Am2+1
Thus far, we obtain

Ve = V,,(f)(l — cos 2mx) + Vz(,fl)(l — cos 4mx)

(25¢)

+V3(731)(1 — cos 6mx) (25d)
and

w = eVn(ll)(l — cos 2mx)

+e3[,P(1 — cos 2mx)
+V2(,i)(1 — cos 4mx) +V3(,i)(1 — cos 6mx)] +o (26)

Now, the maximum value (W (from (26)) is obtained
whemnx = x, = %and for this valuenamely

Wq of W, we get

wg = 2eVY + 263V -8y 4. (27a)
= Cle + 6363 + b (27b)
where

=2, € =20V — Vi) + - (27¢)

The static buckling loadisis obtained from equation
(12) which takes the form

% =0 (28)

As in [1] and [4],we first have to reverse the ser
(27b) in the form
€=ew, +ewd + - (293a)

By substituting in (29a) fog from (27)and equating

the coefficients o€ andt* we get

=~ e, =22
17¢g ' 8 ct

(29b)
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Now the maximization (28% now easily effected froi
(29a) to get
0 =e; +3e3wg, + - (29c¢)

wherew, is the value ofv,at buckling.Fror(29c),we get
1

= [t = L(D)?
vo= 2= 1) @20
If we now determine (29a) at stabackling, we get
1
ot
e =wy (e +eswi) = % (C—:)Z (30a)

On substituting in (30a) far; andC; we get, after some
simplifications,

3 1
(16m* — 8m?Ag + 1)z = 18V5m?Asaza, e
16m*—8m?ig+1 ;

4 2
T 15 (1296m4—36m2/15+1)] (30b)
If we determine the dominant result, then wem =

land get

X [1

3 1
(17 — 815)2 = 18V5);az2a, ¢

1
4 ( 17-85 \]2
x [1 T 1s (1297—3,15)] (3OC)
Again, if we desire that the buckling modes be strictl

. . 3)
the shape of imperfection, then vaave toneglectl;,

and the resultant results from (30zab3

3
(16m* — 8m?As + 1)z = 18V3m2Asaza, e (30d)
and
3 1
(17 — 8A5)z = 18V5Aaza, e (30e)

The table below gives the values Asfor each value
ofa,e

Table 1.a,eagainstigfrom (30e

a,€ Ag
0.01 2.016247
0.02 1.955831
0.03 1.907029
0.04 1.864029
0.05 1.827204
0.06 1.792934
0.07 1.770001
0.08 1.731911
0.09 1.704327
0.10 1.678319

We, clearly observe that the static buckling I
Agdecreases with increased imperfection paraia,e. In
any case, we observe that the inequil < A; < 2.125 is
clearly noticeable A similar inequality for the case
simply supported end conditioi&mazigo and Frank [)
is0 < A < 1. We expect thevalues of A;from equation
(30e) to bdess than similar results fro(30c) because the
latter contains results from terms emanating froodes
proportional tein 3mx which are not strictly in the sha
of the imperfection.
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VI. THE DYNAMIC PROBLEM: DAMPED

COLUMN UNDER A STEP LOAD

The relevant equatiois equation(14), which we now
reproduce as ( fof(t) = 1)

,tt+ 2€2W,+ Wopgnnt 2AW, 0+ w — aw®

= —26/1 , t>00<x<m (31a)
w = W,x 0 at=0,m;t >0 (31b)
w(x,0) =w, (x,00=0, 0<x<m (31c)
Let

t=€%t; w(xt)=U(,t1) (32a)
wwy=U,+ €U, (32b)
W = Uyp + 26U, + 4€2U (32¢)

We now substitute into (31,and get,
Ug + 262U +4€2U, . + 2€2(U, + €2U,)

2

HUpant 24U e U — aU3 = —2eA 3 (33)
We shall adopt (16and now le

U(x,t,7) = Y2, U(x, t,7)Del (34)

On substituting(34) intd33) and equating coefficients
of powers ofl ], we get

0(e): NUD =UP + U, + 2208 + UD
= —8Am?a,, cos 2mx (35)
0(e?): NU® =0 (36)
0(e®): NU® = a(UW)’ - 202 — 20" (37)
UD =y® =0,at x=0,m i=123,..) (38)
The initial conditions are
UD(x,00)=0, i=123,.. (39a)
UM, (x,00)=0, UMD, (x,00)=0 (39b)
U, (x,0,0) =0+ UM, (x,0,0) = 0(39c) (39¢)
We seek for solution by lettil
UD(x,t,7) = ¥, UP (1 — cos 2nx) (40)

and now substitute (40) in{85) and simplify to get

D 1w
n=1

+(—16n* + 8n2/1)U,(11) (cos 2nx)]

+ U,(ll))(l — Cos 2nx)

= —8Am?a,, cos 2mx (41)
Here, we have
Next, we multiply (41) byos 2mxintegrate from 0O tat
and get,
orn=m
U, + (16m* —8m2A + DU = —8Am?ay, (42a)
UiY(0,0) = U§1(0,0) = 0 (42b)
Solving (42a,b), we get
U,(,? (¢, 7) = a, (1) cos ot + B, (7) sinpt + B (43a)
and
p?=(16m*-8m21+1) >0, vm. (43b)

B is as in (22b)From the initia conditions (42b), we
get
a;(0) = —-B, p,(0)=0 (44)
We next substitute (40) i(86) (for i = 2) and simplify
to get

UL+ 92U =0 (45a)
U (0,0) = U (0,0) =0 (45b)
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The solution to (45a,b) is

U,(nz)(t, T) = a,(t) cos ¢t + B, () sin ¢t (46a)
a,(0) = B,(0) =0 (46b)

So far, it is clear by now that, in the final arm$y we
shall eventually have

U® =P - cos2mx) , (47a)
U® = Uu® (1 - cos 2mx) (47b)

We now substitute (40) into (37r i = 3 and using
(47), we get

Z[(Uﬁ)t + U,(f))(l — cos 2nx)
=1

+(—16n* + 8nZA)U(3)(cos 2nx)|
( (1)) [4 - —cos 2mx

+ > cos4dmx — Z cos 6mx]

—Z(U(ltt + U,Sll)) (1 — cos 2mx) (48)
We multiply (48) byos 2mxand integrate fro O tom
and simplify to get, forn = m
S5a 3
= ()

U(gtt + ‘PZUS) =
15a 3Ba? 3BG?
e

3a3 3a1,812
+<T+ 3a,B? T cos ¢t

3a2p
( i L+3B%B, + %) sin @t
3Ba? 3Bp? )
T cos 2¢t + 3Ba, 3, sin 2¢t

3 2
a;i 3 pi 3p.af ﬁ1
+<4 2 )cosB(pt+< 2 sin 3¢t

—2[@(—a; sin ot —p] cos (pt)

+@(—a; sin gt + B, cos pt)] (49a)
U (0,0) = U(3)t(0 0) + U$)(0,0) = 0 (49b)
where ( )' = E("')
Now, whem = 2m in (48), we get
—3a([/3Ba? 3Bp?
3) 3) _ 1 1
Utht+(p2U2m_T (T+B3+T>
a3 . B2
+3 ( 2T a,B* + 1fl> cos gt
2 3
+3 <Tﬁ+Bzﬁ1 bi >51n<pt
Bai Bp?
+3 - T cos 2¢t + 3Ba, f; sin 2¢t
3 3
a;i  3a,fi
+ ( 2 2 ) cos 3¢t
2
+ (35% — 3331) sin 3<pt] (50a)
US0,0) = US) ,(0,0) = 0 (50b)
where
¢? = (256m* —32m?A+1) >0, vm. (50c)

Similarly, for n = 3m in (48) we get
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3Ba? 3Bp?
U, + 02U =§[(_2 Ly +_2ﬁ1)
a3 a,f?
+3 (Tl-l_ a,;B? + 1fl>cos<pt
2 3
+3 <Tﬁ+Bzﬁ1 b >51n<pt

Bai Bp?
+3 - T cos 2¢t + 3Ba, 5, sin 2¢t

+ (Of - 3a1ﬁ1) cos 3¢t + (Sﬁlal ﬁl) sin 3(pt] (51a)
Ui (0,0) = US) .(0,0) = 0 (51b)
where

= (1296m* — 72m?A+1) > 0,vm (51c)

Going back to (49awe maintain a uniforly valid
solution in thy equating to zero the coefficients

cos ptancsin ptand gtting the following respectiv
equations

20(8; + ) — 4[24 + 30,82 + 298] = ¢ (52a)
and

20(a), + ay) + =% [3“151 +3B2B,; + 331] =0 (52b)

Factorizing out a, from the bracket i (52a) and
similarly factoring ouis; from the bracket i (52b) we get

20081 + ) — 52 [+ 357 + L] = o (520)
and

2 2
20(a, + ay) + 252 15“31 [32‘1 +3B%+ %] =0  (52d)

Next, we multlply (52c) bg,and (52d) by;and add to
get
. (Bifi + B2) + (ayaf + ad) = 0,
i.e. (af +B7)+ (a1 +B11) =0

This gives
SO+ B+ (af + B = 0
ie. m(a?+pH)+2t=C

whereCis the arbitary constan This eventually gives

(a? +B2) = BZe ™" (52€)
We next substitute (52dajt0 (52c,d) and get
45aa13 -2t
By + Bl - [ =0 (52f)
2
a +aj + 450;3 187 [ =0 (529)

At this stage, further solution ¢(52f,g) may not be
neecéd but we can derive every necessary informe
needed later from (52f, gyithout necessarily solvin
fora, () andp, (7) explicitly. For instancefrom (52f), we

get
2250(0:1(0)32 —225aB?

B1(0) = p1(0) + = 320
While from the remaming of (g), we get

, 225 0)B?
@ (0) = —ay (0) - L0 = B

The remaining equation {@9a) is written as
U(gtt + ¢2U1513)

15 sin 2¢t + 13 cos 3¢t +7, sin 3¢pt](54a)
where

2
Ty = 3alB + B3 + 33231,1”0(0) =2

319041 3Bp? 3B3
it S r,(0) = —
2 —1(0) ==

(53a)

(53b)

15a
= [y +71 cos 2¢t +

(54b)
(54c¢)

7”1 =
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(54d)

3 3 2 B3
rp="1 - “f:,rg(O) = (54e)
=29t 0)=0 (54f)

We now solve (54a-f) subject to @%and obtain

U,(n3) (t,7) = a3(7) cos pt + B3 (t) sin gt
15a [, 1 )
3—(‘02 (1 cos 2¢t + 1, sin 2¢t)

(pZ
- # (r3 cos 3¢t + 1, sin 3<pt)] (55a)
—safr _n o m)|  _ Z975eB
a;(0) = [ - % sz] =T (55b)
B3(0) =0 (55c)

We next re-write (50a,b) as
—3a
(3) (3) _
UZm,tt + ¢2U2m - 2

+1, sin 2¢t + 13 cos 3¢t + 1, cos 3¢t

[ro 714 cos 2¢t

+;5 sin ¢t +7¢ sin ¢pt] (56a)
whnere

ro =3 (%4 quB2 + 98 1 0) = (56b)
re=3(2L+ B2, +8) 1 = 0 (56¢)
U (0,0) = U ,(0,0) (56d)

On solving (56b-d),we get
U2(3)(t, T) = a,(7) cos @t + B,(7) sin pt

3a mro 1 .
- P—i_ (W) (75 cos @t + 1 sin @t)

1

FYIRyPY] 2¢t in 2¢t
+ (¢2 _ 4<p2) (r1 cos 2¢t + 1, sin 2¢t)

- (ﬁ) (13 cos 3¢t + 1, sin 3<pt)]

where

a,(0) =

(57a)

376( % * <¢z ﬁ <p2) + (¢2 iﬂ14q02>

=l

_ 3a [i 15 3 1 ]
T2 lg? 2(92-9) T 92402 2(4%-90?)
34 (0) =0 )
Next, we re-write (51a,b) as
U + 0208

m

(57b)
(57c¢)

a

=7 [y + 75 sin ¢t + 1 sin Pt +1; cos 2¢t
(58a)
(58b)

+71, sin 2¢t + 15 cos 3¢t +1, cos 3¢pt]
Usp(0,0) = Usp, (0,0)
On solving (55a,b), we get
U3(3)(t, T) = as(1) cos Qt + B,(1) sin Qt

m

arr 1 .
.|.Z §+ (m)(rscosﬂt+r6smﬂt)

J— 1 .
+ (Qz _ 4(p2) (71 cos @t + 1, sin @t)
+ (9_2_194,2) (r3 cos 3¢t + 7y sin 3<pt)]
where

(59a)

arr T T
as(0) = =7 [gz + (QZ —5(p2> + (QZ —14-<p2)
T3
* (92 — 9q02)] —o
—aB?[ 5 15 3
~78 [ﬁ_zmz —on T 42
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(59D)
(59c¢)

1
~ a7
Bs(0) =0
So far, we have
Ulx, t,17) = U,(nl)e(l — cos 2mx)
+e3[U,S’)(1 — cos 2mx) + Uz(f,z(l — cos 4mx)
+U§2(1 — cos 6mx)| + - (60)
To determine the dynamic buckliri, we first need to
determine the maximum deflectioU, = U(x,, tg T4)

wherex,, t, and,are the critical values «,tand T

respectively at maximum value U(x,t,7). The

conditions for maximum deflection ¢

Uy=0 (61a)

U +€*U,=0 (61b)
Substituting (61a) into (60)ye cet

2meUSP sin 2mx, + €3 [2 U sin 2mx,

+4U2(;2 sin 4mx, +6U3(;2 sin 6mx,| + -+ =0 (62)
Equation (62) is satisfied by

X, = % ;o om=+1, 42, +3,... (63a)

On substituting (60a) in (5Te get
U(xg, t,7) = 2meU + 263[U,(,f’) - Uéf,z] + -+ (63b)
We shall now assume the set
ty = to + €%t; + €3t, + ---(64a)
T, = €2t, = €[ty + €%t; + €3ty + -+ ] (64b)
By substituting (64a,b) int¢61b) and expanding every
function of t,about t, while every funtion of 7, is
expanded about 0, we get
Ze[U,(nl_)t + (%t + ~'-)U,%)tt + €2(ty + €%ty
Y0 + 26 U85 - U, +
+2t,e3U%) = 0 (65)
where (65) is evaluated (&, 7,) = (t;,0). We next
equate the coefficients of orderse, and get for

€: U (ty,0) =0 (66a)
€31 26U}, + 260US ), + 264U
+2(U) - U$) ) =0 (66b)
etc.

From (66a), we get

singty, =0

ity =" (66¢)

From (66b), we get

1 3 3
_ ~toUpr + 2(Upey = Usni,)
h= To
mtt t=ty, T=0
©)

_tOUm,‘L' _ -t

=E, T (66d)

m,tt
The maximum deflectiomw,is obtained by evaluating
(63b) aft,, 7,) using (64a,h)Thus we ge
)

wo = 2e[USP (1, 0) + (ety + €2t, + UG
+e2(ty+€ ty + ---)U,(nl,)f
+%{62(t0 + ) (ety + ---)U,(nl_)T
+(ety + ---)ZUT(nl_)tt
+e4(ty + W]

(t0,0)
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26 [V (80, 0) = US;) (2, 0) | + -
We know that
1
U (t0,0) = 0, Upye(t5,0) =0
Thus, we get

Wo = 2eUS0 (6, 0) + +263 [toUlyy + UL,

(67)

+Up (80, 0) = Ugio (£, 0)] + - (68)
After simplifying (68) we get
w, = 2Be + 2€3[—(to + t2p*)B
15aB®  aB3F,
- ] (69a)
where
F = [5(1 —cosQty) 15(1 + cosQty)
o 02 2(0% - ¢?)
3(1—cos Qty) (1+4cos Qtg)
+ 92—4(/72 2(92—9(/72)] (69b)
We can further write (69a) as
Wa = dle + d363 + o (703)
where
3 0 292 2 2
dy = 4B,d; = 22 [ B s U T (70b)
9] 15aB 120

Equations (70a,b) are similar {@7a,b. Hence if we
reverse (70a)n a manner earlier suggested by equa
(29a-30b), we observe that as in (3@&)finally obtait

1

_ 2 (di\2
€= (d—:) (71)
On substituting in (71) from (70a,bwe get (similar
to (30b))
(16m* — 8m?1, + 1)2

1

) 1

(to+tde?)p?  g2p, |?
1582 120a

(72)
The dominant term is obtainasher m = 1, and this

gives

(17 — 81p)z = 18V10Apazd, e

2 1

(tn+t1<p2)<p2 o%F |?
X1l-r——-—
15aB? 120a

1
= 18V10m?Apaza,,e [1 -

(73)

m=1
If we require that the buckling mode strictly in the
shape of imperfection, then (72nd (73) respectively
become

3
(16m* — 8m?1p + 1)z

1
1 to+tip?)p? 2
= 18V10Apaza,e [1 - %} (74)
and
3 1
(17 — 81p)z = 18V10Apaza e
1
(to+tie?)o?]?
X [1 IR — (75a)

Equation (753)for the case of no damping, giv
3 1
(17 — 81p)2 = 18V10A,a2a,(75b) Using (30b) and
(30e) on (72) and (75gspectively, we ge
16m* — 8m?1, + 1\?
16m* —8m2As + 1

(76)

15aB2

1
=l (to+t30?)p? 2R |2
=2 (Z) [1 N " 120a

and
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(17 - 8,1D>§
17 — 815
1

15aB? 120a

m=1

VIl. DISCUSSIONOF RESULTS

We have already seen from (tablel) that the s
buckling load; satisfies the inequalil < Ag < 2.125,
while the classical ckling load; has the value 2.125.
Besides}s decreases with increased imperfec
parametet, . Below, we give values 1, againsta, e for
various restrictions on some terms in equation

Table 2: showind,with vaiious restrictions on some
terms in equation (7

a e Ap
Equation|Equation (73Equation (73| Equation (75b),
(73) |withF, =0 without which is equation
in full dampin( (73) Without
term damping and witho
higher modes
0.01 | 2.048201 2.048197 | 2.03806! 1.989206
0.02 | 2.015103 2.015095 1.98921: 1.914848
0.03 | 1.99349% 1.993484 | 1.94945! 1.855357
0.04 | 1.97811% 1.978103 | 1.91487 1.804362
0.05 | 1.966002 1.966588 1.88381: 1.759171
0.06 | 1.95766% 1.957649 | 1.85539 1.718312
0.07 | 1.950534 1.950516 1.82905! 1.688001
0.08 | 1.944714 1.944697 | 1.80441 1.646213
0.09 | 1.939879 1.939849 1.781241 1.613902
0.10 | 1.93580(0 1.935782 1.75924. 1.583597
0.15 | 1.922300 1.922279 | 1.66333: 1.454623
0.20 | 1.914753 1.914729 1.58374. 1.351678

We clearly observe as folvs:

(a) The valuesijare highest if we take equation (70)
full i.e. withoutneglecting any term in (7¢

(b) The least values ofipare obtaine if we neglect

damping and also neglect terms emanating 1

higher modes correspondingsin 3mx.

(c) Damping increases the values,,.

(d) In all these cases, the inequalil < A, < 2.125is
clearly apparent.

If we limit equation (74}o the case where higher or«
modes are not admitted in the results (that isgifneglec
results emanating frosin 3mx ), we get

1

17-81p % Ap (t0+t%<ﬂ2)(/’2 2
(17—815) - ﬁ (Z) [1 - 15aB? (78)
If, from (78) we further neglect damping we
3
17-8Ap\2 A
(o) =V2(32) (79)
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below:
Table 3: Showind ,againsiig
A p
Equation (74)| Equation (75) Equation (76)

1.2 1.336521 1.336229 1.055272
1.3 1.428138 1.427918 1.161029
1.4 1.517916 1.517741 1.269321
15 1.605998 1.605864 1.380094
1.6 1.692511 1.692413 1.493289
1.7 1.777567 1.777502 1.608849
1.8 1.861269 1.861231 1.726717
1.9 1.943709 1.943691 1.846832
2.0 2.024969 2.024964 1.969141
2.1 2.105126 2.105126 2.093567

The table above clearhows the following

(a) The values ofipare higher than thoseAgif we admit

both dampingas well as results emanating from t

introduced byin 3mx.Even, If we neglect the tern

introduced byin 3mx, and retain damping, the valt

of Apare still higher than those &f

The valuesig are however higher than those A,

only if we neglect damping as well as ter

emanating fromin 3mx.

(c) Damping necessarily increases the dynamic bucl
loadi,.

(d) From the results (74) to (7@)e can easily obtail,
if Agis known, and vice- versa.

(e) All the results satisfy the inequalil < A, < 2.125
despite damping. A similar inequality for sim-
supported end conditions was obtained [2]
ad) < A, < 1. We thus see thahe dynamic bucklin
load A, for clamped end constraints are significal
higher than those of simply supported end conditi

(b)
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