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Abstract – According to Nevanlinna distribution theory, we 

study the uniqueness of non-constant transcendental entire 

functions value-sharing in this paper, and obtain some results 

about transcendental entire functions sharing 1 IM and 

sharing 1 CM improving the results obtained by Dyavanal R. 

S [9]. Therefore, the research results of the entire functions 

sharing value in the complex analysis can be enriched. 
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I. INTRODUCTION 
  

The problem of value sharing for meromorphic functions 

and entire functions is one of the important theories in 

complex analysis. R. Nevanlinna established the value 

distribution theory of Meromorphic functions, which was 

one of the most important mathematical achievements and 

later called Nevanlinna theory. In the past hundred years, 

with the continuous development and improvement of this 

theory, the research on meromorphic function theory has 

made great progress and achieved remarkable results. [1-4] 

In this paper, based on Nevanlinna theory, we obtain 

some results on the uniqueness of value sharing of integral 

functions. 

Definition 1.  
[5]Set 𝑇(𝑟, 𝑓) = 𝑚(𝑟, 𝑓) + 𝑁(𝑟, 𝑓). 𝑇(𝑟, 𝑓) is said to be 

Nevanlinna characteristic function of 𝑓(𝑧), where  frm ,
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We shall use the following standard notations of the 

Nevanlinna value distribution theory [5-7], such as

   ,fr,N,fr,N  …, see[6].  

Let )(zf  be a meromorphic function on the whole 

complex plane, we denote by  frS , any function satisfying 

    fr,Tofr,S   as r , possibly outside of a set with 

finite measure. Let 𝑎   be a finite complex number, and 

    0:,  azfzfaE , where each zero is counted 

according to its multiplicity. Also we denoted by  faE ,  

the set of zeros of   azf  , each zero is counted only once. 

In order to study the uniqueness and value-sharing of 

transcendental entire functions, the following necessary 

symbols are given at first. 

)( fr,n : the counting function for the poles of  zf  with 

|𝑧|  <  𝑟(0 ≤  𝑟 <  𝑅 ≤  ∞) , and each pole is counted 

according to its multiplicity;  

  :fr,n the counting function for the poles of  zf  with 

|𝑧|  <  𝑟(0 ≤  𝑟 <  𝑅 ≤  ∞) , and each pole is counted 

only once; 

𝑛 (𝑟,
1

𝑓
): the counting function for the zeros of  zf  with 

|𝑧|  <  𝑟(0 ≤  𝑟 <  𝑅 ≤  ∞) , and each zero is counted 

according to its multiplicity;  

𝑛̅ (𝑟,
1

𝑓
): the counting function for the zeros of  zf  with 

|𝑧|  <  𝑟(0 ≤  𝑟 <  𝑅 ≤  ∞) , and each zero is counted 

only once.  

Let 𝑓(𝑧)  be a non-constant meromorphic function in the 

whole complex plane, 𝑎be an arbitrary complex number, 

and  𝑘 be a positive integer. By  𝑁(𝑘 (𝑟,
1

𝑓−𝑎
), we denote the 

counting function for the zeros of 𝑓(𝑧) − 𝑎 in |𝑧|  ≤ 𝑟 with 

multiplicities at most k. Also let 𝑁(𝑘 (𝑟,
1

𝑓−𝑎
) , be the 

counting function for the zeros of 𝑓(𝑧) − 𝑎   whose 

multiplicities are at most k and each zero is counted only 

once. And set 
 

  𝑁𝑘 (𝑟,
1

𝑓−𝑎
) = 𝑁̅ (𝑟,

1

𝑓−𝑎
) + 𝑁̅(2 (𝑟,

1

𝑓−𝑎
) + ⋯ + 𝑁̅(𝑘 (𝑟,

1

𝑓−𝑎
). 

 

Definition 2. 
[6] The deficit of f(z) with respect to a is defined as 
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Definition 3. 
[7] Let f and g be two nonconstant meromorphic functions, 

and let a be a value in the extended plane. We say that f and 

g share the value a CM, provided that f and g have the same 

a-points with the same multiplicities. Similarly, we say that 

f and g share the value a IM, provided that f and g have the 

same a-points ignoring multiplicities. 

In 1996, Fang and Hua[8] obtained the following theorem. 

Theorem A. 
Let f and g be two transcendental entire functions, 𝑛 ≥ 6 

an integer. If 𝑓𝑛𝑓′and gng′ share the value 1 CM, then either 

f = dg for some (n +1)-th root of unity d or  𝑓𝑛𝑓′gng′= 1. 

In 2011, R. S. Dyavanal[9] gave the next results. 

Theorem B. 
Let f(z) and g(z) be two non-constant meromorphic 

functions, whose zeros and poles are of multiplicities at 

least s, where s is a positive integer. Let 𝑛 ≥  2 be an integer 

satisfying (𝑛 + 1)𝑠 ≥ 12. If 𝑓𝑛𝑓′ and  gng′  share the value 

1 CM, then either f =dg, for some (n+1)-th root of unity d, 
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or g(z) = c1ecz and  f(z) = c2e-cz, where c, c1, c2 are constants 

satisfying  (c1c2)n+1c2 =−1. 

In this paper, we generalize and improve the above 

conclusions for transcendental entire functions, and get 

some conclusions about IM and CM shared values of 

transcendental integral functions. 

 

II. SOME LEMMAS 
 

Lemma 1. 
[10]  Let an(≠ 0), an-1, … , a0 be constants and let  f  be a  

nonconstant  meromorphic function. Then 
 

   frnTafafarT n
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Lemma 2. 
[11] Let f(z) be a nonconstant meromorphic function and 

let a1(z) and a2(z) be two meromorphic functions such that 

T(r,ai) = S(r,f), i = 1, 2. Then 
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Lemma 3. 
[11] Let f be a non-constant meromorphic function, let k be 

a positive integer, and let c be a non-zero finite complex 

number. Then 
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where  𝑁0(𝑟,
1

𝑓(𝑘+1))  is the counting function which only 

counts those points such that f(k+1)=0 but f(f k−c) ≠0. 

Lemma 4. 
[6] Let f and g be two transcendental entire functions, and 

let k be a positive integer. If f (k) and g(k) share the value 1 

IM and 6)],0(3),0(2),0(),0([ 11   gfgf kk  ,
 

then either  f(k)g(k) ≡ 1  or  f ≡g . 

Lemma 5. 
[12] Let f and g be two nonconstant entire functions, 1n . 

If  𝑓𝑛𝑓′gng’ = 1, then g(z) = c1ecz,  f(z) = c2e-cz, where c, c1, 

c2 are constants and  (c1c2)n+1c2 =−1.  

Lemma 6. 
[13] Let f and g be two transcendental entire functions, and 

let k be a positive integer. If f (k) and g(k) share the value 1 

CM and          3,0,0,0, 11   gfgfo kk  then 

either  f(k)g(k) ≡1  or  f ≡g . 

 

III. MAIN RESULTS 
 

In this paper, by extending and improving the conditions 

of the theorems in Introduction, the following two theorems 

related to shared values IM (and CM) of transcendental 

entire functions are obtained, and the proof processes of the 

relevant theorems are given. 

Theorem 1.  
Let f(z) and g(z) be two transcendental entire functions, 

11n  an integer. If  𝑓𝑛𝑓′ and  gng′  share the value 1 IM, 

then either f(z) = c2ecz and g(z) = c1e-cz, where c, c1, c2 are 

constants satisfying  (c1c2)n+1c2 =−1 or  f (z)=dg(z),  for 

some (n+1)-th root of unity d. 

Proof. 

Let  𝐹 =
𝑓𝑛+1

𝑛+1
, and 𝐺 =

g𝑛+1

𝑛+1
,  then 𝐹′ = 𝑓𝑛𝑓′ and   𝐺′ =  

gng′. By Lemma 1, Lemma 2 and Lemma 3, we have 
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Similarly, 
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From the definition of  fa,k , we also get 
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Similarly, 
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Using all the above results (1)-(4), therefore, 
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For k = 1 and n>11, we have △>0. And by Lemma 4, 

therefore we obtain that F'G' ≡1 or F≡ G 

Next, we consider the two cases. 

(1) If F'G' ≡1, i.e., (𝑓𝑛𝑓′)(gng ′) ≡ 1, by Lemma 5 we 

have f(z) = c1ecz, and  g(z) = c2e-cz, where c, c1, c2 are 

constants and  (c1c2)n+1c2 =−1. 

(2) If F ≡  G, i.e., 𝑓𝑛+1 =gn+1, we have f(z)=dg(z), for 

some( n+1)-th root of unity d. 

Theorem 2. 
Let f(z) and g(z) be two transcendental entire functions, 

whose zeros are of multiplicities at least s, where s is a 

positive integer. Let n be an integer satisfying (n+1) s > 6.  

If  𝑓𝑛𝑓′ and gng′  share the value 1 CM, then either f =dg, 

for some (n+1)-th root of unity d or g(z) = c1ecz,  f(z) = c2e-

cz, where c, c1, c2 are constants and  (c1c2)n+1c2 =−1. 

Proof. 

Let 𝐹 =
𝑓𝑛+1

𝑛+1
, and 𝐺 =

g𝑛+1

𝑛+1
,  then 𝐹′ = 𝑓𝑛𝑓′ and   𝐺′ =  

gng′. 
Consider 
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We have  
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Similarly, 
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Using all the above results(5)-(8), therefore, 
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For k = 1 and s(n+1)>6, we have  Δ>3. And by Lemma 6, 

therefore we obtain that F'G' ≡1 or F≡ G 

Next, we consider the two cases. 

(1) If F'G' ≡1, i.e., (𝑓𝑛𝑓′) (gng ′) ≡ 1, suppose that f(z) 

has a pole z0 (with order 𝑝 ≥ 𝑠
 
 say).  z0 must be the is 

a zero of g (with order 𝑚 ≥ 𝑠). And since 𝑓𝑛𝑓′gng ′ ≡ 

1,
 11  pnpmnm , that is 

 

2)1)((  npm .                                   (9) 

 

And since 𝑚 ≥ 2  and m and p are two integers, the 

equation (9) can not be valid. Therefore f(z) and g(z) are 

entire functions. By Lemma 5 we have f(z) = c1ecz, and  g(z) 

= c2e-cz, where c, c1, c2 are constants and  (c1c2)n+1c2 =−1. 

(2) If F  ≡ G, we have 
11

11


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n

g

n

f nn

. That is 𝑓𝑛+1 =gn+1, 

therefore, we have f(z) = dg(z), for some n+1-th root of 

unity d. 

 

IV．CONCLUSION AND DISCUSSION  
 

In fact, there are many results about the problem of 

sharing values of integral functions[14], and shared value 

problem has a wide range of applications. We study the 

uniqueness of non-constant transcendental entire functions 

value-sharing in this paper, and obtain some results about 

transcendental entire functions sharing 1 IM and sharing 1 

CM improving the results obtained by Dyavanal R. S [9]. 

Analogously, we speculate that we can get corresponding 

results on meromorphic function s by using similar methods. 

ACKNOWLEDGMENT  
 

This work is supported by the Science and Technology 

Project of Jilin Provincial Department of Education 

(JJKH20180891KJ). 

 

REFERENCES  
 
[1] Jilong Zhang, Value distribution and shared set of differences of 

meromorphic functions. J. Math. Anal. Appl. 2010, 367:401-408.  

[2] Sujoy Majumder, Values shared by meromorphic functions and 
their derivatives. Arab J Math Sci. 2016, 22: 265–274. 

[3] Duc Quang Sia, An Hai Tranb, Two meromorphic functions on 

annuli sharing some pairs of values. Indagationes Mathematicae 

2018, 29: 561-579. 

[4] Xudan luo, Wei-Chuan Lin, Value sharing results for shifts of 

meromorphic functions. J. Math.Anal. Appl. 2011, 377:441-449.  
[5] W. K. Hayman, Meromorphic Functions. Clarendon Press, 

Oxford，1964.  

[6] L. Yang, Value Distribution Theory, Springer Verlag, Berlin, 

1993.  

[7] C. C. Yang and H. X. Yi, Uniqueness Theory of Meromorphic 
Functions, Mathematics and its Applications, 557. Kluwer 

Academic Publishers Group, Dordrecht, 2003.  

[8] M.L. Fang, X.H. Hua, Entire functions that share one value, 
Nanjing Univ. J. Math. Biquarterly, 1996, 13 (1) 44–48.  

[9] R.S. Dyavanal, Uniqueness and value-sharing of differential 

polynomials of meromorphic functions. Journal of Mathematical 
Analysis and Applications, 2011, 374(1):335-345.  

[10] C.C. Yang, on deficiencies of differential polynomials II, Math. 

Z., 149, 107-112 (1972).  

[11] Sahoo P. Uniqueness of meromorphic functions when two 

differential polynomials share one value IM. Mat. Bech. 2010, 62 

(2):169-182.  
[12] C.C. Yang, X. Hua, Uniqueness and value sharing of 

meromorphic functions, Ann. Acad. Sci. Fenn. Math. 22 (1997) 

395–406.  
[13] G. Frank, Eine Vermutung Von Hayman uber nullstellen 

meromorpher funktion, Math. Z. 1976, 149, 29-36. 

[14] Ning Cui, Zong-Xuan Chen, Entire functions sharing one small 
function CM with their shifts and difference operators. Acta 

Mathematica Scientia, 2017, 37(3): 786-798. 

 

AUTHOR’S PROFILE 
 

 

Hua Nan, who was born in August, 1972, in Jilin 

Province of China. Her major is mathematics, and she 
received a doctorate of Science in South Korea 2008. She 

is now an associate professor in the Department of 

Mathematics, School of Science, Yanbian University, 
and she is a master’s tutor.  Her main research direction 

is applied functional analysis and mathematics education. 

E-mail: nanhua@ybu.edu.cn ; or 2235461557@qq.com. One of her 
research directions is functional analysis, and she has made some 

achievements, here are just two examples. [1] Hua Nan. The growth of 

finite-order Dirchlet series about the type-function on the half-plane. 
Journal of Yanbian University (Natural Science) 2013, 39(3):179-182. [2] 

Hua Nan, Yuan-Hong Tao, Tian-JiaoWang, Jun Zhang. Mutually unbiased 

maximally entangled bases for the bipartite system Cd ⊗ Cdk，Int. J. 

Theo. Phys, 2016, 55:4324~4330. Another area of her research is 

mathematics education. She guides students to participate in the 

Mathematical Modeling Competition. She often leads students in the study 
and research of mathematics education, and Several academic papers have 

been published in domestic and foreign journals. For example. [3] Yu Xu, 

Shan Tong, Hua Nan, Cultivation of Mathematics Literacy of Middle 

School Students Based on Reversal Classroom. DOI：10.16541/j.cnki. 

2095-8420.2018.09.099. 

 

 

mailto:nanhua@ybu.edu.cn
mailto:2235461557@qq.com

