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I. INTRODUCTION

The concept of linear 2-normed spaces has been
investigated by S.Gahler [4] in 1964 and has been
developed extensively in different subjects by many
authors.

Definition 1.1. Let X be a linear space of dimension
greater than 1. Suppose || ®, ® || is a real-valued function on
X x X satisfying the following conditions:

1. |xy|| = O if any only if x, y are linearly dependent
vectors,

2. |IxylI= [ly.x|| forall x, y € X,

3. IAXYIEIA]|IxyY| forall A eRandforallx,y €X,

4. |[xty,z|[< [[x,z||[+ ||z,y]| for all x, y, z € X.

Then ||, e|| is called a 2-norm on X and the pair (X, ||
e o) is called 2-normed linear space. Some of the basic
properties of 2-norm are that they are non-negative and

Ix,y+ A x||= ||x,y|| for all A €eRRand forall x,y € X.

I1. FUNCTIONAL EQUATIONS

A functional equation meaning an equation between
functionals: an equation F = G between functional can be
read as an 'equation to solve', with solutions being
themselves functions. In such equations there may be
several sets of variable unknowns, like when it is said that
an additive function f is one satisfying the functional
equation

f(x+y)=f(x)+(y)

In other words, a functional equation is an equation

whose variables are ranging over functions.
2.1 Stability problem: A question in the theory of
functional equations is the following “When is it true that
a function which approximately satisfies a functional
equation € must be close to an exact solution € ?” If the
problem accepts a solution, we say that the equation € is
stable.

In 1940, S.M.Ulam [14] gave a wide ranging talk before
the Mathematics Club of the University of Wisconsin in
which he discussed a number of important unsolved
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problems. Among those was the following question
concerning the stability of homomorphism:

Theorem 2.1 [14]. Let (G4, *) be a group and (G,, o,
d) be a metric group with the metric d. Given € >0, does

there exists a 0_>0 such that if a mapping h: G; = G,

satisfies the inequality d(h(x*y),h(x)e h(y))< o_. V xy
€ Gy, then there is a mapping H: G; — G, such that for
each x,y € G; H(x*y)=H(x) o H(y) and d(h(x),H(X))< €?
In the next year, D.H.Hyers [6], gave answer to the above
question for additive groups under the assumption that
groups are Banach spaces. In 1978, T.M.Rassias [10]
proved a generalization of Hyers’ theorem for additive
mapping as a special case in the form of following result.

Theorem 2.2[10]. Suppose that E and F are real
normed spaces with F a complete normed space, f: E—>F
is a mapping such that for each fixed x € E the mapping t
— f (tx) is continuous on R, and let there exist €> 0 and
pe[0,1)s.t

[f(x+y)—F)—f)|<e(X|” +]y]") xy<E.

Then there exists a unique linear mapping T:E—F s.t

||f(x)—T(x)||s,9&1
1-27)

I11. MAIN RESULT

3.1 Stability of Cubic functional equations.
The functional equation

f(2x +y) + f(2x — y) = 2f(x +y) +2 f(x —y) + 12f(X)
is said to be the cubic functional equation since cx® is its
solution. Every solution of the cubic functional equation is
said to be cubic mapping. Another cubic functional
equation is
f(x+y+22)+f(x+y-22)+f(2x)+f(2y)=2f(x+y) +4f(x+z2) +4f(x-
2)+4f(y+2)+4f(y-2).

The stability problem for the cubic functional equation
was proved by K.W.Jun and H.M.Kim [7] for mappings f:
X —Y where X is a real normed space and Y is Banach
space. In fact they investigated that kind of stability for the
functional equation

f(2x +y) + f(2x — y) = 2f(x +y) +2 f(x —y) + 12f(x)
in real vector spaces.

We generalize the K.W.Jun and H.M.Kim results in 2-
normed linear spaces as follows.

Theorem 3.1: Let @ and p (p<3) be nonnegative real
numbers. And X is a 2-normed linear space and Y is a
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Banach space. Suppose that f: X — Y is a mapping with
f(0)=0 fulfilling
[f(2x+y)+f(2x-y)-2f(x+y)-2f(x-y)-12f(X)||

<olx.2 +ly.2") )

For all x,y,z eX. Also assume that z is not in linear span
of x. then there exists a unique cubic mapping C: X =Y
such that

9 p
||f(x)-C(x)||£W|| X,Z||” for all xeX. (3.2)
Proof. Putting y=0 in (3.1), we get
12f(2x)-16f(x)]| < O]x,Z|" for all xeX. So, (3.3)

1 0 P
f(x)-— f(2x)|| < —1||X, z||" forall xeX.
If09- 5 2l 16|| [ xe
Hence
1 \ 1 ny s
—f(2"x)-— f(2"x }: |V Z|” (3.4)
8 8 6 i

for all non-negative integers n, m Wlth n<m. Thus
1
{8_” f (2”X)} is a Cauchy sequence in Y. Since Y is
complete, there exists a mapping C: X — Y defined by
.1
C(x)= lim — f (2" x)
n—oo 8n
For all xeX. Letting n=0 and m —> o0 in (3.4) we get the
inequality,

IFC)-COIll =

[

0
_— zZ||P.
16—z 172
From (3.1)
[IC(2x+y)+C(2X-y)-2C(x+Yy)-2C(x-y)-12C(X)||

—lim ] £ 2" @xc+ y)+ 12 @x- ) -

pn

262" (x+y)) - 2F (2" (x-y)) -12f (2"¥)|
.2
<lim

i 220 .2l +y.2)”

for all x,yeX. So,
C(2x+y)+C(2x-y)-2C(x+y)-2C(x-y)-12C(x)=0.

for all x,yeX. Hence C: X — Y is a cubic mapping.
Let Q: X — Y be another cubic mapping satisfying

[F()-QII < ———= |1 %, Z||”.
Then

1
ICCA-QMII= g IC2" x)-Q2" x|

0
16-2°"

1
< o5 (12"~ C@ 0+ 12" 002 )

pn
< o
g—2° 8
which tends to zero for all x eX. So, C(x)=Q(x) for all x
e X. This proves the uniqueness of C.

Ixz]®
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Theorem 3.2: Let @ and p (p>3) be nonnegative real
numbers. And X is a 2-normed linear space and Y is a
Banach space. Suppose that f: X — Y is a mapping with
(0)=0 fulfilling

[[f(2x+y)+F(2x-y)-2f(x+y)-2f(x-y)-12f(X)|

<olx.7" +y. 2"

for all x,y,z eX. Also assume that z is not in linear span of
X. Then there exists a unique cubic mapping C: X —Y
such that

% P
IF()-C) < ————|| X, 2 ||” for all xeX.
2P 16
Proof: It follows from (3.2) that

X3 <
IIf(X)-8f(E)II =i

m-1

|X Z|| for all xeX. so,
8k
2

D=8 1) < 5 2wl

for all non—negatlve integers n, m with n<m. Thus

0

2 p+1

@f(

X
{8” f(2—n)} is a Cauchy sequence in Y. Since Y is
complete, there exists a mapping C: X — Y defined by
. X
Cx)= lim8" f (=)
Nn—o0 2”

for all xeX. Letting n=0 and m — o0 in (3.4) we get the
inequality,

f(x)-C(x)|| < .

[IF)-COI 16 1%zl

The rest of the proof is similar to the proof of above
Theorem 3.1.

Theorem 3.3: Let @ and p (p<3) be nonnegative real
numbers. And X is a 2-normed linear space and Y is a
Banach space. Suppose that f: X — Y is a mapping with
f(0)=0 fulfilling
|[f(x+y+22)+f(x+y-22)+f(2X)+f(2y)-2f(x+Yy)-4f(x+2)-4f(x-
2)-4f(y+2)-4f(y-z)||

<0xw]” +y.wi® +|z ") @5)

for all x,y,z eX. Also assume that w is not in linear span
of x. Then there exists a unique cubic mapping C: X =Y
such that

2 p+1

o
[fF(x)-C(X)|| < T [| X, w||” forall xeX. (3.6)
Proof. Putting y=z=0 in (3.5), we get
If(2x)-8f(x)I| < 6]x, w||p for all xeX. (3.7)

So,
||f(x)-% f2x)| sg||x,w||p for all xeX.

Hence

m 1 2pk
_f k |
ﬂs

p
: o

(2”x)—— f(2" )H
(38)
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for all non-negative integers n, m with n<m. Thus
{8” (2”X)} is a Cauchy sequence in Y. Since Y is
complete, there exists a mapping C: X — Y defined by
.1
Cx)= lim = f (2"x)
nN—o0 8”

For all xeX. Letting n=0 and m — o0 in (3.8) we get the
inequality,

[IFO)-COINl =

From (3.5)
|IC(x+y+22)+C(x+y-22)+C(2x)+C(2y)-2C(x+Yy)-4C(x+2)-
4C(x-2)-4C(y+2)-4C(y-2)|| =

Iim8in|| f(2"(x+y+22))+ f(2"(x+y-22))

sl

+F2" )+ F(2"™y)-2f (2" (x+Y)) -

4f(2"(x+2))-4f(2"(x—2)-4f(2"(y-2) ||

Mo
im =% (i + [yl + 2”0

for all x,y,zeX. So,
C(X+y+22)+C(x+y-22)+C(2x)+C(2y)-2C(x+Yy)-4C(x+2)-
4C(x-2)-4C(y+2)-4C(y-z)=0

for all x,yeX. Hence C: X — Y is a cubic mapping.
Let Q: X — Y be another cubic mapping satisfying

[F()-Q()| < WP
Then

1
ICCA-QMII= g IC2" x)-Q2" x|

s lx

1
< o (2" 0- C2" 0]+ 12" -0 ¥

20 2™
<SS xwle

which tends to zero for all x eX. So, C(x)=Q(x) for all x
e X. This proves the uniqueness of C.

Jung and Chang [9] consider the following cubic
functional equation

|(x+y+22)+f(x+y-22)+F(2x)+f(2y)-2f(x+Y)-4f(x+2)-4f(X-
2)-4f(y+2)-41(y-2) ( .9)

It is easy to show that the function f(x)=x" satisfies the
functional equation (3.9), which are called -cubic
functional equation and every solution of the cubic
functional equation is said to be a cubic mapping.

We prove the stability of cubic functional equation in 2-
normed linear space.

Theorem 3.4: Let @ and p (p >3) be nonnegative real
numbers. And X is a 2-normed linear space and Y is a
Banach space. Suppose that f: X — Y is a mapping with
f(0)=0 fulfilling
|[f(x+y+22)+f(x+y-22)+f(2X) +(2y)-2f(x+Yy)-4f(x+2)-4f(x-
2)-4f(y+z2)-4f(y-2)||
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<olxwi® +lywf +[zwf) @0

for all x,y,z eX. Also assume that w is not in linear span
of x. Then there exists a unique cubic mapping C: X =Y
such that

|| X,w||” forall xeX. (3.11)

0
IFC)-CON = T
Proof: It follows from (3.7) that
X 0 p
[[f(x)- 8 f(E)H < 2—p||x,vv|| for all xeX.
So,

wu

m-1

k
2 el

k=n

0
) - (—0 o0

for all non—negatlve integers n, m with n<m. Thus

8m

X
{8” f(2_”)} is a Cauchy sequence in Y. Since Y is
complete, there exists a mapping C: X — Y defined by
. X
Cx)= lim8" f (=)
Nn—o0 2”

for all xeX. Letting n=0 and m —> o0 in (3.4) we get the
inequality,

0
[f(x)-C(X)|| < || X,w||” for all xeX. The rest of
27 -8

the proof is similar to the proof of above theorem.
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