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On R"-Generalized Trirecurrent Curvature Tensor

Fahmi Yaseen Abdo Qasem
Dept. of Maths., Faculty of Edu.-Aden,

fahmi.yaseen@yahoo.com

Abstract — In this paper we introducec a R" -
generalized trirecurrent Finsler space andR"-special
generalized trirecurrent Finsler space. The aim of this
paper to study the above spaces andiscussed differen
Finsler spaces with generalized and special genera¢d
trirecurrent of Cartan's fourth curvature tensor K;'-kh
whereas  generalized and special generalize
trirecurrent of associative curvature tensor Ry, are
investigated, various theorems concerning Ricc
generalized trirecurrent and Ricci special generalizec
trirecurrent space have been obtained, differen
theorems regarding the necessyg and sufficient
condition for Berwald curvature tensor Hl':kh and
Cartan's fourth curvature tensor K;'-kh to be generalized

trirecurrent and special generalized trirecurrent,
certain identities have been obtained.

Keywords —R" -generalized trirecurrent space, R" -
special generalized trirecurrent spaceRicci-generalized
trirecurrent space, Ricci-special generalizec
trirecurrent space R -generalized trirecurrent affinely
connected space andR" -special generalizec trirecurrent
affinely connected space.

. INTRODUCTION

The concept of recurrent curvature o-dimensional
Riemannian space was extended to a Finsler spade
Moor ([15], [16]) for the first time. Finsler spaceawith
different types of recurrent curvature tensors hbaeen
discussed by R.N. Sen [30], R.Mishra and H.D. Pan
[9], R.B. Misra ([10], [11], [12]), R.B. Misra and.M.
Meher [13], H.D. Pande and B. Singh [19], P.N. st
([20], [21], [22]), P.N. Pandey and R.B. Misra [2R.S.D.
Dubey and A.K. Srivastava [4], P.N. Pandey and
Dwivedi [24], V.J. Dwivedi [5], R. Verma [31], P.
Pandey and S. Dikshit [23], S. Dikshit [3] and otheA.
Moor [14] studied a Finsler space of recurrent torsid.
Matsumoto ([6], [7]) introduced a Finsler spacewhich
torsion tensor is recurrent and called itrecurrent space
Though several contributions have been made by e
authors to spaces of recurrent curvature. P.N.&aandd R
Verma [26], R. Verma [31] and C.K. Mishra and Gdho
[8] discussedC" -birecurrent space. We have lit
informations about the space in which curvature tel
R}kh is h-recurrent. H.D. Pande and k. Gupta ([17],
[19]) introduced a Finsler space in which Cartanivature
tensorR}kh is recurrent of first, second and third order v

non-symméic connection and called theR-@recurrent
space of firstsecondandthird order. R. Verma [31]
introduced a Finsler space in which Cartan's thindvature
tensorR}kh is recurrent and called iR"-recurrent space
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S. Dikshit [3] discussk a Finsler space in whicCartan's
curvature tensorR}kh is birecurrer and called itR" -
birecurrent spaceF.Y.A. Qasem [27] discussed a Fins
spaces in which Cartan's third curvature tel R}kh
generalized (special generali) birecurrent of first and
second kind and called therR"-generalized R"-special
generalize)d birecurrent space of firstand second
kind. F.Y.A. Qasem and A.A.A. Muh [28] discussed a
Finsler space in which Cartan's third curvature;d:eR}kh
is trirecurrent and called R"-trirecurrent spac.

In the present paper we introduR" -generalized
trirecurrent andR”-special generalized trirecurrent Fins
spaces, we discuss different Finsler spaces witkrgézec
and special generalized trirecurrent of Cartan's cuime
tensorR}'kh, where as generalized and special genera
trirecurrent of associative curvature tensk;;, are
investigated.

[I. PRELIMINARIES

Let E, be an rdimensional Finsl¢ space equipped with
the metric function F satisfies the requisite ctiads [29].
The components of the corresponding metric tenst
denoted byy;; . This is positively homogeneous of deg
zero in y'. Due to it homogeneiin y!, we have
(1.1) 3 Cpy' =Cujy =Cpyy' =0
and

B Ciillc yh= gh]Cijk )
where g¥ is the associate metric tensor of the metric te
and the(v) hv-torsion tensaf;;[8]. These are positively
homogeneous of degree -1 ji and they are symmetric in
the lower indiceg and k.
E. Cartan deduced ([1], [2]) and [29] th -covariant
derivative of an arbitrary vector fielX! with respect tax*
which given by
(1.2) X\ =0, X' —(0,X") G} + X"T%,

where 9; = -2 arzi , G].i;= a].Gi , Gj" =

J = 9xi ayT

l“s*]? y* and the connection ofgitan

l—‘s*]L = l—‘sij — Cps l—‘rnji v
The associative metric ten g¥and the vectogrivanish
under heovariant differentiation, i.

13) 3 go=0 and b y,=0.

The process di-covariant differentiation with respect
x*, defined above commute with partial differentiati
with respect toy’ according to

(1.4) a) §(x}) — (9x1),
=X"(9; T7i) — (9, X))l
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b) P = (9 i) ¥" = i "
Cartan's fourth curvature tenddy,, is defined b
(1.5) Kfn = 0l + (9, T33) Gi
+ L, TYm — h/k

This tensor is skew symmetric in its last two lo
indicesh andk and positively homogeneous of degree :
in yt.

The tensorK ikn Satisfies the relation
(1.6) Kkh y) = Hy, .

Berwald curvature tenséf;,, and theh(v)-torsion tensor
H., are defined by

(17) a) Hjlkh = athlk + st;c ;h
+GLnGy — h/k

and

b) Hip, = 0nGi + GGy — h/k
or

O Hiy = (3 Hi — 8,HE)
where
(1.8) Hi =20,G' — 0,GL y"

+ 26, G - GiGE
is the deviation tensor which is positively homaoggus of
degree two iny'.

Berwald curvature tensda(}kh and the h(v)-torsion
tensor H.,are skewsymmetric in their lower indicek and
h. These tensor are positively homogeneous of demgex
and one iny!, respectively. These tensors are connect
(1.9) 3 Hypy" =H
and

D Hrgn = OiHpy

In view of Euler's theorem on homogeneous functise
have the following:

(1.10)  H)y/ =H,=-Hi;yl .

The contraction of the indicésandh in (1.7c) and (1.8)
yield the following:

(111)  a H, =H
and
b H=—H
whereH is a scalar calledurvature scale.

The tensot;; , defined by
(1.12)  Hyjx = gu Hjp,

Cartan's third curvature tens%jr(h is defined b
(1.13) Rl := 0,k + (0, T}) Gk

+G}m(0nGR — G,’;;Gk)+ rm —h/k
which is skewsymmetric in its Iast two lower indices a
satisfies the reIations
(1.14) a
and

Rixn = Kjien + Cl Hip,

b R;kh yi= Hlich = K]lkh v

* —h/k means the subtraction from the former term
interchanging the indices h and k.
Cartan's second curvature tenBhy, is defined b

(1.15) a) Pjp _ah i+ Chn Pl — jihlk
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or equivalent by

B lekh = ahrﬁc + CL Ckhls y* ]h|k
or

9 lekh = Crihu g Cikn|r

+ CfiPin = PihChic -

The tensorP ikh satrsfres the relatro
(1.16) P, ]kh y] = jkh yl = th = Ckhlryr-

A Finsler space whose connection param G ik 1S
independent of' is called an affinely connectespace
(Berwald space) Thus, an affinely connecteispace
characterized by any one of the equivalent cormusi
(1.17) a)Gj, =0 and b) C;j,, = 0.

The connection parametefg), of Cartan ands}, of
Berwald coincide in affinely connectispaceand they are
independent of the directional argument [29]

(1.18) &) Ghy =0 G;;h =0
and b) 9; l"hk =

Cartan's connection apamete 1“]*,2 coincides with
Berwald's connection parametG}k for a Landsberg
space, which is characterized by the condi
(1.19) =2 Cigpy yt

=—2Py, =0

The associate curvatutenso P, of the v(hv)-torsion
tensor Py, is given by
(1.20) g Phlth = Pyrp-

r —
Yr Gjgn =

. A R™ GENERALIZED TRIRECURRENT
FINSLER SPACE

Let us consider a Finsler space whose Cartan'd
curvature tensoR;,, satisfies the conditio

2.1) Rignmpn = GumRixn + AR jknjmin »

R}kh # 0,
where A; and a,;,, are nonzero covariant vector field at
covariant tensor field ofhird order, respectively. Tt
space and the tensor satisfy tcondition (2.1) will be
called R"-generalized trirecurrent spa andh-generalized
trirecurrent tensor, respectively.We shall denote such
space and tensor briefly b§"*-GTR-F, and h-GTR .
Let us consider a Finsler space for which Cart#nitsl

curvature tensoRjkh satisfies the conditic

(2.2) Rigxnjmum = 4R ]kh|m|n v Rjn # 0,

where 1; is honzero covariant vector fiel(The space and
the tensor satisfy theonditior (2.2) will be calledrR"-
special generalized trirecurrent spacand h-special
generalized trireurrent tensc, respectively. We shall
denote such space and tertsgefly by R*-SGTR-F,, and h-
SGTR , respectively.

Let us consider amR"-GTR-F, and R"-SGTR -F,
characterized by the conditions (2.1) i(2.2), respectively.
Since the metric tensqg;, of a Finsler space is a covarii
constant, it may proved that the conditions (21id &.2)
are equivalent to the conditions

(23) R; jpkh|m|lln — = Qnim R]'pkh
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+/11 ijkh|m|n

and

(24)  Rjpknimiun = 4 Ripkrmn
respectively. Conversely, the transvection of theditions
(2.3) and (2.4) by the associate metigosor g¥ of the
metric tensoly;; yield the condition (2.1) an (2.2),
respectively.

Therefore R* - GTR - F, and R" - SGTR - E, may
characterized by the conditions (2.3) and (2.4peetively

Thus, we conclude
Theorem 2.1. An R*-GTR-E, , may characterized by tl
condition (2.3).
Theorem 2.2. An R"-SGTR-E, , may characterized by tl
condition (2.4).

The contraction of the indiceis andh in the conditions
(2.1) and (2.2) leads to
(2.5)  Rikpmum = @um Rjk + LRjkmn
and
(2.6)  Rikpmum = 4 Rikjmpm
respectively, which show that Ricci tenR, of R"-GTR-
F, and R"-SGTR-F, are generalized trirecurrent and spe
genealized trirecurrent, respectively. A space whoseck
tensor is generalized trirecurrent and special rgdined
trirecurrent with respect to Cartan's connectiorapetel
called asRicci generalized trirecurrent spacand Ricci
special generalized trirecurrent spacespectively. Thus, w
see that evenR"-GTR-E, and R"-SGTR-FE, are Ricci
generalized trirecurrent space and Ricci speciaigdizec
trirecurrent space, respectively.
Thus, we conclude
Theorem 2.3. An R"-GTR-E, ,is Ricc-GTR-E,.
Theorem 2.4. An R"-SGTR-F, is Ricc-SGTR-F, .

Now, transvecting the conditions (2.1) and (2.2) y*
and using (1.14b), we get
(2.7)  Hinpmiyn = @um Hin + A Hippmm
and
(2.8) Hlih|m|l|n =X Hllch|m|n'
respectively.

Transvecting the conditions (2.7) and (2.8) g;; and
using (1.12), we get
(2.9)  Hijnpmium = Anim Hjn

+A; Hij nimin

and
(2.10) Hy;jppmpum = 4iHijnmins
respectively.

Transvecting the conditions (2.7) and (2.8) y* and
using (1.10), we get
(2-11) H}L1|m|l|n = Qum Hilz + ll Hllllmln
and
(212)  Hpppun = A Hpmgns
respectively.

In view of (1.11a) and (1.11b), the contraction
the indicesi andh in the conditiong2.7), (2.8) (2.11)
and (2.12) gives

(213) Hk|m|l|n = Quim Hk + ll Hk|m|n ’
(2.14)  Hgpmpin = 4 Hipmin
(2.15) H|m|l|n =aum H + 4 H|m|n
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and
(2.16)  Himjyn = 4; Hyppn, respectively

Thus, we may conclude

Theorem 2.5.In R"-GTR-E, , the h(v)-torsion tensor
Hi, , the tensorH,;, , the deviation tensoH} the
curvature vectorH, and the curvature scaleH areh-
GTR.
Theorem 2.6.In R"-SGTR-E, , theh(v)-torsion tensor
Hi, , the tensorH,;, , the deviation tensoHj the
curvature vector, and the curvature scaleH areh-
SGTR.

Cartan [1], [2]) deduced the identit

(2.17)  Rijuk + Rixjn + Rink;j
+(CijsKrn + CusKijn + CinsKriej)y™ =0
which in view of (1.6), the identity (2.17) redude
(2.18) Rijnk + Rixjn + Rinj + (CijsHpx + CisHjy, +
CinsHij) = 0

Taking the heovariant derivative for (2.18) twice wi
respect tox™ and x! ,successively, we ¢
(2.19) Rijnkmpt + Rixjnmit + Rinkjimii
+(CijsHix + CixsHpy + CingHigdjmp = 0

Again, taking the heovariant derivative for (2.19) vh
respect tox™ , using the condition (2.3) and (2.4), we
(2.20) anim (Rijuic + Rijn + Rinkj) +
A (Rijakimin + Rikjnimin + Rinkjimin) + (CijsHpy +
CirsHjp, + CinsHigp) mjyn = 0
and
(2.21) X (Rijnicimin + Rikjnimin + Riniejimin)
+(CijsHpre + CixsHjy + CingHi D jmpun = 0.

In view of (2.18) and (2.19), the equations (2.20
(2.21) can be written as
(2.22)(CijsHpy + CixsHjy, + CinsHig ) jmjuin

= Apm (CijsHak + CixsHjp, + CinsHij)

+ 4(CijsHpy + CisHiy + CinsHigp) pmin
and
(2.23)(CijsHpy + CisHjpy, + CinsHigj) jmyun

= A(CijsHie + CiesHjp + CinsHie D pmpm -

Transvecting (2.22) and (2.23) by’ , using (1.1a),
(1.10) and (1.3b), we get
(2.24) (CixsHp — CinsHid) pmyuyn

= anlm(CiksHli - Cithli)
+ll(CiksH)§ - Cithli)|m|n
and
(2.25) (CixsHp — CinsHi) pmyun
= Ae(CixsHp, — CinsHipmn. - _

Transvecting (2.24) and (2.25) kgP' , using the
symmetric property of théh)hv-torsion tensoc;, in all
lower indices, (1.1b) and (1.3a), we
(2.26)  (CEHR = CeHD pmpuin

= anlm(C}szIi - C}?SHE)
+/1£’(le51-1}§ - szz;sHli)lmm
and
(2.27) (lesHli - lesng)lmum
= A?(CIEJSHZ - C}zllsHli)Imln
Thus, we conclude
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Theorem 2.7.In R"-GTR-F, , the tensors(CijsHyy +
CiksHﬁl + Cithfzj) ’ (CiksHii - Cithli) and (lesHli
Ch Hj) are h-GTR.

Theorem 2.8.In R"-SGTR-F, , the tensor(C;;sHp +
CixsHjy, + CinsHiy)

, (CixsHyy — CinsHy) and (CEHy — CE.HE) are h-SGTR.

V. NECESSARY AND SUFFICIENT CONDITION

We shall find the necessary and sufficient conditior
some tensors to b&-GTR and h-SGTR in R"-GTR-E,
and R"-SGTR-F, , respectively.

Let us consider aR"-GTR-F, which ischaracterized by
the condition (2.1) and aR"-SGTR-F, characterized by
the condition (2.2).

Firstly, we shall find the necessary and sufficie
condition for Berwald curvature tensdtj,, to beh-GTR
and h-SGTR in R"-GTR-F, and Rh SGTR -E, ,
respectively.

Differentiating (2.3)and2.4) partially with respect ty*
and using ( 1.9b),we get
3.1) 9 (Hinmun) =.(ajanl7'fl)Hllch'

+anlmHijh. + (.aj/’ll)HllchImln
+/1[aj(HIL(h|m|n)
and
(3 2) a (Hkh|m|€|n) (6 A ) Hkhlmln
+/11 a (Hkhlmln)
respectively.

Using the comutation formula exhibited byl.4a) for
(chmmu) in (3.1) and (3.2), we get
(3-3) Hiknpmpn + [{Hkha o — Hep 0Tk,
H;kh jm}“ + Hkh|ma F

_Hlft‘raj Fi;:m -

a l—‘kl Hlicr|majl—‘;lr - Hlich|rajr1:1rl

rh|m
~HyesOr T = Hoen PP,
+Hkh|m|la Frn Hrh|m|la 1—‘kn
Hkrlmlla th Hkhlrll a an

Hinpmir 0T = [{Hpsenm + .Hkh 0, Tk

—Hin0: Tz = His Or T = Hogn P},

+H1§h|m d l—‘s*li - sih|m arrgf - Hlis|marrgf
Hkh|sa — {Hienjm + HindsTeh

—Hy, 0 ka Hje 05Tyt = Hin Pin }P, 1P

= butm Hjie + AcHjinjmin (9 bnim ) Hien
+(6]/1 )Hkh|m|n + 4 [{Hkha]rr;n

* 0T = Hiy 0T —
+HI7;h|m 0T — rih|m3]-l",:,§ -
{ khlm + Hip 0, Ty

i r

rkh ij}ln
i 3 17T

Hk‘r|majrhn

s arl—‘k‘m Hksa‘rrh‘fn ‘rm} ]n]
and
34) H kh|m|l|n + [{Hin9lm — Hin ;e
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~Her O Ty — H‘ikhpj?‘;n}” + Hinm0; '
_H‘;hlmajl—;:lr - Hlit‘r|maj[;lr - Hllch|rajr;1‘lr
= His Or Ty = e B} P ], +
Hztmmuaﬂﬁ - H;f_l|m|la].'[;cri -
Hllcrlmllajrhzz[ — Hipprp1 (?,-sz - o
Hllchlml‘r ajnnr - [{H;kh|m + H?{h arrsrln
lsh arrk'fn - Hllcsa‘rrhrfl _H;khp‘rsm}”
'!_Hlihlm ar[;;i - Hsthm a Fk*ls -
Hllcs|m arrhl Hkh|s r ml { kh|m
Hindo Tk — Hindo Tty — Hiy 05Tk
_Héthstm} rsl]P] A H; jkh|lm|n +
(ajll)Hlihlmln + /11 [{Hkhajrrrh -

b Bin— Hy T~ P,
+ H.;cﬁh|m 611—7':;: - rh|m a I—;cn

Hlit‘rlm 9; Fhrf Hkh|r a]Fm‘;El
~{Hrenjm + Hkharrsna H30r D,
Hksar[;zm - hPrSm} ];L] ’

respectively.

This shows that

(3-5) Hixnmin = @um Hjin + 4 Hjgnmn

and

(36) H]'lkh|m|l|n = /11 Hjlkh|m|n

if and only if

3.7) [{Hind;lh — HinOilim — Hir 0 Tim
—H}nP, :n} + H;;h|ma.'r*i - H‘ih|ma.j1—;c*lr

~Hyerim Tl Hkh|r Lt — {Hienim + Hin0rLah —
Hiy0r T, — Hics 0y Ty,

_Hsikh P }P T] + Hlenjmyt aj Ly

rhlml{ a{Fkn Hkr|m|l (?J L
Hkhlrll y’ﬁﬁ;r{”_ IIT&’?{}%F@"ﬁﬂma ka
[{H; rikenm + Hicn O Iyl — Hy 0, T,

—His0, T, = Hin P}, + Hkmmarrsl
- ;hlma. Fk*ls Hlics|ma Fh*ls Hlich|s fjrf,:lf

—{H; skh|m + Hys 05T - Hip 05T,

Hkt as . Htkh sm} 7§l] .]7;1 )
= (ajbhlm)HIL(h + (ajll) Hllchlmln +
N[ {HER O, Y= Hyy 0j L, —Hyr 0y,

_Hrithan}ln + HIZhlma]'FTni - H;hlmairknr
Hllcrlm a]' Fhr‘f -

*

Hlfth|r 0l -

- Hyp 0, Ty, —and

{Hrkh|m + Hip 0, Iy — Hiy 0, T,

— His 0Ty, — Hion P3Pl
(3:8) [{HinOL; ihé Tiom = Hir ;T
~Hyn m}” + Hkhlma Hm it
— Hiyym ;T Hkh|raj it {Hrkh|m
+ Hip O Ly, — Hip 0 T, = Higs 0 Iy,

Copyright © 2016 IJASM, All right reserv
141



—Hien P} Py ]In + HI:h|m|€a‘j[;;li
- Hrih|m|e a][;;: - Hli?f|m|€a.jrh?;
—Hinire0iTmn = Hinpmir 0 Tl
~[{HEenim + Hitn 0 Lok — Hip, O i,
= HisOrlin, = Hig P}, + Hignm 151

*

sh|m a 1—;{1 Hlis|m a'7”1—vh*ls _ Hli(.h|sa'r1_—'m§‘
~{Hknim + Hin0s i, = Hinsliam
_Hltftasrhntl - tL'kh R?t;‘n}PTf‘l

= (0;4) Hypmpn + Ao [{Hin 01

s~ o~ M),
+ H’Chlm 0l - rh|ma Lor — If,ir|majrh’*,;
~Higp) 0 lnn — {H; knm + Hin 0 lsm

respectively.

Thus, we conclude
Theorem 3.1.In R"-GTR-E, , Berwald curvature tens
Hl, ,ish-GTR if and only if 8.7) holds goo:
Theorem 3.2.In R"-SGTR-F, , h(v)torsion tensc H., ,
is h-GTR if and only if (3.8) holds good.

Since Cartan's third curvature tenﬁ}gh and Cartan's

fourth curvature tensa; [knare connected by the formt
(3.9 R}kh = I(]Lkh + C Kien "

Taking the heovarlant derivative fol(3.9) three times
with respect tox™, x! and x™ , successively, using (1.3a)
and (2.1), we get
(3.10)anim Rjkh + AR ]khlmln = ]ikhlmll|n

+ Cs|m|l|n rkh y +C slmln Krkh|l y
+Cs|mKrkh|l|n y+ sIlInKrkh|my
+Cs|lK‘rkh|m|n y + Csln
+ Cis Kenpmpun Y-

Using (1. 3a) (1.6) and the conditic2.3) in (3.10), we
get
(3 11)anlm R]kh + Al ]kh|m|n = ]ikh|m|l|n

+ Cs|m|l|n Higp, + Cs|m|l Hignjn
+ Cslmln Hkhll + Cslm Hkhllln
+C; slllnHkh|m + CsllHkhlmln
+(; s|nHkh|m|l + s(anmekh + 1 Hkhlmln)'
In view of (3.9), the conditio(B.11) cal be written as
(3-12) Anim (R]ikh i Hlih)
+4 (R]ikh Hkh) Kiihjmium
+ Cs|m|l|n Hkh + CslmllHkh|n
+ CslmlnHkh|l + Cs|mHkh|l|n
+ Cs|l|nHkh|m + Cs|lHkh|m|n
4,(C s|m|nHkh

]s|mHkh|n + ]s|nHkh|m)
Using (1. 14 a) in (3. 12) we get

(3-13) animKjin + i Kjenmin = Kiknjmium
+ Cs|m|l|n Hin + Cslmll Higpn

+ Cs|m|nHkh|l + CslmHkhllln

+ CsllInHkhIm + CsllHkhlmIn

.
rkhim|l Y

+ ]slnHkhlmll
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+ ]s|nHkh|m|l Al( s|m|nHI§h
+ Cs|mHkh|n + Cs|nHkh|m)
This shows that
(3.14) Kkh|m|l|n = DyymKjin + Kkh|m|l|n
if and only if
(3.15) (

( s|m|l J
+( s|l|n /11 ]ls|n) Hlih|m
+ Cslmln Higpp + Cs|m Hignjpn
+(; s|lHkh|m|n + Cs|nHkh|m|l =0.
Thus, we may conclude the above discussion asisil
Theorem 3.3.In R"-GTR-E,, Cartan's fourth curvature
tensork} ikn 1S h-GTR if and only if (3. 1) holds good.

glmllarly, we.can prove Sth
a o, Iy

by Rl 7 g

if and only if

(3.17) (

( slmll -
+( js|ln Al ]Ls|n) Hlih|m
+ Cslmln Higpp + Cslm Hipin
+(; s|lHkh|m|n + C]s|nHkh|m|l =0.
Thus, we conclude
Theorem 3.4.In R"- SGTR- E, , Cartan's fourth curvature
tensork} ikn 1S hSGTR if and only if(3.17) holds good.

— 4Csmin) Hin

i
iSImIlln

/11(:jis|m ) Hlihln

1 jkh|m|n
i i N
js|m|l|n - AleSImIn ) Hkh

Aleis|m) Hlih|n

V. CERTAIN IDENTITIES

Bianchi identities for the tensR}khare given by[31]
(4 1) R kh|m + R}mk|h + R;hm|k )
+y (Rshm jkr + nghP]lmr + R_kapjlhr =0
where
(4.2) P = 0T — Cippie + C Ckh|s

Taking the heovariant derlvatlve fc (4.1) with respect to
x! and usmg (1. 3b) we get
(4.3) R kh|m|l + Rimpeqnp + R jnmljn +
Y (RspmPj iker T Rsth]Lmr + RsmkPthr)ll =0.

Again, taking the tcovariant derivative foi(4.3) with
respect tox™, using (2.1), (2.2) and (1 14b), we
(4-4) anlmR}kh + anlh'R}mk + anlkR]hm

' +4,(Rjcnjmin +.ijk|h|n)

+(H)7;m jlkr + Hkhpjlmr + H;;lkpjlhr)llln =0
and
(4.5) /11( iknimin R} imklrin T R hmlkln)
+(Hhm jkr + Hth]lmr + Hmk ]hr)ll_ln =0.

Transvecting (4.4) and (4.5) |y’ , using (1.3b), (1.14b)
and (1.16), we get
(4.6) QppmHip + AunHpg + anieHpm

+Al(Hkh|m|n + Hmklhln + Hhm|h|n)
+ (HpmPiy + Hin Py + HmkPhr)|l|n =0
and
4.7) Al(Hllchlm|n'+ Hrlnklhln. + H;1m|k|n)
+(H)7;mplir + Hlthprﬁu’ + H;‘;Lkplllr)llln =0
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