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Abstract —We analyze an M/G/1 queueing system for
unreliable server queue with two phases of heterogeous
services one after the other to the arriving batchunder
Bernoulli schedule vacation. The server operates aer N-
policy according to which he remains idle till quee size
becomes N ¥1); i.e. when N customers are accumulated in
the system, the server is immediately turn on andrpvides
service. While servicing the customers the server agy
breakdown and is sent for repair immediately. As son as the
server is repaired, it starts to serve the customer After
completion of both phases of service, the servertleér goes
for a vacation or may continue to serve the next atomer, if
any. The server’s vacations are based on Bernoullckedule
under a single vacation policy. We obtain expliciueue size
distribution at random epoch as well as at the depture
epoch under the steady state conditions. The numedkt
results for various performance measures are summared in
tables and displayed via graphs.

Keywords — M*/(G1,G,)/1 queue, Bernoulli Schedule,

Vacation, N-Policy, Unreliable Server, Phase Senrug
Supplementary Variables, Queue Size.

[. INTRODUCTION

It is worthwhile to have a look on some importartrks
done by researchers on queues under N-policy. M/G
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principle to develop the approximate formulae fbe t
probability distribution of the number of customensa
single removable server M/G/1 queueing system dipgra
under N-policy. An M/G/1 G-queue with preemptive
resume and feedback under N-policy where the sasver
subject to breakdown and repair was investigatetibt
al. (2009).

In the present paper, we considef/Gf1 queue with
batch arrivals, two types of general heterogenseundgce.
The concept of Bernoulli vacation schedule and liabyie
server are incorporated. The paper is organizddilasvs.

In section 2, we define the underlying assumptiand
notations of the system under study and also aactstine

steady state equations. The analysis based on
supplementary variables and generating function
approach, is given in section 3. The queue size

distributions at random epoch and departure epaeh a
obtained in sections 4 and 5, respectively. Seciois
meant for sensitivity analysis. In the last sect®nthe
conclusions are drawn.

Il. M ODELS DESCRIPTION

We consider an KIG/1 queueing system with the
f&llowing assumptions:

queueing system was considered by Lee and Kim (2006 The customers arrive at the system according to a
where the speed of the server depends on the ambuni.ompound Poisson process with random batch size

work. Sikdar and Gupta (2008) considered afG¥1/N
gueue to obtain various performance measures Mhofesi

denoted by variable ‘X’. Lek be the mean arrival rate of
the customers.

and multiple vacation models. Banik (2009) obtained \yhen N customers are accumulated in the system, the

gueue length distributions at various epochs fdimge
buffer single server queueing model under N-policy.
Various authors studied the queues with servertiata
under various vacation policies including Bernoulli
schedules. The server was assumed to provide tasegh
of heterogeneous service in succession. Atencia a

Moreno (2005) studied an M/G/1 retrial queue with,

general retrial times and Bernoulli schedule. Agkin
server Poisson arrival queue along with Bernouliesiule

vacation has been examined by Choudhury and Paul

(2006). Choudhury et al. (2007) studied the stestdye

behavior of batch arrival queue with two phases of

heterogeneous service under multiple vacation yolic
Choudhury (2008) obtained the queue size distdnutif
an MYG/1 queue with random set up time and Bernoul
vacation schedule under a restricted admissibyilicy.
Ke and Chang (2009) constructed a mathematiuadiel
for a batch arrival queue where the server provites
phases of heterogeneous service to all customederun
Bernoulli vacation schedule.

In many real cases, the server
breakdowns, so that a more realistic queueing madel
that which incorporates the assumption of unrediabl

may experience

server starts service to the customers.

There is a single unreliable server who provides tw
kinds of general heterogeneous services in the
sequence to the customers on a first come firseder
(FCFS) basis i.e. first stage service (FSS) follb\g
second stage service (SSS).

As soon as the service of a customer is compl¢hed,
server may take a vacation with probability r oseel
with probability (1-r), he may continue serviciriget
next customer, if any. Otherwise the system isddrn
off.

We assume that the service time random variable S
(i=1,2) of the " type of service follows a general
probability law with §x) as the distribution function.
Let Laplace Stieltjes transform (LST) o{§ is S*(0)
with finite K" moment E(&), k>1, i=1,2.

The vacation time V of the server follows a general
probability law with distribution function V(x), LB
V*(0) and finite moment E(§}, k=1,2.

The server may breakdown while servicing the
customer and it is sent for repair immediately. The
repair time is generally distributed with probatyili
distribution function @x), i=1,2 while server fails

>

nd

>

>

server. Wang et al. (2005) used the maximum entropy
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during " phase service. Immediately after the server %
is fixed, it starts to serve the customers. Ph0O)=@1- r)J. o (X) Py g (X)X + J'v(x) Q,(x) dx
Let Ng(t) be the queue size at time ‘t. To make it 0 (10)
Markov ~ process we introduce  supplementary
variablesS’(t), S(t), G(t), GI(t) and V°(t), where +/IZ),ai|n—i’ nzN
i=
SOt) and S)(t) be the elapsed FSS time and elapsed o
SSS time respectively at time “G2(t) and G2(t) be the F2n(0) = J-ﬂl(x) Aa()dx, n21 (11)
elapsed repair times while the server failed duRsg and 0
SSS, respectively and®(t) be the elapsed vacation time Q,0) = r.[,uz(x) P, pa(X)dx, N0 (12)
at time 't’. Let the status of the server at tims tlenoted
by ¥(D) as x0)=a; B ,(x), n=21 13
0, server isidle En( 0) ~ ! ;n( ) ;1 (14)
1, server isbusy with FSS 5. (X )-az. ?’”(X)' n._. . )
. ) The normahzmg condition yields
Y = 2, server isbusy with SSS
3 server breaks downwhilerendering FSS I |n(X)dX+Z ZJ' IR (x, y)dxdy
4, server breaks downwhilerendering SSS "= ) = n=to ==t (15)
5, Server isonvacation Z j L ()dx =1
0o
STEADY STATE EQUATIONS Define the following generating functions:
Now Chapman Kolmogorov equations governing théoi(x;z):Z‘,ani,n()‘)’i =12;
models are constructed as follows: n=1
Mg =_[V(X)Qo(><) dx + (L- r)J./lz(X) P, (X) dX, 1) R(©;2) = zznPi,n(O),i =12
n=1
0 0
n o) — S n - .
=48l n=12. N -1 @  RKYD=D IRy =12
= n=1
d Lo\ — S n P
R+ (A4 409+ ) Py (4 = AZ«’:\ P () R@Y:2=) 2'R,0y)i =12
' (3) n=1
+ X, , n=1 2 2
[Raen B0 Q2 =Y 2'Qu(x): QD) = Y 2'Q, 0)
d n=0 n=0
—Pon () + (A + () + @50) Py (X) = AZaPZn () o
dx i=1 (4) R(2) = ZO Z'R,
+ j Ron () B(Y) . n 21
lll. THE ANALYSIS
*RL (X y) + (A + B R (X y) = /‘Z%Rm () ) In this section, we obtain joint and marginal getieg

= functions of queue size as follows:
d Theorem 1 The joint probability generating functions
Bl 6
dx 20X Y) * (A Bo(Y) Ren (6 y) = ’];a‘R“ -+ 6 when the server is busy with FSS and SSS, under
breakdown while rendering service during FSS an& SS

a +(A+ 1 7 and on vacations respectively, are given by
R CROROLIC ;‘m“ 0D B 2) = R 0,2 expli-&(D) X1~ B (X) (16)
d _ R(x,2) = P, (0, 2) exp[{~&, (2} x[{1- B, (X)} 17
o P AN Q09 =0 ®) R(xy.2 = R(x02expl{-10- X(D(L-Gy(y)} (18)
These equations are to be solved subject to thenioly  R,(X,Y,2) = R,(x,0,2)exp[{-A@- X(2}X|{1-G,(y)} (19)
boundary conditioris Q(%,2) = Q0,20 exp[{-A(L- X (2} X{1-V (X)} (20)
< < where.
Pn0) =@~ r)Iyz(x) Pz,n+1(X)dX+IV(X)Qn(X) dx, ) Proof: For proof see appendi|.
0 0 Theorem 2: The marginal generating functions are
n=12..,N-1 given by
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_ 1-b* (§(2)
R(2) = R (0, 2|12 &(2) 21
1(2) = R z){ o } (21)
Py(2) = B0, 2)b* (fl(z»{—l' b;;;;(z”} (22)
_ 1-b* (@) | [1- 6 (1~ X ()
Rl<z)—aﬁ(o,z){ - H S } (23)

_ \ 1-b* (5(2) | [1- (A - AX(2) | (24
R/(2)= R (0.2)b (fl(z)){ 2] H ) }( )

Q(2) =rR (0, 2)b’ (&,(2)b' (&,(2)) z"l{l_v*(/]_/lx(z))} (25)

(=X (2)
where
R(O.2) = A@X@-3 (26)
’ 2-{-1) +1v* A = IX @) (&) (E(2)
N-1
-9 2w,
and | (z2) = n=0

N-1
>,
n=0
9= E[XI{rEIV] - E[B (& E[G] +1) - E[B,](a,E[G,] + 1)}

Proof: For proof see appendixIl.

Theorem 3: The probability generating function of the

number of the customers in the queue is given by

_@-21 @1 + IV - X @) (G (&) 27)
{a-n+rv* - IX @) (&) (&(2) -2

Proof: See appendiR-l1I for proof.

P2

IV. M EAN QUEUE SizE AT RANDOM EPOCH

Let y, (n=0,1,2,...,N-1) be the probability that a batch

of customers find at least n customers in the aystaring

an idle period wherg, is given by the following recursive

equation,

n
W, = Zaw/n_i (n=012,...(N-1) and y;=1 (28)
i=1
I.=lo v, where pis normalizing constant, therefore
N-1
12)=10). 2", (29)

n=0

To determine d, we use normalizing condition P(1)=1

and get
I(z)=(1-®), thus

N-1
-9 2,

() =

>,
n=0
where

9= E[XI{rEIV] - E[B (& E[G] +1) - E[B,](a,E[G,] + 1)}

(30)
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N-1
and Z(//n is the mean number of batches arriving during
n=0
the idle period.
Let g, be the probability that there are n customersén th
system during the idle period, then

I
0 = = @
D D,
n=0 n=0
PGF of gis given by
N-1
— (1—¢)ZO 2"y,
G(z)=Z:z”gn =+ (32)
"o D n
n=0
Therefore
1(2)=(1-0)G(2) (33)

Combining (27), (31) and (33), we have the follogvin
stochastic decomposition property:
b= 42! @la-n+1v (- IX@)D @D &)
{a=r)+rvs (1= X @) (@b (&(2) - 2
:{(1— 2a-ofa-n+n (- AMz))}b*ﬁ(z)b*@(z)}
{@=r)+rv* (1= X (@) (&2 (£(2) - 2

N-1
> 2y,

x =0

N-1
2
n=0

(34)

=G(2)R(2)

where
> 2,

G(2) = 10

N-1

>,
n=0

1-2@- (ﬂ){(l- r+rv (4 -AX(Z))}b*fl(Z)b*c‘z(Z)
{a-n+rnv+(A-2x@ (&) (&(2) -2
The queue size distribution at random epoch given i
equation (34) decomposes into the distributionstvad
independent random variables as
(i) First term B(z) represents the queue size distribution
of M/G/1 queue with vacation time under Bernoulli
schedule.
(i) Second term G(z) represents the additional queage si
distribution due to N-policy.
The number of customers in the system can be aatain

by using L =lim,_; P'(z) . Now the mean queue size at
random epoch is:

and

R(2) =
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L= 9P@)
dz

_p+ PEXX-D) ArE(X)E2(V)

z=1

201-¢) 20-9)
{E*(BI(@,E(G) +D+ E*(B,)(@E(G,)+ 1}
21-9)
{@E(B)E*(G) +a,E(B,)EXG)}
201-¢)
_IPEX(X)E(V){E(B)(@,E(G,) +1) + E(B,)(@,E(G,) + 1}
a-¢)

(39)

N-1
>y,

+122
N-1
A
n=0

Corollary 1: If the system is in steady state, then

Pr [The server is in idle state]=Limyl(z)=(1-¢) (36)
Pr [The server is busy with
FSS]=Lim,_1P1(z)=AE[X]E[S4] (37)
Pr [The server is busy with
SSS]=Lim_,1Px(z)=AE[X]E[S;] (38)
Pr [The server is broken-down while
FSS]=Lim._1R(z) =0, AE[X]E[G4] (39)
Pr [The server is broken-down while
SSS|=Lim_1Rx(z) =0, E[X]E[G,] (40)
Pr [The server is on vacation]=LimyQ(z)=nE[X]E[V]  (41)

Proof: The corresponding steady state results can
obtained by applying L'Hospital rule in eqs (21pj2
respectively, and letting z=1.V

V. SENSITIVITY ANALYSIS

In this section, we validate our analytical resug
taking numerical examples. The sensitivity analyisis
performed to visualize the effect of different pasders

on the average queue length and long run stat%l_Rz(X’y'Z)J'(/‘+,32(Y)—/‘X(Z))R2(X-Y'Z)=0
results

probabilities of the server. For numerical
summarized in table 8A.1-8A.4, we set default patans
as
Table 1:,=6, p,=4, 0,=0.5,0,=0.3,3,=3, 3>=2,
r=0.2, p=0.2
Table 2:,=8, p,=5, a,=0.5,0,=0.3, r=0.4, p=0.2,
v=0.5

The effect of mean batch size with respect to meed
arrival rates on state probabilities of the setvas shown
in table 1. It is noticed that the probabilitiestbé server
being in service, repair and vacation phase inereas

increasing the mean batch size; on other hand (% ¥:2) = Re(x.0.2) exp[{-A 1= X(2P{1 -G, (Y)}

probability of the server being idle is reducedeTimpact
of arrival and service rates can be visualizedine 2
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APPENDIX
A-l: Proof of theorem 1:
Multiply equations (3)-(7) and (13)-(14) with

ggpropriate powers of z and summing:

LR+ [+ (9 +arX @R = [Ry 2wy AD
0

P2+ (1400 40X @) = [ Ry, 28000y (A2)
0

dile(X, y.2)+ (/1 +B(Y) _/]X(Z))R.L(X! y,2=0 (A3)

d

(A.4)
%Q(x, 2)+ (A +v(x) - X (2))Q(x,2) =0 (A5)
R (x,0,2) = ;R (x,2) (A.6)
R,(x0,2) = a,P,(X,2) (A.7)
Equations (15)-(21) give

R(x,2) = R (0, 2) exp[{-6(2)} x[{1- S(xX)} (A.8)
R (x,2) = P, (0, 2) exp[{-&(2)}X{1- S;(x)} (A.9)

R(XY,2) = R(x,0,2)exp[{-A (L~ X(2)}x[{1- Gy(y)} (A.10)
(A.11)
Q(x,2) = Q0. exp[{-A(1- X(}x{1-V(x)}  (A12)
A—Il: Proof of Theorem 2:
Similarly equations (9) - (12) yield
R(0.2) = L-1)P,(0,2Z7S (6,(2) +Q(0,2V * (1 - AX(2) (A.13)
+ (X (2) -1

R,(0.2) =R(0.2)S (6(2) (A.14)
Q(0,2) =rR,(0,2)S (6,(2))z* (A.15)
Therefore by using eqgs (A.14) and (A.15) in eq.13),
we get
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21 (2{X(2) -1
z-{@-1)+1v* (1 - X (2)S (6(2)S (6,(2)
Integrating eq. (A.8) with regard to z by parts arsthg
eg. (A.13), we get

(A.16)

R0.2=

R(2 = [ R(x2)dx

1-5* (6,(2) (A-17)

=R, Z){ a2
1

Similarly
P(2) = f:Pz(x, 2)dx
1-s* (92(z))}
6,(2)
1-S*(6,(2)
6,(2)

-R0 Z){ (A.18)

=R 2)5(91(2)){

i

Q2 = [ QUx Ao

1-V* (A - X (2))
(A =AX(2)

A.19
= Q(QZ){ ( )

=rR0.2S (6(2)S (92(2))2-1{w}

(- AX(2)
R(@=[[Rixy. by
1-6,(4 - X(2) (A.20)
(A - IX(2)

1-s* (el(z))Hl— 9 (A —AX(z))}
6.(2) (A - 1X(2))

= alpl(z){

=R, Z){
And
Ri(2) = [ Retx v, )by

1-g,(A —AX(z))} (A.21)

=‘72Pz(z){ o)

= @R z)s*wl(z)){l‘s* “’z(Z))Hl-g;(A —Axu))}

6,(2) (A=AX(2)
A-lll : Proof of Theorem 3:
PGF of the stationary queue size distribution aticen
epoch is given by
P(2) = 1(2)+ B(2) + P(2) + R(2) + Ry(2) + 2Q(2) (A.22)
Therefore

P(2)= RO, z){{l‘ = (‘Zl(z”} + S(@(z)){il‘ = ff)z‘z”} +
1 2

LJ1=St@@)|[1-aU-x@)],
1 e (A= X(2)

1-s* (ez(z))Hl—g;(A —AX(z))}+
6,(2) (A-X(2)

1-V* (A —/IX(Z))}}

(A.23)

aS* (91(2)){

. * -1
rS (6(2)S (6,(2)z { (A =2X(2))

Put the value of §0,z) is given by equation (A.16),
P(z) yields

1- 21 @f-r + v A - X () 6()S 6,(2) (A24)
{a-r+rv* A -IX(2)}S (6:(2)S (6:(2) - 2

P(2) =
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Table 1
E[X] A v I P, P,
0.1 0.2602 0.1167 0.2667 0.1001
0.2 0.3063 0.1133 0.3330 0.191(Q
2 0.3 0.3401 0.0900 0.4002 0.2021
0.4 0.4280 0.0667 0.4611 0.2701
0.5 0.4803 0.0333 0.4887 0.2891
0.1 0.2891 0.1271 0.2667 0.1019
0.2 0.3881 0.1229 0.3330 0.1989
5 0.3 0.3516 0.0926 0.4002 0.2095
0.4 0.4331 0.0661 0.4611 0.2767
0.5 0.4819 0.0530 0.4887 0.2904§

Probabilities of the server being in vacation, ided
busy states

Table 2
(M1, M2) A \% | P, P,
0.1 0.0013 0.1829 0.5143 0.3497
0.2 0.0022 0.1843 0.5218 0.3857
3,2 0.3 0.0029 0.1757 0.5428 0.3286
0.4 0.0034 0.1571 0.5571 0.3714
0.5 0.0038 0.1286 0.5711 0.3743
0.1 0.0013 0.2951 0.4086 0.3141
0.2 0.0022 0.2018 0.4171 0.327(
6,4 0.3 0.0029 0.1951 0.4257 0.3419
0.4 0.0034 0.1889 0.4341 0.3521
0.5 0.0038 0.1833 0.4429 0.3704

Probabilities of the server being in vacation, ,icied
busy states
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