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Abstract — In this paper, we prove common fixed poimn
theorems of integral type in Menger probabilistic netric
spaces satisfying Common limit in range property. Qr
results generalize several previously known resultsf Menger
spaces as well as metric spaces.
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. INTRODUCTION

In 1942 Menger [19] initiated the study of probadic
metric space (often abbreviated as PM space) ambi
the theory of probabilistic metric spaces has dyeaade
a considerable progress in several directions [269.
The idea of Menger was tase distribution function
(instead of nonnegative real numbers) as values
probabilistic metric. This probabilistic metric sgacar
cover even those situations where in one can nattly
ascertain a distance between two points, but cdnp
know the possibility of a possible value for the dista
(between a pair of points).

The theory of fixed points in probabilistic metgpaces
is a part of probabilistic analysis and continuedé ar
active area of mathematical research. Thus fareraé
auhors studied fixed point and common fixed pc
theorems in PM spaces which include [5, 7, 8, 1,15,
17, 20, 21, 22, 24, 27, 25, 29, 30] besides mansenia
2002, Branciari [3] obtained a fixed point resultr fa
mapping satisfying an integral angue of Banach
contraction principle. The authors of the papers426,
21, 11, 23] proved a host of fixed point theore
involving relatively more general integral type tactive
conditions. In an interesting note, Suzuki [28]whd that
Meir-Keeler ontractions of integral type are still M-
Keeler contractions.

In 1986, Jungck [13] introduced the notion
compatible mappings and utilized the same to imp
commutativity conditions in common fixed po
theorems. This concept has been frequentlployed to
prove existence theorems on common fixed po
However, the study of common fixed points of -
compatible mappings was initiated by Pant [26]. Ac
and Moutawakil [1] and Liu et al. [31] respective
defined the property (E.A) and the commproperty
(E.A) and proved interesting common fixed pc
theorems in metric spaces. Kubiaczyk and Sharm
adopted the property (E. A) in probabilistic metsgace:
and used it to prove results on common fixed po
Although E. A property is generatition of the concept «
noncompatible mappings, yet it requires eil
completeness of the whole space or any of the r
spaces or continuity of mappings. But on the copjrdoe
new notion of the common limit range property rdbe

given by Sintunavat and Kumam [32] does not requ
such conditions. The importance of the common |
range property ensures that one does not requit
closeness of range subspaces.

The aim of this paper is to prove some common f
point theorems for mappings sfying integral type
contractive condition in Menger probabilistic metspace

using common limit in range prope.
[l. PRELIMINARIES

Definition 2.1. [7] A Mapping F: R —» R" is called
distribution function if it is no-decreasing, left continuous
with inf{F(t) : t € R}= 0 and sup{F(t) : 1€ R}= 1.

Let L be the set of all distribution functions whkas H
be the set of specific distribution functions (aksmwn as
Heaviside function) defined by

H(X) :{O, ifx <0
1, ifx >0

Definition 2.2. [19] Let X be a nonempty set. /
ordered pair (X, F) is called a PM space if F imapping
from X * X into L satisfying the following conditias:

(i) Fpq(x) = HX) if and only if p = q,

(i) Fpq(x) = Fgp (%),

(iii) Fpq(x) =1and Fy, (y) = 1,thenFp (x +y) =1,
for all p, g, re X and x, y= 0.

Every metric space (X, d) can always be realizec
PM space by considering F : X * - L defined by
Fpq(x) = H(x-d(p, q)) for p, ce X. So PM spaces offer a
wider frameverk (than that of the metric spaces) and
general enough to cover even wider statisticahtibns

Definition 2.3. [7] A mapping A:[0,1] = [0,1] -
[0,1] is called a t-norm if
() A (a,1) =a,A (0,0) =0,

(i) A (a,b) = A(b,a),
(iii) A (c,d) = A(a,b) forc = a,d = b,
(iv) A(A(a,b)c) = A(a,A(b, c)) foralla,b,c € [0, 1].

Example 2.4.The following are the four basi-norms:
(i) The minimum trorm: TM (a, b) = min {a, b’

(ii) The product thorm: TP (a, b) = a,
(iif) The Lukasiewiez t rorm: TL(a, b) = max{a+-1, 0}.
(iv) The weakest horm, the drastic produ
TD (a, b) 1%min{a, b}, ifmax{a, b}=1
0, otherwise

In respect of above mentior-norms, we have the
following ordering TD < TL< TP <TM

Definition 2.5. [19] A Menger probabilistic metri
space (X, FA) is a tripiet where (X, F) is a probabilis
metric space anad is a thorm satisfying the followin
condition:

For(x+y) = A (Fpq(x) For () -
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(X, F,A) is said to be convergent to a point p in >
€>0and A > 0, there is a integer M€, L) such that
Fonp >1— Aforalln=M (€, 1.

Lemma 2.7.[7, 9] Let (X, F,A) be a Menger space wi
a continuous t-norm with {xn}, {yn} < X such that
{xn}converges to x and {yn} Converges to y.F, (.)is
continuous at the pointo,t then lim,_ Fy , (to) =
Fyy(to).

Definition 2.8. Let (A, S) be a pair of maps from
Menger probabilistic metric space (X,A) into itself.
Then the pair of maps (A, S) is said to be wei
commuting ifF psx sax(t) = Faxsx(t), for each xe X,t > 0.

Definition 2.9. [27] A pair (A, S) of self mapping of
Menger probabilistic metric Space (X, A) is said to be
compatible ifFasp, sap, (x) = 1 for all x > 0, wheneve

{pn} is a sequence in X such that {pn} is the seeesin
X such that Apn, Spn— t, for some t in X as-»1l.
Clearly, a weakly commuting pair is compatible buery
compatible pair need not be weakly commu

Definition 2.10.[18] A pair (A, S) of a self mapping «
a Menger probabilistic metric space (X,4A) is said to be
noncompatible if and only if there exists at least
sequence {xn} in X such that
lim,_,Ax, =lim,_,Sx, =t € XForsome te X
Implies that lim,,_,,, Fasy_ sax,(to) (for some t0>0) i
either less than 1 or non-existent.

Definition 2.11.[14] A pair (A, S) of a self mapping «
a Menger probabilistic metric space (X, A) is said to
satisfy the property (E. A) if there exists a samge{xn}
in X such that

limAx, =limSx, =t€eX

n—-oo n—oo

Clearly, a pair of compatible mappings as well
noncompétble mappings satisfies the property (E
Inspired by Liu et al. [31], Imdad et al. [21] dedd the
following:

Definition 2.12. Two pair (A, S) and (B, T) of se
mappings of a Menger probabilistic metric spaceRXA)
are said to satisfy the commomoperty (E. A), if there
exist two sequences {xn}, {yn} in X and some t insXich
that

lim,, Ax, = lim,_, Sx, =lim,_, Ty, =
- lim,_, By, =t.

Definition 2.13.[32] A pair (A, S) of self mappings of
Menger probabilistic metric space (X, A) is said to
satisfy canmon limit in range of S property (in she
CLRs property) if there exists a sequence {xn},stiat
lim,_, Ax, = lim,_, Sx, = Su for Some Le X.

Definition 2.14.[12] A pair (A, S) of self mappings of
nonempty set X is said to be weakly compatibldéf pair
commutes on the set of their coincidence pointsApe=
Sp (for some & X) implies ASp = SAf

[ll. MAIN RESULT

The following lemma is useful for the prooff
succeeding theorems
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Lemma 3.1 Let (X, F,A) be a Menger space. If the
exists some le (0, 1) such that for all p, € X and all x >

0,
Fp,q (kx) Fpq
f o(t)dt = f
0

0
where ¢ : [0, 0)— [0, «) is a summable n-negative
Lebesgue integrable function such
fcl ¢(t)dt = 0 for each te [0, 1], then p = ¢
Remark 3.2. By setting ¢(t) =1 (for each t= 0) in
Lemma 3.1, we have

Fp,q (kx) Fp,q
f ¢(dt = F, q(kx) =2F, (x) = f o()dt,
0 0

which shows thatLemma 3.1 is a generalization
Lemma 2 (contained in [8]).

Theorem 3.3.Let A, B, S and T be four self mappin
of a Menger space (X, F\) Satisfying the followinc
conditions:

(3.1) (A, S) satisfies CLRproperty or (B, T) satisfie
CLRy property,

(3.2) AX)c T(X) (or B(X) < S(X)),

(3.3) (A, S) and (B, T) are weak compati

(3.4) one of the range of the mapping A, B, STas a
closed subspace of X,

(3.5) for any p, e X and for all x > 0

Fap,Bq (kx)
f oD dt
0

min {Fsp 1q(X),Fsp,ap(X),Frq,Bq(X).Fsp,Bq(X).Frq,ap(X),
> | o(0dt,
0

Fsp1q(X)Frp,Bq(X) Fsp Tq(®)Fsp ap(x)
FSp,Bq(X) FTq,Ap(X) }

where ¢ : [0, ©)—[0, «) is a no-negative summable
Lebesgue integrable function such t
J, o(ydt > 0 for each €[0,1), and 0 < k < 1

Then A, B, S and T have a unique commoled point
in X.

Proof. Suppose that the pair (A, S) satisfies the s
property, then exists a sequency} in X such that

lim Ax, = lim Sx, =z, where z € S(X),
n—oo

n-ow

then there exists a point u in X such that z =

Since A(X) < T(X), then there exists a sequenct,} in
X such that Ax= Ty,. Hencelim,_,, Ty, = z. Thus, we
have

)
¢(Ddt,

lim Ax,, = lim Sx,, =lim Ty, =z.
n—o n—o n—oo

Now  we are required to show  th
lim,_, By, =z. Putting p = x,and gq = yin (3.5), we get

F Axp,Byn (KX)
| Pt
0

min {Fsx, Ty, (X),Fsxy,axy 3, FTyy Byn (0),Fsxp, Byn ), Fryn axp (%),
J- FsxnTyn (x) FrynByn (x) Fsxn Tyn (X)stn,Axn (x) }
0

> Fsxp,Byn %) Frynaxy, %)

d(b)dt

Let lim,_, By, =1 # z then taking limit as n —oo,
we have

Fz 1 (kx)
f o(D)dt
0

min {F;(x),F, ;(x),F;1(x),F,1(x),F,, (X):FZVZ(X) Fz1(0) Faz, ) Faz (X))
)

FZ FZZ 4
1(x) 2(X) 6(Dds,

=
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Fazz (kx)
or f $(Ddt
Fz1 (kx) Fz1 x) 0 min
i ’ {Fazz(x),FazAz(X),Fz7(x),Faz7(X),Fz Az(%),
f (I)(t) dt 2 f (I)(t) dt’ FAZ,Z(X)FZ,Z(X) FAZ,Z(X)FAZ,AZ(X)}
0 0 F T F
by Lemma 3.1, we have z =1, thlimBy, = z. 2 fo 220 za2(X) ¢(Ddt
n—-oo
Hence or
limy, ., Ax, =lim,_,, Sx, =lim,_,, Ty, = lim,_,,, By, =z = Fazz (kx) Fazz (kx)
Su for some e X. f o(t)dt = f o(t)dt
0 0

Now we claim that Au = Su. For this purpose puttmn

- uand q = yin (3.5), we have By Lemma 3.1, we have Az = z, hence Az = Sz

which shows that z is common fixed point of mappgirdg

FauByy, (kx)
f By (])(t)dt and S.
o Also the pair (B, T) is weakly compatible and B,
min {Fsy 1y, (%),Fsu,au(X),Fry, By, (X),Fsusy, ®),Fry,au), hence

FsuTyn ®)F Ty, Byn () Fsu Ty, ®)FsyauX)

S f e ) sdr, Bz =BTV=TBv=Tz
0 Now we show that z is common fixed point of mings
B and T. In order to accomplish this, using (3.8hw = u

taking limit as n— o, we get and q = z, we have
fOFAu,Su (kx) (I)(t)dt 2
min (Fsu,su(0),Fsu,au0),Fsu,su()Fsu sut0 Fsuau) Fau Bz (k)
I'TSu,Su(X)]“Su,Su(X) FSu,Su(X)FSu,Au(X) ¢(t) dt
’ Fsy,su®) ! Fsy,au®) 0 .
fO (I)(t) dt ,or min {Fsy 12 (X),Fsu,au(X),FrzBzX),Fsu,Bz(X),Frz,AuX)
Fau,su (kx) FAu,su(X) FSu,Tz (X)FTZ,Bz(X) FSu,Tz(X)FSu,Au(X) }
f o(Hdt > f o(Ddt. > f Fsupz(®) ~  Frzau(®) o(Hdt
0 0 0
By Lemma 3.1, we have or
Au = Su, hence Au = Su = z. Fz,Bz (kx)
Since A(X) € T(X), there exists a point v in X, Su fo ¢(Ddt
that Au=Tv =2z. min {Fz 17(X),Fz,7(X),Fz,z(X),FBz,Bz(X),FBz,z(X),
Next, we claim that Tv = By, putting=u and g = v in F2,82(X)FBz,B2(X) Fz,82 (X)Fy,5(x)
(3.5), we have > f Fzp2() " Fpzz(X) o(t)dt
0
FAu,Bv (kx) or F () F ()
t)dt z,Bz (KX z,Bz (KX
) b© [ swar= [ g
min {Fsy,Tv(X),Fsu,au(X),F1v,Bv(X),Fsu,Bv(X).FTv,au(X), ) 0 0
Fsu,Tv(®)Frv,Bv(X) FsuTv(X)Fsu,au®X), Using Lemma 3.1, we have Bz = z, hence Bz = Tz
> f Fsupv® ~  Frvau® 7 o(v)dt which shows that z is common fixed poof mappings
0 Band T. Hence z is a common fixed point both
mappings A, B, Sand T.
or Corollary 3.6. Let A and S be self mappings on
Fau,Bv (kx) Fau,Bv (X) .
Menger space (X, B). Suppose the
o(t)dt = o(t)dt . . -
0 0 (i) The pair (A, S) satisfies CLg property,

By Lemma 3.1, we have Au = Bv. Hence=Tv=Bv=z. (i) for all p, g€ X and for all x> C
Thus we have Au = Su =Tv = Bv =z. fFAp.Aq () o(0)dt >
Since the pairs (A, S) and (B, T) are weakly corifypar~ ~°

min {Fsp sq(X),Fsp,ap(X),Fsq,aq(X).Fsp,aq(X).Fsqap ()}
also Au = Su and Bv = Tv, we have Az=ASu=SAu: fo ¢(Ddt,

and Bz= BTv=TBv = Tz. where ¢ : [0, ©)—[0, «) is a no-negative summable
Now, we prove that z is common fixed point of A,® Lebesgue integrable function such t
and T. Putting p =z and g=v in (3.5), we hi J, d(t)dt > 0 for each & [0,1), where 0 <k <1
fFAZ'BV (ko) SOt (iii) S(X) is a closed subset of }
o Then A and S have a coincidence point. Moreovehd
min {Fsz,Tv (%),Fsz,au(X),FTv,Bv(%).Fsz,8v(X).FTv,a2(X), pair (A, S) is weakly compatible, then A and S hav
FSz,Tv(X)FTv,Bv(X) FSu,Tv(X)FSz,Az(X), unique common ﬁxed pOint.
> f Fszgv® ~  Frvaz(0 o(t)dt
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