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Abstract — This paper concerns the study of the numerical
approximation for the following initial-boundary value
problem:

u (x,t)=au,, —u"f(v),xe(02),t>0,
v,(x,t)=bu, +cv, +duff(v),xe(0),t >0,
u,(0,t)=0,u,(Lt)=0,t >0,

v, (0,t)=0,v (Lt)=0,t >0,

u(x,0) = Uy (x) > 0,v(x,0) = v, (x) > 0,x € [0,1],

where a, b, ¢, d are positive constants, 0< pSl. We

construct numerical solutions to approximate the solution of
the above problem and show that numerical solutions obey
the properties of the continuous solution. Finally, we give
some numerical experiments to illustrate our analysis.
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I. Introduction
In this paper, we consider the following initial-boundary

value problem for a system of reaction-diffusion equations
of the form

u,(x,t)=au, —u”f(v),xe(01),t>0, (1)
v, (x,t)=bu,, +cv,, +du”f(v), xe(01),t>0, 2)
u,(0,t)=0,u,(1,t)=0,t >0, 3)
v, (0,t)=0,v,(1,t)=0,t >0, 4)
u(x,0) =, (x) > 0,v(x,0) =V, (x) >0,x[01]  (5)

which models the temperature distribution of a large
number of physical phenomena from physics, chemistry
and biology. Typically, the above system arises in the

combustion theory and the term (V)
is given by the more general Arrhenius

o)

f (v) = Kvle R where q e

K is a positive constant, E is the activation energy and R is
the gas constant (for more physical motivation see for
instance [6], [7] and [8]). Here 0 < p<1, a, b, c and d
positive Upy(x) € Cl([O,l]) ,
v (x) € C(01). uy(0)=0, v,(0)=0, us(1)=0

and V, (1) = 0. Throughout this paper, we take g=0.

law

are constants, a>c,
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The theoretical study of the above problem has been the
subject of investigation of many authors(see [2], [5], [9],
[11] and the literature cited therein). In particular in [11]
the author has considered the problem (1)-(5) in the case
where p=1 and g=0. He has shown that the solution (u,v)
of (1)-(5) is nonnegative and bounded. In addition u tends
to zero uniformly as t approaches infinity. In this paper,
we are interesting in the numerical study of (1)-(5).
Numerical methods are the natural way to solve partial
differential equations (PDE) because theoretically, it is
very difficult to handle PDE by analytical methods.
Unfortunately, when one uses numerical schemes,
sometimes the numerical solutions are not good
approximations of the theoretical solutions. This is due to
the fact that the numerical solutions develop numerical
instabilities. These numerical instabilities appear when the
numerical solutions don't reproduce the properties of the
continuous solutions. For instance, if in a problem the
continuous solutions are bounded and nonnegative, in the
construction of the numerical schemes, one must take
precaution to have numerical solutions which are
nonnegative and bounded in order to avoid numerical
instabilities. In [10], Mickens has constructed numerical
solutions for the Fisher equation taking into account this
rule. A similar study has been done in [3] where the
second author has constructed numerical solutions for a
semilinear heat equation and has handled numerically the
phenomenon of extinction. The above numerical solutions
satisfy the properties of the continuous solutions. In this
paper, we propose numerical schemes to treat the problem
described in (1)-(5) taking into consideration the
properties of the continuous solution. Firstly, we construct
some explicit schemes in the case where p=1 and show
that the numerical solution obeys the properties of the
continuous solution. Secondly, we consider the problem
(1)-(5) in the case where 0<p<l. We show that the
numerical solution is nonnegative and bounded. In
addition, the approximation of u extincts in a finite time,
namely the approximation of u reaches the value zero in a
finite time.

This paper is written in the following manner. In the
next section, we consider the solution (u,v) of (1)-(5) in
the case where p=1 and show that the approximation of
(u,v) is nonnegative and bounded. In addition we show
that the approximation of u goes to zero. In the third
section, we extend the previous study in the case where
O<p<l and prove that the approximation of (u,v) is
nonnegative and bounded. We observe in this last case that
the approximation of u extincts in a finite time. Finally, in
the last section, we give some numerical results to
illustrate our analysis.
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I1. NUMERICAL SOLUTION FOR p=1

In this section, we construct humerical solutions for the
problem (1)-(5) and show that numerical solutions are
nonnegative and bounded. The properties of positivity and
boundedness are well known for the continuous problem
(see  for  instance  [11]). We denote by

Ur? :(Ug,uln,..-uln)T . Let | be a positive integer, and

. . 1
define the grid X, =ih, O0<i<I|, where h==. We

approximate the solution (u,v) of the problem (1)-(5) by
the solution (U,,V,') of the following semidiscrete
equations

sU; =as Ul -u (V") 0<i<l, (6)
SV =bs’U! +coN +dUMf(V,0<i<],  (7)
Ul=¢ >00<i<I, ®)
VP=¢>00<i<lI, ©)
where
PEN =—2U1nh_22Ug S = 2U|”-1h;2U.” |
S = U”l_zﬁ; VU 1<i<I-1,

n+1_ _n 2 2
5tUi”=u,AtSmin h—h— ,

At 2a 2c

We need the following lemma which is a discrete form of
the maximum principle for ordinary differential equations.
Lemma 2.1

Let f e C'(R)and let &, and b, two bounded sequences

such that

4y~
At

a, > b,. (11)

Then we have &, >b,, N> 0for h small enough.

Proof.

Let Z, =@, —b,. Using Taylor’s expansion, we get

Zn+1 -Z
At

where &, is an intermediate value between @, and b, .

Obviously

Z ., >Z (1-Atf (&) (13)

Since a,and b, are bounded and f eC'(R), there

+ f(an)Zb””A—;bM f(b,),n>0,

(10)

"+ f(g,)Z, >0, (12)

exists a positive M such that ‘ f '(gnj <M . Letj be the
first integer such that Z; < 0. From (11), j >1. Itis not
hard to see that Z; > Z; ,(1— AtM). Since AtM goes
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to zero as At—0 and Z;,>0, we deduce that
Zj >0as At — Owhich is a contradiction. Therefore,

we have Z_ > Oforall n>0and the proof is complete.

The lemmas below is a discrete form of the maximum
principle.
Lemma 2.2

Let W," the vector such that
SW." —csW,">0,0<i<|.

> !
inf h

A

o<i<l " Vi

h
— where
2

~ when At<
inf C

Then we have ”\Nh”
=min

Wi
B fling

Proof.
A straightforward computation reveals that

Win+1ZCﬁZth +(1_2Cﬁ§)\/\/in -}-Cﬁzvvinl,lgis I _l,

i+l

W, > 2¢ %Wl" +(1-2c %)WO”,
At

Wi 2 26 W+ (1 20%)W,” .

Let i, be the index such that V\/i;1+1 = ”\Nhn+1 _
n

between 1 and I-1, using the first inequality, we get

VW*‘M inf = ﬁt 2

At
n n n
c—ZV\/io+1+(1—2c—h2) L T W
The restriction on the time step guarantees that the

CIf g s
£ 0

h2

. At .
coefficient 1—2CFIS nonnegative. Thus, we deduce

that

‘MI“M inf ¢ ﬁzt ‘Mhn inf +(l-2c ﬁzt)W

Which is equivalent to

n+l n
> ”\N
”Wh inf b llinf

If i, =0o0r i, =1, by an analogous argument, we obtain
the same estimation. By recurrence, we deduce that

n 0
> W
”Wh inf B lline

And the proof is complete.

Another version of the discrete maximum principle is the
following.

Lemma 2.3

inf '

Aty
inf +CF‘M“

Let W, and " two vectors such that
SW,"—csW"=F",0<i<]I.

Then we have ”\/Vhn+l S”\Nh”

2
AtSh—.
2C

Proof.

o+ AtHFh”Hmwhen
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A direct calculation yields
W”*l_ch—W” +(1- ZC—)W +chWn +AR"1<i< I -1,

i+l

W0n+1 = ZClen + (1— 2C F)Won + AtFon,

n+ At n At n n
W =20 2 W+ (120 W+ AR

The restriction on the time step ensures that all the
coefficients of the above equalities are nonnegative. Apply
the triangle inequality to obtain

W < W+ atRr| o<i<t

Since the above inequalities are true for all i, we deduce
that

n+l n n
e, <], + st
and the proof is complete.

The following theorem shows that the solution (U,,V,")
of the discrete problem is nonnegative and bounded. In

addition Ur:‘ goes to zero as n goes to infinity.
Theorem 2.1
Let (U,,V,') be the solution of (6)-(9) such that

0 _ U °H
”Vh b ling

0<U <|ug| e*™0<i<I,

] b
=y > 0with & =—— . Then we have
a—=C

—kat
0<V" <V, - e o e osi<l,
Where K = &
1+ Atf (y)
Proof.
Define the vector W,"=V,"—&U;. A routine

calculation yields
SW" = cSW," +(d + &)U (V"),0<i < 1. (14)
The equations in (6) may be written as
a®yn +(1-2a 2)U +a 2U“_l

Uin+1 h2 i+ h 1S | < I _1’ (15)
1+ Atf (\/i )
2aA—;[Uln +(1- ZaA:)UQ
urt=—nh h (16)
0 - n ’
1+ At (V)
At Aty
ZaFU 11T (l— ZaF)U,
ur = : (17)
L+ At (V)

A
The restriction on the time step ensures that 1—2a—

is nonnegative. Since f(S) is a positive function, using a

recursion argument, we observe that U,T iS nonnegative.
Therefore from (14), we find that
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SW." >csW,",0<i<I.
Apply Lemma 2.2 to obtain

n > 0 —
”Wh inf ”Wh ot 7
Since V,"=W"-&U", we observe that
V" >»,0<i <. Due to the fact that f is an increasing

function, we deduce that f (V,") is bounded from below

by f(y) and from (15)-(17), we arrive at
At

2 n
ui"”sah2 Uiz 2)U +ah2U|11§isl—1,(18)
1+Atf(y)
2a2ur 4 (1-2a2ur
urt<— N ™ (19)
1+ Atf (7)
222U +a-2aYur

1+ Atf (7)

Since the restriction on the time step guarantees that all
the coefficients of the above inequalities are nonnegative,
using the triangle inequality, we find that

_n+1 < H
LT 14 At (}/)
which |mpI|es that

S 1y Atf (7/)
It is not hard to see that

i
At

" 0 —knAt .
Define the sequence «, by «, =HUhH e . A routine

for 0<i<l|,

n+1
h

computation reveals that

—kat

Ay — O _ _knm(l_e )
At '
Due to the fact that 1—e "' < kAt, we discover that
a ., —o
n+lAt > —Ker, . Apply Lemma 2.1 to obtain

n 0 —knAt
i, <[orl e
Now, using the above inequality, (14) and Lemma 2.3, we
get

<[]+ At + e)K|ug | e

By a recursion argument, we derive the estimation

<l +at(d+SKJug e
n=0

It is easy to see that the serie on the right hand side of
the above inequality converges and is bounded from above

by
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—kAt
O Therefore, we deduce that

At(d + KU e
il s+ 2L
Use the fact that V," =W, + €U, and the triangle

inequality to complete the rest of the proof.
Now, approximate the solution (u,v) of (1)-(5) by the

solution (U,,V,") of the following discrete equations

sU"=asU"-U"f(V,"),0<i<lI, (1)
SV," =bsU" +csAV," +dUf(VM),0<i< I, (22)
Ul=p>0V°=¢>00<i<I, (23)
2 2
where At <min h—z,h— .
2a+Kh® 2c

The theorem below reveals that the results of Theorem
2.1 remains valid when we consider the solution of the
above standard scheme.

Theorem 2.2

Let (U7,V,') be the solution of (21)-(23) such that

b
”\/h0 - AJSH =y >0with & =—— . Then we have
inf —
a—cC
0<U <|ug| e*™0<i<I,
(d+e)K[U?| Ate™
OsvinSHVho_éUSH N H hHac
” ()

ere kK = ) .
1+ Atf ()
Proof.
Define the vector W' =V, —&U, . A straightforward
computation reveals that
SW," =W +(d +&)UMF(V"),0<i< 1. (24)

The equalities in (21) may be rewritten in the following
manner

+sHUﬁHwe’km‘ 0<i< I,Wh

LAt At
Ug™ =2a 5 U] +(L-2a 0 — A (U,
ure :a%Ui’Lﬁ(l—Za%—Atf(\/i”))Ui” +a%Ui”_1,l§i <l-1

U = 2a%U,“1 + (1—2a% AV

Since f is bounded from above by K, we deduce that
ur 2a£§U." +(1—2a£2t—AtK)Uin +a£§Ui[1,1s i<l-1-
h h h

i+l

By the same way, we also prove that
n+l At n At n
Ug™ 2 2a- 5 U+ (L-2ai 5 — AtK)US,

U|n+1 > ZaEUI[l + (1—28.%—AtK)UIn'

h2

International Journal of Applied Science and Mathematics
Volume 2, Issue 4, ISSN (Online): 2394-2894

The restriction on the time step implies that all the
coefficients of the above inequalities are nonnegative.
Therefore, using a recursion argument, we easily see that

U,T is nonnegative. From (24) and the fact that the
function f(s) takes nonnegative values, we discover that
SW." >csW,",0<i<I.
> WO >
inf _”Wh =7

Apply Lemma 2.2 to obtain ”\Nh”
e o  >I\o of >

which implies that ”\/h » _”\Nh inf+8HUhH_7/. It

follows from (21) that

SU!<csU - f (UM 0<i<I.

A routine computation yields

Ut <2ahyr 4 (1-2a

h2

inf

At )
2 A (),

UM< a%u." +(1—2a%—Atf (" +%ui"_l,o <i<l,

i+l

At,

h2

At,

UMt <2a 2

U, +@1-2a

—Atf (m)U].

Since f () is bounded from above by K, the restriction

on the time step guarantees that all the coefficients of the
above inequalities are nonnegative. Apply the triangle
inequality to obtain

Up < (@-Atf (1)U
which implies that
Jui?| < @-att s
By induction, we get
i, <@-atf )y jug] .

On the other hand, using (24), Lemma 2.3 and the above
inequality, we derive the following estimate

L <]+ (@ +e)K|Up| At At ()"
By a recursion argument, we find that
w k
L < W +(d +o)K|UR| ALY (- At (7)) -
k=0

It is not hard to see that the serie on the right hand side of

0<i<l,

0<i<l,

. We deduce

the above inequality converges to
q y g Atf (7)
(d+e)K|ug| at

v o | <]+

Use the fact that V,' =&U; +W," and the triangle
inequality to complete the rest of the proof.

I1l. NUMERICAL SOLUTIONFORO<p<1

In this section, we consider the continuous problem
defined in (1)-(5) in the case where 0<p<1. Approximate

the solution (u,v) by the solution (U;:,Vh") of the
following discrete equations
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sUM=as’ U] —(UNPUMM F(VM),0<i<I, (25)
V" =b&U +cN" +d(U])" F(V")0<i<I, (26)

UiO:§0i,Vi0=¢,,OSiS|, (27)
n+l 'n _n+l_ n
where é‘tUi" =u; 5tVin =u
" At
2 K2 )
with At, = min(h_’h_’THUrT 1 p).
2a 2c o0

We need the following
Definition 3.1

We say that U, extincts in a finite time if HUSH >0

for all n, HUQH goes to zero as n goes to infinity and the

+00 ~+00
serie ZAtn is finite. The value of the serie Z:Atn is
n=0 n=0

called the numerical extinction time of Uy .
The following theorem shows that (U,:',Vh”) is

nonnegative and bounded. Moreover U, extincts in a

finite time and its numerical extinction time is estimated.
Theorem 3.1

Let (U,?,Vh”) be the solution of (25)-(27). Assume that
VY = eUg] = 7> 0 with & =% Then (UT.V,")

is nonnegative and bounded. In addition, U, extincts in a

finite time and its numerical extinction time is bounded
from above by

SN I AT
@+ f()r) P -

where

p-1 h?

£ =mino ol S o

Proof. The equalities in (25) may be rewritten in the
following form

2ahyn (1—2aAht2")ug
n+l
0 1+At(U”)p’1f(V0”) ’
e fat nUn
U = h i i 1<i<l-1
' 1+ At (U.)Plf(v.)
2a nUn
U|n+1= h ,

1+Atn(ur)p*1f(\/. )
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At,

. . . 0 . .
is nonnegative. Since U, is nonnegative, we deduce

using a recursion argument that U,T is also nonnegative.
Define the vector W, =V," — U, .

A routine calculation yields
SW" =cs™W" +(dUMP +eUMNPUMM) VM), 0<i<]I.

Since U, is nonnegative, we conclude that
SW." > csW.",0 <i < I,because f(s) is
2y

=W,"+&U,, we get
N =7 Due to the fact that f(V.") is bounded
n

and using the fact that V'

from below by f(y) because fis an increasing
function, applying the triangle inequality, we arrive at

H n+l < p
f()

Obviously HUQ+1 <|U.|l and by induction

‘ S HUOH . It is not hard to see that
nl[PL 1 h? o1 h% ) et .

At o] % )>mm(—HU I Hu =7,
which implies that
HU n+1

"l T4 f ()
and by iteration, we obtain
g <L -

e T @ F o))"

The above inequality implies that Ur? goes to zero as n

approaches infinity. Now, to prove that Ur? extincts in a

+00
finite time it suffices to show that the serie ZAtn

n=0
converges. To do this, we observe from the restriction on

-p
"' . Using the

the time step that ZAtn <
n=0

estimation  of Un in (28), we arrive at
+o0 1 .
Y I T

We observe that the serie on the right hand side of the
1-p N1
dusl @+ )
1+ f()r)P-1

above inequality converges to

and the proof is complete.
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V. NUMERICAL EXPERIMENTS Table 3: Numerical extinction times, numbers of
iterations, CPU times (seconds) and orders of the

In this section, we consider the solution (U,V) of (1)-(5) apprOXimationS obtained with the eXpIiCit Euler method

and its approximation (U,?,Vh”) defined in (25)-(27). We ' T" n CPUtime | s
1 . .
take p = > U? = 20+cos(zih), V,° =15+cos(zih) and 16 | 9.268205 | 19679 1 -
2 N . ) 32 9.255935 | 75438 5 -
7 =h". We know from Theorem 3.1 that U, extincts in
. . . T 64 9.251556 | 288968 38 1.49
a finite time and its numerical extinction time is bounded
from above. In the tables 1, 2 and 3, in rows, we present 128 | 9.249806 | 1105094 | 289 1.32
the numerical extinction times, the numbers of itgratipns, 256 | 9.249041 | 4217689 | 2400 1.19
CPU times and the orders of the approximations
corresponding to meshes of 16, 32, 64, 128, 256. The
n-1 REFERENCES
numerical blow-up time T" = ZAtJ— is computed at the
j=0 [1] L. Abia, J. C. Lépez-Marcos and J. Martinez,”’On the blow-up
1 16 time convergence of semidiscretizations of reaction-diffusion
first time when At, :‘T"+ —T"/ <107 . The order(s) equations”, Appl. Numer. Math., 26,1998, pp. 399-414.
. [2] J. D. Avrin,”’Qualitative theory of the Cauchy problem for a one
of the method is computed from step reaction model on bounded domains’’, SIAM J. Math. Anal.,
- - 22,1991, pp. 379-391.
S = IOg((T4h Ton )/(TZh Th ) ) [3] T. K. Boni,”” Extinction for discretizations of some semilinear
Iog(2) parabolic equations”’, C.R.A.S, Serie I, 333, 2001, pp. 795-800.
[4] T. K. Boni, ’On extinction of the solution for an elliptic
. 1 1 equation in a cylindrical domain’’, Ann. Math. Blaise Pascal, 6,
Firstcase: E=R,a=1, b==, c == and d=1. 1999, pp.13-20.
2 2 [5] T. K. Boni,”’Sur le comportement asymptotique des solutions
Table 1: Numerical extinction times, numbers of pour certaines équations paraboliques et elliptiques semi-
iterations. CPU times (seconds) and orders of the Iig(e)aires du second ordre”’, C.R.A.S., Serie I, 327, 1998, pp. 455-
' 460.

approximations obtained with the explicit Euler method [6] T. Boddington, C. Feng and P. Gray,”Thermal explosions,

| T n n CPUtime S criticality and the disappearance of criticality in systems with
distributed temperatures 1. Arbitrary Biot number and general
_ reaction rate laws’’, Proc. Soc. R. London, A 390, 1983, pp. 247-
16 | 9.572069 19980 11 264,
32 9.565058 76759 5 - [7 F. S. Dainton, <’Chain reactions:An introduction’’, Wiley Press,
New York, 1966.
64 9.563305 294687 39 2.01 [8] S. R. Degroot and  P. Mazur,”’Non-equilibrium
Thermodynamics’’,  North-Holland  Publishing  Company,
128 | 9.562866 | 1129662 297 2.00 Amsterdam, 1962.
[9] M. Kirame,”’Global bounds and asymptotics for a system of
256 | 9.562757 | 4322587 2346 2.02 reaction-diffusion systems’’, Jour. Math. Anal. Appl., 138, 1989,
pp. 328-342.

[10] R. E. Mickens,*’Relation between the time and space step-sizes

1 in nonstandard finite difference schemes for the Fisher

Second Case: E=2R,a=1,b = E , C= E and d=1. equation’’, Num. Methods. Part. Diff. Equat., 13, 1997, pp. 51-
55.

Table 2: Numerical extinction times, numbers of [11] S. Okoya,”’Boundedness for a system of reaction-diffusion

iterations, CPU times (seconds) and orders of the Equations™, Mathematika, 41, 1994, pp. 293-300.
approximations obtained with the explicit Euler method

I T" n CPUtime | s

16 10.209198 | 21367 1.2 -
32 10.214077 | 82155 5 -

64 10.218319 | 315483 42 0.20
128 | 10.220893 | 1209296 | 318 0.72
256 | 10.220127 | 4761553 | 3076 1.75

Third Case: E le ,a=1,b :1, c :l and d=1.
2 2 2

Copyright © 2015 1JASM, All right reserved
81



