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Abstract — In this paper, we present two modified Seventh- iteration method for solving nonlinear equation (1)

order convergent Newton-type methods to solve nonigar
equations. Both methods are free from second deritizes. At
each iteration, they require three evaluations oftte functions
and two evaluations of derivatives. Thus the efficiecy index
of the presented methods is 1.4758 which is bettdran that
of classical Newton’s method 1.4142. Some numeriaasults
illustrate their effectivity and performance.
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. INTRODUCTION

In this paper, we consider iterative methods tal fan
simple rootX* of a nonlinear equatiof(X) =0, where

f:DOR - R for an open intervalD is a scalar
function and it is sufficiently smooth in a neighhbood of
X* .

It is well known that classical Newton's method (N
simplicity) is one of the basic and important methdor
solving non-linear equations [1] by the followirtgriative
scheme

Yn =*n .
(%)
which is quadratically convergent in a neighborhaxfd
X* .
In past decades, much attention has been paidvage
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For Algorithm 1, we have the following convergence
result.
THEOREM 1. Assume that the function

f :DOR - R has asingle roox* 00D , whereD is
an open interval. Iff (X) has first, second and third

derivatives in the intervaD , then Algorithm 1 defined by
(2)-(4) is seventh-order convergent in a neighbochof

X* and it satisfies error equation

641 =C5(3¢5 - Co)ey +O (&) ©)
where
f(k)(X*)
= - X*, :—'k:]_’z’...
07T ST O
Proof. Let X* be the simple root of f(X) ,
(k)
Ck:m'k:]_,z,... , and q,]:xn—x*
k! f'(x)

iterative methods for solving nonlinear equatioasid Consider the iteration functiofr (X) defined by

many
references (see [2]-[12] for more details).
Motivated by the ongoing activities in the directian

iterative methods have been developed (see

5f '(x)? +3f (y(x))* f (X))

i f X) =2(X) = (6)
this paper, we present two modified seventh-ordeF( o2 ' 2 '
convergent iterative methods for solving nonlinear PO +71 (y(x) ')
equations. Both of them are free from second devies. where
They require three evaluations of the functions &md 3f '(X)2+ f .(y(x))z f(y(x)

evaluations of derivatives at each iteration. Some(x)=y(X)—

numerical results are given to illustrate the adxge and
effectivity of the methods.

[I. Two MODIFIED METHODS AND THEIR
CONVERGENCE

Firstly, let us consider the following iterativehsene.

Algorithm 1. For givenXy, we consider the following

2F ') (y))+2f (y)P F'(x)

_._f(
y(X) = x 0"

By some computations using Maple we can obtain
F(x) =%, FO(%) =0, =123 4,5,
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(%) + F(yn)

_ 105 @ g9t "(x 2-2f () F B{x)] %

@) —
FO(x) pripes Xn+1 = %n o) (14)
Furthermore, from the Taylor expansion l6f(X,) at \1\/2'222 is third-order convergent with efficiency &d
X*, we get _ .Displ.ayed in Table 1 are the number of iteratiofis)
N F (%) k required such thatf (X,) K 1E — 15 All computations
=FOR) =FO) + > —— 20— K+ -9 ¥ ©) n
= kzzl k! i % were done by using MATLAB 7.0 and using 64 digit
Substituting (7) into (8) yields floating point arithmetics. In table 1, we use thkowing
. 2 7 functions.
Xne1 = X* +eneq = X* +C3C5-c e + Q). (%) = X3 +4x2~10
Therefore, we have 1 :
€nag = cg(&:% _CS)en7 + O(er?), ©) X* =}.36523001341409684576080682
which means the or_der of convergence of the AlgoritL fZ(X) =COSX—X,
is seven. The proofis completed. x* =0.739085133215160641655312087
Similarly, we give the following seventh-order
convergent iterative method and its convergencéysisa f3(x) =(x+ 2)ex -1
We omit the proof here for simplicity. .
Algorithm 2. For givenXg, we consider the following X =-0.4428544009670
: i _ 3
iteration sche][n(exn) f4(X) — (X—1) -1,
Yn:Xn_m, J10 X+ =2.
'Xn . Table 1. Comparison of various methods
— y + 3f (Xn)+ f (yn) f (yn) (11) Functions Xo NM PPM Algorithm 1 Algorithm 2
n f I(Xn)_sf |(yn) f I(Xn), f]_ 11 5 4 3 3
, 2 , 2 1.5 4 3 3 3
Xe41 = Zn — 3f 'X)"+f'(y(x)) f(z,) f, 05 4 3 3 3
+1 ™ n ' .
21 ') (y))+ 2f ‘(y )P f (%) s 7 3 3 3
(12) f 7.9 15 8 4 4
For Algorithm 2, we have the following convergence 06 5 3 3 3
result. f 25 6 4 2 2
THEOREM 2. Assume that the function 4
f :DOR - R has asingle roox* 1D , whereD is L> ! >6 > 4

. . . The computational results in Table 1 show that
an open interval. Iff (X) has first, second and third Algorithm 1 and Algorithm 2 require less ITs thaMN

derivatives in the intervaD , then Algorithm 2 defined by Therefore, the proposed —seventh-order convergent
(10)-(12) is seventh-order convergent in a neighbod of Methods are of practical interest and can compete w

X* and its error equation is NM and PPM. , )
1 ) o The computational results in Table 1 show that
4 7 i ' i
==c%(3c5-2c +0 13 Algorithm 1 and Algorithm 2 require less ITs thaMN
En+1 2 2( 2 3)en (en) (13) Therefore, the proposed seventh-order convergent
where &, and Gy (k=1,2,--) are defined by (6) methods are of practical interest and can compéte w
T ' NM and PPM.

Now, we consider efficiency index defined pils[w,
where pis the order of the method ar® is the number
of function evaluations per iteration required Hdyet
method. It is not hard to see that the efficienugex of
Algorithm 1 and Algorithm 2 is 1.4758 which is lmstt
than that of classical Newton's method (NM) 1.4142.

V. CONCLUSION

In this paper, we present and analyze two modified
seventh-order convergent Newton-type iterative wash
for solving nonlinear equations. The methods age from
second derivatives. Both of them require threeatains
of the functions and two evaluations of derivatiiregach
lll. - NUMERICAL EXPERIMENTS step. Several numerical tests demonstrate thatethenth-
order methods proposed in this paper are moreiesitic

Now, we employ Algorithm 1 and Algorithm 2 5nq perform better than Newton's method and PPM.
presented in the paper to solve some nonlineartiegsa

and compare them with NM, and PPM (Potra and Ptak
presented in [4])
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