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Abstract – A nonlinear elliptic problem is approximated in a smooth domain by finite element of low degree. The 

effect of the polygonal approximation of the domain on the accuracy is studied. 
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I. PRELIMINARIES 

Let Ω be a smooth domain in R2 

We consider the following generalize Newton Problem: 

(1 − 2) −∆𝑢 =  𝒇 𝐢𝐧 𝛀 

(1.3)    𝜕𝑢

𝜕𝑛
 + 𝜷(𝒖)𝒖| Γ =  𝐠 

(1 − 4)    𝒇 ϵ L2(𝛀); 𝒈 ϵ L2(Γ). 

 

where the functions is a positive and satisfies some appropriate assumptions. 

When Ω is polygonal an exact finite element analysis of the accuracy of the approximate solutions are carried 

out. 

In the case of a smooth non polygonal domain, we consider a set of polygonal approximation of the domain Ω 

say Ωh, contained in some fixed neighborhood. 

𝛺̃𝑠 𝑜𝑓 𝛺 ( 𝛺𝐡  ⊂  𝛺̃, 𝑓𝑜𝑟 𝑎𝑙𝑙 0 < 𝐡 <  𝐡𝟎) 

When Ω is connex one can take 𝜴̃𝒔 =  𝜴 

II. FINITE ELEMENT APPROXIMATION OF THE PROBLEM 

2-1 Finite Element Spaces 

The finîtes element spaces Vh, are supposed all contained in H1(Ωh) and consist of piecewise polynomials. 

2-2 Discrete Solutions 

We defined the following discrete operator as the restriction of the operator A. 

The corresponding discrete problem 
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𝑟𝑒𝑎𝑑: {

Find uℎ ∈ Vℎ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭

(𝐴ℎ𝑈ℎ , 𝜈ℎ) = ∫ 𝜵𝒖𝒉𝜵𝝂𝒉𝒅𝒙 + ∫ 𝜷(𝒖𝒉)𝒖𝒉𝝂𝒉𝒅𝒔

𝑓or all vℎ ∈ Vℎ

 

In view of carriying out the error analysis we recall the following results proved in Tayou and Tchoua [5] 

Lemma 2-3 

Let Ω be a bounded smooth domain of R2 (At least with Lipschitz continuous boundary). There exists a constant 

h0, a mapping: π: Γ→Γh, 0<h <h0 a one to one mapping of class C1,1 such that: there exist a constant c> 0, 

depending on the curvature of Ω , satisfying the relation : 

(2 − 4)    ||𝜑0𝜋−1 − 𝜑||1 ≤  𝑐ℎ2(1−1/𝑟)||𝜑||1. 

for all φ ЄH1 (Ω) 0< s < r, h the minimum length of the side on Γ h 

Lemma 2-5 

Given a function g∈ H1/2 (Γ) 

Define 

gh = goπ : Γh→R and the mapping Lh : H1/2(Γ) → H1/2 (Γh) g→gh is well defined and satisfies : ||Lhg||H1/2
(Γh) ≤ 

c||g||H1/2
(Γ) 

Theorem 2-7 

The discrete problem (Ph) has a uniΩue solution satifying : αh (uh,uh) ≥ J(||uh||1) j defined in chapter 2. 

Proof: 

We have 

𝜶𝒉 (𝒖𝒉, 𝒖𝒉) = ∫|𝜵𝒖𝒉|²𝒅𝒙

𝜴𝒉

+ ∫ 𝜷(𝒖𝒉)𝒖²𝒅𝒔

𝜞𝒉

≥ 𝑱(‖𝒖𝒉‖𝟏) 

By theorem 3-6 of chapter 2. 

Theorem 2-9 

There exists a positive constant M>0 such that: 𝑗‖𝑢̌ − 𝑢ℎ‖1 ≤ 𝑀‖𝑢̌ − 𝑢ℎ‖1. 𝑖𝑛𝑓𝑣ℎ∈𝑉ℎ
‖𝑢̌ − 𝑣ℎ‖1,ℎ +

 𝑠𝑢𝑝𝑣ℎ∈𝑉ℎ
 
|𝑎(𝑢,𝑣ℎ)|

‖𝑣ℎ‖1,ℎ
 

Proof: 

The relation follows immediately from theorem 2-7 and classical argument in conforming finite estimates. 

Lemma 2-9 

Let f be an extension of the function f to Ω h and let u be the unique solution of the following problem: 

−∇𝑢̃ =  𝑓̃ 𝑖𝑛 𝛺𝐡  
𝜕𝑢

𝜕𝑛̃
 +  𝛽(𝑢̃)𝑢̃|Γ =  𝐠𝐡 then u been the exact solution on Ω 
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We have the following estimate : 

|(𝐚(𝑢̃, 𝐰𝐡)  −  𝑎(𝐮, 𝐰𝐡)| ≤ ‖𝑔 − 𝑔ℎ‖
𝐻

1
2(Ω)

. ‖𝐰𝐡‖𝟏.𝛀𝐡
 for all wh in Vh. 

Proof: 

The result follows from the Green formula and Holder inequality. 

Theorem 2-10 

Let û, f be extension u and the second member f of problem (P). 

Then 

𝑗‖𝑢̌ − 𝑢ℎ‖1 ≤ 𝑖𝑛𝑓𝑣ℎ∈𝑉ℎ
‖𝑢̌ − 𝑣ℎ‖1,ℎ + ‖𝑀ℎ2(1−

1

𝑟
)‖ . ‖𝑔‖

𝐻
1
2(Γ)

  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟 > 1 0<h<ho 

Proof: 

This follows immediately from lemma 2-8 and theorem 2-9 

III. CONCLUSION 

The result established in theorem 2-10 implies that polygonal approximation of convex domains didn’t destroy 

the finite element error estimates for discrete spaces of order less or equal to two. If the order of spaces is greater 

than two we obtain at most an order of O(h2-). The result is probably new and was raised as open problem in feist 

[1]. The numerical result in confirming these results are carried out. The results in theorem 2-10 can be extended 

under suitable numerical integration. 
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