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Inflnlte Basin's Area Fractal Via Complex Newton's
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Abstract — In this paper, we show that when we applied th
Newton's method on the exponential functiol F(z) = p(ze®,
where P(2) and Q(2) are polynomials in the complex plane
the attraction basins of roots have infinite area Wwen n< 2.
With the help of MATLAB we obtained nice fractals n
order to prove infinite basins area when < 2. The basins
for each rootsin Julia set is infinite area of N<2. If nis
even means the attracting petals of the fixed poirtero and
infinity are symmetrical about x-axis and y-axis.
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I. INTRODUCTION

Fractals is a new branch of mathematics an Fractal
geometry, largely inspired by Benoit Mandelbrot idgi
the sixties and seventies, is one of the greatrambsin
mathematics for two thousand years. Given the aot
diverse power of developments in mathematics as
applicationsmany scientists have found that the fra
geometry is a powerful tool for uncovering secrfetsn a
wide variety of systems and satg important problems i
applied science. Alscalmost all studies of fractals, &
coming out from iterations of rational functions the
complex domain Julia set of a rational functiorédined
as the set of all repelling periodic points andobase is
the opposite of Julia set. So each repelling pc
belonging to Julia and all attracting fixed poirt the
rational functiorbelonging to Fatou set. The Fatou Flo
theorem provides an analytic description of theadyits
around a rabnally indifferent fixed point. Therefore, t
degree of the exponent polynomiéQ completely

determines the number of petals at infinity. Newa
method is known and introduced in calculation fading
the roots of functions wheanalytical methods has fa
This method is better, if the initial suppositiandlose tc
the real root, iterations will converge very fasthe root.
The dynamics of Newton's method in the complex gl
provides exciting of fractals which depend chat kind of
functions we used. However, Newton's method fadifig
solutions to equations leads to some fantastic é@magher
it is applied to complex functions, that which edlla
basin of attraction is defined to be the set opalhts tha
convergeto the same root. And the connected compo
of attraction basins which containing the root e basi

is called the immediate basin of. The main resoitthis
studyfocus on the areas of the attraction basins. Thanl
of attraction for a rationallyndifferent fixed point is ¢
parabolic basin. The basin is lied in the Fatouaset the
parabolic point lied on the border of the basin anthe
Julia set.

II. RELATIONAL FUNCTIONS | TERATIONS

Let T andS are complex polynomials, then thetional

map is defined Lt R(z) = ZE? R(z is a rational map of a

degreed bigger than or equal 2 on the Riemann spt
the n" iterates of Rare defined by R" which is
R" = ROROR....oR. The important prclem in the
dynamics of rational maps is to know the behavidnigh
iteratesR"(z) = RoR"™ (z)[1]. A pointz is a fixed point
of R(z) if R(z)= z The derivativ R(z) is defined by the
number= R(z) and is called the multiplier oR at z [2].
We able to classify the fixed point of the ratiomaéap
according ta\, as follows, zs attracting, if p | <1,z is
repelling, if |\ | > 1, zis neutral,if A | =1, zis a super
attracting fixed point, if 3 | = 0. The orbi{z,, z,, ..., z, =
7z} is called a cycle. We classify the cycle as (su
attracting, repelling and rationally indifferent
irrationally indifferent according to theype of the fixed

point of R" [1]. For example the cycle is attracting if
only if |[R'™ < 1 [2]. For each rational functic R(z)
able to conjugate R(z) with the conversic z - 1/Z.
Therefore, wherz = o the behavior ¢ R(z) is the same
behavior of 1/S(1/z) at (B]. The twc polynomials T(z)
and S(z) allow us to find theoles and zer of the rational
function, zeroes is the values z, where T(z)=0 and the
pole is the value of z, whef®(z)=0 The critical points of
a rational function R(z)are those wherR (z) vanishes

[4].

Ill. AN ATTRACTING PETAL AND
REPELLING PETALS

SupposeM is defined in a neighborhooU of the
origin. [p] is called an attracting petal fiM at fixed

point it M (p) 0 [p] 0 {0} and .o M"(p)={0} . A
repelling péal [p] is an attracting petal fcM ™ which

exists locally sinceM ' =1. M "‘denotes the branch of
the inverse ofM fixing the origin [5,6].

Fig. 1.Attracting Petal [6

Copyright © 2016 IJASM, All right reserv
157



Also, if Z, is a parabolicfixed point of M which

multiplier A=1 and [p] is an attracting petals at O,
define the parabolic basin (of attraction) associated to
[p] as below

A=

IV. THE LEU-FATUO FLOWER THEOREM

f'(z) -~ zn - oo,througkp}-

If Mis a holomorphic map of the fornM(z) = z +
Cz™ +0(z""1Y) +0(z""?),c # 0,n = 1. Defined in
some neighborhood of the origin with =1. Then zero is
a parabolic fixed point and there af& attracting petals
and N repelling petals forM at zero. horeover, these
petals alternate with one another [6].

Remark [31]: For simplicity of Lew-Fatuo Flowers
theorem [31]. It will assume that (€1) whenA=1, then
there exist respectively attracting and repellingection
rays along which orbits tend to zero and

V. NEWTON'SMETHOD DYNAMICS ON Fpe®

Let P, Q are complexes polynomial, such t P: C—C
of degreem,m > 0, and QC—C of degreen(n > 1).
When we applied the complex Wn's method on th
exponential function
F(z) = P(z) we obtain,

_ . _F@
N(z) =z - F
P(2)e?®
" P'(2)e?@ + Q'(2)e?@P(2)
P(z)

P@+Q (Z)

Fig. 2. Attracting and Repelling Petal |

We will get rational map N(z), a8(z) : C, = C.. By
rational map N(z)we can examine the resulting dynan
of exponential functionF(z) Recall that, the fixed poir

of N(z) coincide with roots of F [31{Ve can determine
the nature of the fix points by the derivative N(z) as
follows:

1- If the fix pointz # a, a is a multiple root, then th
derivative ofN(z) is
F(2)F'(2)
N(z) = ———-
=y

Then, the simple root for K super attracting fixec

point forN(z).
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2- If the fix point z = a ther a is a multiple root of F

with multiplicity. The derivative ¢ N(2) is given by
N'(z) = m7—1 m is multiplidgty of a.

3- If z=a is a critical point of , thenN(z) has a pole

ata if and only ifa is not a root of . If a is a critical
point and not a root of-, thena will be send to
infinity under single iteration ¢ N(z) [6].

Remark [6]: The speed of the convergence to a |
depends on the multiplicity, therefore, there isimrerse
relationship between them, and the higher multifyli
gives slower converge.

Proposition [6]: Infinity is a parabolic fixed pdjrwith
multiplier equal to 1, for Newton’s method appli¢d

j— 4
F(2)= P(Z)eQ( )’WhereP anc Q are complex
polynomials, P is not identically zero ar Q is not
constant.

Proof [6]: LetP is a complex polynomial of order
(m = 0) and Qis a complex polynomial of ordn, (n =
0).

Therefore, thé&ewton’s metho for exponential function,
F(z) = P(2)e?@ is
Nz = F(2)
Z zZ — £ ( )
p(z)eQ(Z)

 (P(@)e?@Y

Since, the degree of numerator of Newton’'s me=
m+n, and the order for its denomine=m +n — 1.
Then, we haviém,_,,, N(z) = .Thereforego is a fixed
point of Newton’s methodlo prove thaico is a parabolic
fix point of N(z)we must determine the nature . So,
we will map o« to zero viig(z) = é The conjugate

functionM given by

Mw)=g <N (%))

( )
EORTr R
Let us consider
v (3)
Pl ()r() P ()

Hw) =
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H(v) = 0.

So sinceM'(v) =1+ H(v) + v H'(v), then M'(0) =
1.

Therefore, infinityis the parabolic fixed point N(z).
Leau+atou Flower application gives the information
local dynamics folN (z)near infinity through the study
M near the origin.The series expansioiM is

M) = v+ cv™?! + 0v™*?, wherec = %

Therefore, the degree of the exponent polynorQ
completely determines the number of petale. By the
Fatou Flower theorem, the following propositions
proved [6].

Proposition [6]: There is just nrepeling petals, n
attracting for the neutral fixed point infinity iQ has
degree of n.

VI. BASINS FRACTAL

In this chapter, wewill use the functions that sha
F(z) = P(2)e?® (which Harut a ancCilingir [6, 14]
used to generate fractal orplane with different value ¢
(n=1, 2) in some examples to check up the basirs
and showing of our results. Whan=1, 2 which means

n<3 we will get infinite area of basins (see Examg.
and Example 2). We simukat our methods wit

MATLAB. So, we used| N¥(2) | < 0.001 and|k| <50,

which k is the number of iteration of the Newto
method. We depended on other results of 0-14]. Also,

when we changeP(z) =z in the canplex exponentiz

function to another polynomial we get also the si
results whem < 2, that means the area of the be
depend on the de@f not on theP(z). also added Colc

Palette’s descriptions table of the infir area.

VIl. EXPERIMENT AND RESULTS

Example 1.
When N =1, the exponential function F(z) = z€ .

Therefore, the complex Newton's methocF (2) = z€
z€ z
] ==
(z€) 1+z
haveN (0) = 0. Since N(0) =0, ther zero is a simple
root ofF . To determine the nature of zero by
1
1+2)*
Forz=0, N'(0)=0. Since, N (0) =0,then, zero is
super attracting fixed point ofN(z). Also, since,
lim N(2) = o0, therefore,co is a fixed point oN (z) . For

Z-®

checking the nature ofo, it is needed to conjug:

1
N (2) byd(2) =

. When z=0, we

is N(2=z-

derivative of N(z) as follows N '(z) =1-

to M from infinity to zero as
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v(v+1) v

_ 1\ _ _
MMV =a(NC)) ==~ tet HV) =17,

then, M (v) = v+ VvH (v) . The series ¢gansion ofM
2
is given by M (V) =v+v , M'(V) =1+ 2v . Whenv
=0, M'(0) =1, therefore, we havico is a parabolic
fixed point of N(z) . z (0, ). [0,)is are repelling
direction for oo and (—o0 ,0] is an attraction direction f
o0 .Sincedeg(Q) =1, there is one attracting and ¢
repelling petal ofN (z) at o . The basin of attraction hi

infinite area, and the attracting basin lies in thgion of
Julia set. The attracting petals are not symmetdbaut
x-axis and y-axis sincél is odd.

2

“2 -5 - 05 0 05 1 15 2

Fig. 3. Basins Fractal of (z) = z&'for n =1

We can changd®(z) such as t(z2-1) and (z* -1)

—]

3 2 E] [ 1 2 3

Fig. 4. Basins Fractal of(2) = (22 -1)e? forn =1we
Have Two Root: + 1

3 -2 1 [ 1 2 3

Fig. 5. Basins Fractal of (z) =(z* -1)e*forn=1. we
Have FourRoots +1, i

Example 2.
Since, deg(Q) = 2 then basins area is infini so,

when N = 2, the exponential function it will | by this
shape (z) = z& . Therefore, the complex Newtor
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— 2" _,__ Z
method ofF(2) = z€' is (z) = Z_(ze—zz)' =z Teos
.Whenz=0, N(0) =0. Then, zero is simple root of
F. To determine the nature of zero by the derivatif

1-27°
1+ 272%)?
N'(0) = 0.Since, N'(0) =0. Then, zero is sups
attracting fixed point oN (z) .Also, since lzmo! N(2) = oo,

N(z) as followsN'(z) =1~ , when z=0,

thereforepo is a fixed point oN (z) . For checking th
nature of oo , it is needed to conjug: N (z) byg(z)zi
z

to M from infinity to zero as before.
Then, we havay (v) =v+1v3- Whenv=0, M '(v) =1,
2

then oo is a parabolic fixed point oN (z) . There are two
attracthg and two repelling petals N(z)at .

Different color denotes to different iterative nuenbThe
attracting petals are symmetrical abo-axis.
2

2 15 -1 Rk} 1} 058 1 16 2
Fig. 6. Basins Fractal of (z) = ze* for N =2

Also we can changeP(z) such as to(z*-1) and
(' -1(z* +16)
2

"o A& A

-MA n
2
Fig. 7. Basins Fractal oF (z) = (z* —1)e* forn=2 We
Have Two Roots of+1

na 1 1R ?
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-14 -1 04 1 18

5 0.5 i
Fig. 8. Basins Fractal of (z) = (z* +16)e* for n=2.
We Have Four Roots (1+i), + (1-1i)

Table 1.Color Palette’s Descriptions Infinite Basins A

Iterative Value of RGE Color
number R G B
1 0 0 0
2 0.5625 0 0
3 0.6250 0 0
4 0.6340 0 0
5 0.7540 0 0
10 1.000 0.114: 0
11 1.0000 0.125( 0
12 1.0000 0.187¢ 0
13 1.0000 0.212: 0
16 1.0000 0.437¢ 0
17 1.0000 0.521( 0
18 1.0000 0.583¢ 0
40 1.0000 | 0.241( 1.000 [
62 0 0 0.6875
63 0 0 0.6250
64 0 0 0.5625
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