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Abstract — In this work, making the second kind Chebyshev polynomials, we introduce and investigate new subclasses of
analytic functions on the open unit disk in the complex plane. We obtain upper bound estimates for the initial three coefficients

of the function belonging to these classes.
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I. INTRODUCTION AND PRELIMINARIES
LetU={z€ I: |Z | <1} is open unit disc in the complex plane and A is the class of all complex valued analytic
functions on U such that (=) is given by the following series

0

f(z)=2+a222+a323+---=z+2a z", a,€ll, (1)

n
n=2

consequently normalized by f(0)=0=7"(0)-1.

Also, let S be the class of all functions in 4 which are univalent in U . Some of the important and well-

investigated subclasses of S are well known classes S and C given below (see [1- 3])

S” {feS: Re(ijf((ZZ))]>0’ ZEU} and C—{feS: Re[(if:’((ig)ll>0’ ZEU}

such they are said to be starlike and convex functions in U , respectively.

An analytic function f is subordinate to an analytic function ¢ and written f(z) < @(z), provided that there is

an analytic function a)(z) defined on U with a)(O)zo and ‘a,(z)‘ <1 satisfying f(2)=¢(w(2))- Ma and

Minda [16] unified various subclasses of starlike and convex functions for which either of the quantity 7'(2) or

7(2)

(=" (2)) 1.7 "(2) is subordinate to a more general function. For this purpose, they considered an analytic

S(2) S(2)
function ¢(z) with positive real partin U , ¢(0)=1, ¢'(0)> 0. The class of Ma-Minda starlike and Ma-Minda

convex functions consists of the functions f € A satisfying the subordination Zj: '((Z) ) ~®(z) and |, F "((Z)) -
z (=

@(z), respectively.
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It is well known that in analytic functions theory, the coefficient problem is significant. In particular, several
results on coefficient estimates for the initial coefficients |a, |, |a;| and |a,| were obtained for various subclasses
of analytic functions (see, for example, [3, 5, 6, 9, 10, 13, 17-19, 21, 22]). Recently, new methods have been

applied to the solution of coefficient problems (see, [1, 4, 12]).

As known that Chebyshev polynomials play a considerable role in numerical and mathematical physics and are
four kinds. The well-known kinds of the Chebyshev polynomials are the first and second kinds. The most of

research articles related to specific orthogonal polynomials of Chebyshev family, contain essentially results of

Chebyshev polynomials of first and second kinds 7, (x) and U, (x), and their numerous uses in different
applications (see [7, 14]).

In this paper, we will use the second kind Chebyshev polynomials to investigation of the coefficient and Fekete-

Szegd problems of certain subclass of analytic functions.

It is well known that in the case of real variable X on the interval (—L1)> the second kind Chebyshev

polynomial is defined by
U (x) = sin |:(n +1)arccos x:' _ sin [(n +1)arccos x:| . ?)
sin (arccos x) 1— X2
It follows from (2) that
U, (1)=2tU, (1)-U, (1), n=12,3,.... (3)

Since U, (¢)=1, U, (¢)=2t, from (3) we obtain U, (t)=4>—1 and U, (1) = 4t(2t2 —1) .

We consider the function G(t,z)= ] 1 ~,1€(0,1), zeU -

—2tz+z

It is well known that G(t,z)=1+2c0s0:-z+(300s2 o —sin® a)22 +(800$3 a—4cosa)z3 +., zeU for

t=cosa, ac (07 %j . Thus, the function G(¢,z), t€(0,1), zeU is analytic respect to parameter z in U and
has the following series expansion

G(t,z) =1+U, (t)z+U2 (t)22 +U, (t)z3 +---, zeU, 4)
where U, (¢), n=1,2,3,... is second kind Chebyshev polynomial.

It can be easily verified that G(z,0)=1 and G (z,0)> 0.

So that, taking G(t,z) instead of the aforementioned subordination function ¢(z) we will define a subclass

of univalent functions as follows:

Definition 1.1:

A function f €S given by (1) is said to be in the class S'C(G;f,t), 20, t<(0,1), where G is the

function given by (4), if the following condition is satisfied
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z'(z2)+ Bz " (=)
o () (1= 5) /()

<G(t,2),ze U

Definition 1.2:

A function f €S given by (1) is said to be in the class ™ (G;¢), 1 €(0,1), where G is the function given by

(4), if the following condition is satisfied

L(Z) G(t e U.
Ty "

Definition 1.3:

A function f €S given by (11) is said to be in the class C(G;t) , te (0,1) , where G is the function given
by (4), if the following condition is satisfied

7"(2)
/()

1+

< G(t2),ze U

Note 1.1:

As you can see that the class S°C (G; ﬁ,t), defined by Definition 1.1 is a generalization of the Ma-Minda
starlike and Ma-Minda convex functions such that in the special cases for #=0 and B =1 the classes S (G;1)
and C(G;t) are Ma-Minda starlike and Ma-Minda convex functions, respectively, when there functionis G(z,z)

for fixed value ¢ € (0, 1) .

In this paper, making use of the second kind Chebyshev polynomial, we introduce and investigate new

subclasses S*C(G; ﬂ,t) , =0, 8 (G;t) and C(G;t) for t e (0, 1) of the analytic functions on the open unit
disk U . We obtain upper bound estimates for the initial three of the function belonging to these classes.
To prove our main results, we shall require the following well known lemmas.

Lemma 1.11% :

Let P be the class of all analytic functions p(z) of the form

19(2)21—!—19124—19222 —|—19323 —I—---=1—|—ipnzn

=1
with Rep(z) >0, for zeU and p(O) =1. Then, |pn| <2 for every n=1,2,3,... . These inequalities are sharp

for each n=1,2,3,.... Moreover, 2p, = p; +(4—p12)x, 4p, =p; +2(4—plz)pl)c—(4—plz)pl)c2 +2(4—p12)(1—|x|2)z

for some complex X, z with |x| <1, Z| <I.

Lemma 1.2
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Let P be the class of all analytic functions p(z) of the form p(z)=1+pz+p,z° +p,z° +---= 1+anz

n=1

with Re p(z)>0, for z€U and p(0)=1. Then,

< 2 max {1,

1 if 0.2],
V_1|}=2{ if v e[0,2]

.
Y223 P |[v —1| elswhere.

2

Lemma 1,301

Let P be the class of all analytic functions p(z) of the form p(z) =1+ p,z+ p,z° + p;z° +---=1+ ) p 2"

n=l1

with Rep(z)>0, for z e U and p(O)zl. If Be[O,l] and B(2B—1)SDSB, then,
p; —2Bp,p, +Dp13| <2.

II. UPPER BOUND ESTIMATES FOR THE COEFFICIENTS

In this section, we give bound estimates for the first three coefficient of the function belonging to defined
function classes in the first section.

Firstly we will prove the following theorem for the first three coefficients of the function belonging to the class

S (Gsr).

Theorem 2.1:

Let the function f(z) given by (1.1) be in the class S (G;t) ,te [%, lj . Then,

K% —1 8> +12¢% +¢t—2 ifte[l,ﬁ}
|a2|S2ta|a3|S—and 1 2’ o
> |las| =3 5
247> +12¢% — 7t —2 ifte|:—2 ,1].
Proof:

. 1 . . . .
Let feS (G;t), te(a,lj. Then, there is an analytic function @:U —U with ©(0)=0, |a)(z)|<1
satisfying the following condition

#'(2)
/(2)

=G(tw(z)), zeU. )

Let the function p € P be defined as follows

_ 1+a)(z)
l—a)(z)

p(z):

=1+ pz+ P,z +pz +e

It follows that
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_ 1 p? P
:E|:plz+[p2 TIJZZ_F[p} 7P1p2+71 Lt (©)

Taking z = w(z) in (4), we get

2

U, (¢ 3 U, (¢ 2 U, (¢
+|:%)[p3_plp2+%J+%pl[pz_p_lj_'_%)pf}_'—

2

U, (1) U, (1) ) U () L
G(t>w(z)):1+TP12+|:T[P2—p—jJrTP]}Z o

Substituting this expression of the function G (t, a)(z)) in (5) with sample computation, we write

U, 2
2 2 2 4 )
+

Comparing the coefficients of the like power of z in both sides of the last equality with sample computation,

we get
U, (z
a, :%p17 (®)
U? (¢ U, (¢ 2 U, (¢
a, = 18()p12+ 14()[;72—%}+—28()p12, ©)
U, (¢ U, (¢ 2 U, (¢t
a, = 16()p1a3+a?2|: 12()[172_%]"‘ 24()p12:|
(10)
U, (¢ 3 U, (¢ 2 U, (¢
+ 16()(173_171172"‘%)"‘ 26()171[172_%}"‘ 324(‘)1913

From the equality (8) and Lemma 1.1 first inequality of the theorem is clear.

From the equality (9) for @, we can write the following expression

U, (t Uu, (1)U, (¢)—1|+U, (¢ . 2 5,
a, = 1()p2+ 1()[ 1() ] 2()p12;that1s,a3:£ 2+—8t 2:—1 Z,te 1,1 .
4 8 8
Since the coefficients of p, and p; are positive for all ; (l . 1) , from the last equality the inequality for |a; |
2

is valid on using triangle inequality and the inequalities | pn| <2,n=273.

From the equality (10) for @, we can write the following expression

_u, (t)p . +U12 (t)+2U, (t)p [p _p_fj
4 6 1793 12 1 2 2
+—U‘6(t) [ps — PPy + v () + U, igllgj)(t)+U3 () pf}-
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¢ 6r* —1 P ¢ 42 —1 1
So that a, =3 P +— pl[pz——‘ R e A R

. . t 61’ -1 t 1
The last equality for a,, we can write a, =3PG TP [pz —gpr+§(p3 -2Bp, p, +DP13)» te[E,lJ ,

42 —1
-

where v=1, B:% and D=

We now use Lemma 1.2 and Lemma 1.3. Since v€[0,2], Be[0,1], and B(2B-1)<D<B when

, Lemma 1.2 and Lemma 1.3, and again

c [% . ? } , applying triangle inequality, inequality obtained for

>

using the inequality |P1|< 2, we obtain |a4| <— (St +126 +1 - 2) on the interval 6(1 \/5}
2 2

It is easy see that D> B for , _ [ 2 1] . In this case expression for @, , we can write
>

t 6% —1 VN t R t 5 R
a, =z pas+———p| P =5 P |5 (P —28pp, + B )+ (200 1) Pl

Then, the second inequality for |a4| is valid on the interval ¢ e {7 , 1] on using triangle inequality, inequality

obtained for |a,|, Lemmal.2, Lemma 1.3 (with B=D), and the inequalities |p,| <2, n=1,3.
Thus, the proof of Theorem 2.1 is completed.
Theorem 2.2:
. 1 2t
Let the function f(z) given by (1) be in the class S'C(G;S,t), B> te 2 . Then, |a, <m ,
+
82 _ 8 +12£% +1—2 1fte( ,\/2_}
|a3|§2(1+2ﬂ) Jas] < 3(1j3,8) NG
248 +12¢2 =Tt -2 ifte|:— j
Proof:
Let feS'C(G;pB.t), B=0, te(%,lj;that is,
#'(2)+ B f"(2) eU- (11)

ZEEEEIYGE
Define the function £ :U —[] by
F(z)=pBz"(2)+(1-8) f(z), zeU,

the condition (11) we can write as follows
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ZF'(=) _ G(t2,z€U
7 (=)

It is clear that

where 4, = (1+(n -1) ﬂ) a,, n=2,3,4,... . So that, the function F(z) belong to the class §'C(G;t), t e (%,1).

Using Theorem 2.1 for |A”

, n=2,3,4 we can write

,1].

8 +12¢2 +¢r—2 ifte[

N|=
NS
L |

Rz —

|4, | <2z, | 45| = >

1 1
, |A4|s§

o[

247> +12¢%2 — 7t —2 ifte|:

Applying equalities 4, = (1 + (n - 1) Yz ) a, gives the inequalities for

a,|, n=2,3,4.
With this, the proof of Theorem 2.2 is completed.

The following theorem is direct result of the Theorem 2.1.

Theorem 2.3:

Let the function f(z) given by (1) be in the class C(G;t), te [% , lj . Then,

2

24¢> +12¢% — Tt —2 ifte|:—,1

8% —1 1
s | = 7. |ay| = ——, |a4|gE

8¢ +12¢% +r—2 ifte[%,—2:|,

2

ITI. CONCLUSION

In this work, making the second kind Chebyshev polynomials, was introduced and investigated new subclasses
of analytic functions on the open unit disk in the complex plane. Here, was given upper bound estimates for the

initial three coefficients of the function belonging to these classes.
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