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introducing the notion of wupper quasi-monotone on
decreasing, and investigates relative (hy, h, M) -stability for
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l. INTRODUCTION

The concept of Mg -stability, which was introduced by
Moore [1], describes a general type of invariant set and its
stability behavior. This notation is a natural generalization
of the usual concepts of eventual stability and the stability
of asymptotically self-invariant sets. This new stability
allows us to consider the initial values on surfaces that
crucially depend on initial time and also to introduce
different topologies in the definition of stability. In[2,3],

the authors introduced (h,, h, M) -stability for integro-
differential equations by combining M, -stability and
(hy, h) -stability.

Since Lakshmikantham and Leela [4] initiated the
notion of relative stability, there are some results on

relative stability of two differential system. El-Sheikh et al.

[5] discussed relative ¢, -stability of two differential

systems. Wang and Geng [6] extended these types of
stability to two functional differential systems. In this
paper, we extend relative stability to relative

(hy,h, M) -stability for two nonlinear differential
systems. Firstly, we establish a new comparison principle

by using a notion of upper quasi-monotone non decreasing.

This principle is similar to but different from the usual
comparison method, because it's not limited to the
maximal solution of the comparison system. This new
method is suitable for every solution of the comparison
system and it connects the solutions of two higher-
dimensional differential systems. By using Lyapunov
function and the new comparison principle, sufficient

conditions of relative (h,,h, M) -uniform stability for
two differential systems are obtained.

1. PRELIMINARIES

Firstly, we give the following sets for convenience.
K={aeC(R,,R ):a is strictly  monotone
increasing and a(0)=0} ;
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KC={aeK:a is convex};
F={heC(R+xR”,R+): inf h(t, x)=0 for each
(t,X)eR+><R”};
(h,p)z{(t,x,y)eR+xR"xR”:

h(t,x-y)< p, p>0 is a constant}.
We consider the following two differential systems

X =1t X)), xt)=vily x)
. (2.)

y = fz(t’y(t» Y(to):‘//z(t01Y*)1
where X,yeR", f,,f,,u,v, EC(R+ xR", R”),
f,(,0)= f,(t,0)=w,(t,0)=w,(t,0)=0,t, € R, and
R" denotes the N -dimensional Euclidean space with a
norm |||| which denotes
x| = max || for X=(X,%,, X, ) €R".

Denote  X(t, S,y (s, x*)) . y(t,s,1,(s,y*)) the
solutions of systems (2.1) satisfying the initial conditions
X(s)=y(s.x). ¥(s)=y (s y*).

Consider the following comparison differential system

Cog), u)-dou) (249
where g,¢eC(R+xRT,RT), 9(t,0)=0, and
m<n.

We need the following notations before we proceed
further, and which can be found in [1].

Let M =M (RM R”) be the space of all measurable
mappings from R, to R"such that X € M if and only if
X(t) is locally integrable and

sup [ [x(s)ds <co.

t>0 *t

Let Mono(R+,R“) be a subspace of M
consisting of all X(t) such that
[Ix(s)fds >0 as t—oo.

The set S(I\/lo,g) is the subset of M defined by
S(M,,&)={xeM :lim sup f+1||x(s)||dSSg}.

t—ow

The following definitions will be needed in the sequel.
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Definition 2.1. A functiong(t, u)eC(R, xR", R")
is said to be upper quasi-monotone nondecreasing in U

if, for any u,weR] uU<maxwyV implies
I<i<n
t,u)<m t,w
g(t,u)<maxg(t,wp,
where v=(v1,v2,~--,vm)T , and Vv,=1 for
i=12,--,m

Remark 2.1.U71 |f n=1, upper quasi-monotone non
decreasing and quasi-monotone non decreasing are
equivalent. If n>1, they are not covered by each other.

Example 21. If n=2 assume  that

g(t,u)e C(R+ xR?, Rz) with

+

s[5,

and u=(u,u,)" ,v=_L1)". Its clear that g(t,u)is
quasi-monotone nondecreasing.

On the other hand, choosing u:(ﬁLZ)T,W=(%,3)T .

' < ] =(11)
We can find that u_rEiéélﬁ(W,V and g(t,u) (1,1) ,
g(t,W)=(%,%)T, which implies that g(t,u) is not
upper quasi-monotone nondecreasing.

Hence, quasi-monotone nondecreasing does not cover
upper quasi-monotone nondecreasing in the case.

Example 2.2. 1 1 n=2 |
g(t,u)e C(R, xR?,R?) with

+

ot={ 30
(lo-u

%(uf +uj +(u; +u, Ju, —u2|)

assume that

and U= (ul,uz)T , v :(Ll)T . Obversely, g(t, u)

is upper quasi-monotone nondecreasing.
On the other hand, choosing U =(1,2)T, W:(Z §)T.

Wecanfind that u<w and g(t,u)=(L4)",
g(t,w)=(,2)", which implies that g(t,u

47 4
quasi-monotone nondecreasing.
Hence, quasi-monotone nondecreasing is not covered by
upper quasi-monotone nondecreasing in the case.

Definition 2.2. Let h,, heI", hyis uniformly finer

than h if there exists a A > 0and a function a € K such
that hy(t,x)< A implies h(t,x)<a(h,(t,x)).

) is not
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Definition 2.3. Let AcR". Ais said to be M-

relative-invariant with respect to the systems (2.1), if

for X —y €A and y/l(s,x*)—t//z(s,y*)e M, .
then

x(-, s,wl(s, x*))— y(-, s,x//z(s, y*))e M,

The following example will simply illustrate what exactly
we mean by M -relative-invariant set.

Example 2.3. Consider the two differential systems
x=e", Xt)=w,lt,.X)
(2.3)

yI:_2t£31 Y(to):WZ(to'y*)’

where X, Yy e R,y/l(to,x*)zx*+1,
S

Wz(wy ) y "‘E

—t

Then x(t,s,z//l(s,x*))zx*+%+e‘s—e ,

(t S, l//z(S y )) y += +——Siare the solutions

of systems (2 3) satlsfylng the initial  conditions
‘//1(5 X*> V’z(s y )

Let A={x-yeR: lim x(t)-y(t)=0,

X —y eA. If we have l//l(S, X*)- l//z(S, y*)e M

i.e.
t+1
J

then we can obtain

J‘:ﬂ‘x(t, S,w,(5, X)) = Y(t, 8,1, (s, y*))‘ds —0 as

(2.5)
Then set A is M0 -relative-invariant with respect to the

systems (2.3).

Definition 2.4. A function bis said to be have the

l//l(S,X*)—l/IZ(S, y*)ds—>0 as t—>oo, (2.4)

t —o0.

property P if for a given £>0 , there exists
a o(¢) >0 such that
x*eA and w(s,X)eS(M,,8) , then

b(h, (s, (s,X))) € S(M,, &) , where beK .
Definition 2.5. The function V(t,X,Y) belongs to
class A if V(t,X,y)eC(R, xR"xR",R,) and for

each te R, ,V(t,X,Y) islocally Lipschitz with respect
to X and Y.
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Let V(t,X,y) €A, we define a derivative of the
V(t,x,Y)

D+(2_1)V (t,x,y)= Iimsup%{v (t+h,x+hf(t,x),

h—0*
y+hf,(t,y)-V(t.x,y)}.
Specially, if V eC(R, xR"xR",R") is locally
Lipschits with respect to X and Yy ,we can define the
derivative of V (t, X, y) just like the above one .

function as follows

For differential system (2.2) we say u=0is M,-
invariant ~ if  whenever #(s,0)e M, then
u(, s, ¢(s,0)) e M, .

Definition 2.6. The set U = Qs said to be withrespect to
the differential system (2.2)

(MS, ) M, -equistable if for each &> 0 there exist
7,(8) >oas ¢ —>0and (&), 0,(t,,6) >0
o+l

J

that

such that

‘u(t, s, é(s, u*))”ds <g t>t +1

rovided ull<d. and
; [ <e:

to+1
)
uniformly stable if 0,9, in (MS,) are independent of
t ;
n>0
numbers &, (&) , S,(€) >0, 75and T =T(7) such
that

J.:OHHu(t, s (s, u)ds <t =t +T +1t, > 7,

psuds <5, , th=7i(e) ; (MS,) M, -

(MS;) M, -uniformly attracting if for any

;there exist positive

where HU*H <0y and lim SupJ.tHlH¢(S, u*)HdS <0y
t—o0

stable if

(MS,) M, -uniformly asymptotically

(MS,) and (MS,) hold simultaneously.

In our further investigations, we need the following
well-known Jensen inequality.

Lemma 2.1™ Let a be a be a convex function and
f integrable , then

a([| f(s)ds) < [ a(f(s))ds.

111. MAIN RESULTS

In this section, we give sufficient conditions for relative
(hy,h, M) -uniformly stability of the set A with
respect to the systems (2.1).Firstly ,we give the definitions
for various types of (hy,h,M, ) -stability.
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Definition 3.1. Let hy,h eI Relative to the two

differential systems(2.1),the set A is said to be
(MS) relative (ho, h, MO) -equistable if for each

£>0 there exist 7,() > and
0,(t,,€),0,(t,,e) >0 that

J.::Jh(t, x(t, s,z//l(s, x*))— y(t,s,gy2 (s, y*)))ds <e,

t>t,+1
Provided X —y eS(A09)

o+l - *

J.to ho(s,z//l(s,x )—z//z(s,y ))ds<§2,t0 >1,(&);
(MS;) relative (hy, h, M) -uniformly stable if &,,5,
in (MS,) are independent of t;

as ¢€—0

such

that and

MS.) relative (h,,h, M,)-uniformly attracting if for
3 0 0

numbers
that

any 1n>0 there exist positive
0,0(€),0,(6)>0,7, and T=T(n)

J:+1h(t, X(tsy(s)) -y (tsws (s, y*)))ds <n,
t>t, +T +1,

such

t,=7,,
X _y* € S(A 6y)

Iiris;upj':ﬂhﬂ (s,wl(s, X )=, (s, y*))ds <8y

(MS;) relative (hy,h, M) -uniformly asymptotically

stable if (MS,) and (MS;) hold simultaneously.
Theorem 3.1. Let the following conditions be fulfilled :
(A) hy,heT,hy isuniformly finer than h;
(A)V e A and satisfies
a(h(t,x—=y)) <V(t,x,y),({t,x,y) e S(h, p)lae KC, (3.1)
V(% y) <b(h, (t,x=Y)),(t, X, y) € S(hy, p,).b €K, (3.2)
where p, € [O,ﬂ], ¢(p0)<p , $€K, and Db has
the property P ;
(A) DV (%, y)<0.

Then the set A is relative (h,, h, M, )-uniformly stable

where and

relative to the systems (2.1).

Proof. LetO<e<p. From (A)
2.2, it follows that

ho(t, x—y)< A= h(t,x—y)< g(h,(t, x—y))< p.S
ince b has the property P, we can find positive numbers
5,(£).6,(g)< p, andz,(€) such that

J:Hb(ho (5’ ‘/’1(51 X*)—l//z (31 y*))):ls <a(s)aeK
(33)

and Definition
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Provide and

t°+lh0(s,z,//l(s,x*)—z//z(s,y*) s<d,, t,>7,(e).
2

We claim that the set A is relative to the systems( .1) .
Suppose this is not true, then for any solutions

x(t)=x{t.s, (s, x7)), y(O)=ylt.s.wls.y))
with X'—y es(Aq,)

“h (s, v, (s, x*)—x,//2 (s, y*) S < &, there exist

t, >t, +1,t, > 7,(g), such that

J;th(tl,x(tl,s,l//l(s,x* )=yt swls.y Pos=e

J-t0+1h(t,x(t,s,y/1(s,x* ))— y(t,s,l//z(S,y* )) s<e,

ot +1<t<t,.
(3.4)
From condition ( A, ), we have
DoV (t, x(t,s,z//l(s, x*)), y(t,s,t//2 (s, y*))) <
(3.5)

that X —y eS(Ad)

to

and

Thenfrom (3.1)-(3.2) and (3.5), we obtain

)
alnlt, x(t, (s X )=Vl sva(s, v )
<Vt xS (s ) Vit swa(s.y)
<V(sx(s 5.5, ) yls.safs. v )
Vsl X Jwals )

blb (5,74 (5. % )-w (5. )

w by using Lemma 2.1, (3.3)-(3.4) and (3.6), we

a(s) a(L:°+lh(tl, s, y/l(s, x*)—:,//2 (s, y*))ds)
_r° t xt s, yxl(s X )) y(tl,s,gyz(s, y))))ds
~vys.y s

<.[t°+1 ( s, (s, x")
<al(e),
which is a contradiction and this completes the proof.

The proof on other (ho, h,M, )—stability properties can
be obtained similarly to Theorem 3.1 and we omit it.
Now a new comparison principle is presented which is
necessary for completing our result.
Lemma 3.1. Let the following conditions be fulfilled:
(H,) geC(R,xR"R"
monotone nondecreasing ;
(H,) V eC(R, xR"xR",R"

+

(3.6)No

IA

) and @ is upper quasi-

) and
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DiV (%, y)< gtV x y)(t.x y)eS(h p)

(3.7)

Then
0<V(s,p, ¥, ) < maxu, (s

1<i<m

(38)
implies the validity of the inequality
V(t,x, y)< maxu,(ty, (3.9)
where u(t)= u(t, s, ¢(S, u*)) is the solution of (2.2).
Proof. Let x(t)=x{t,s,,(s,x"),

y(t)= y(t s, 1//1(5 y*)) be the solution of (2.1), such
that 0 <V(S,w;,w,)<maxu,(s\.

1<i<m

Let un(t) be the solution of initial value problem

u'= g(t,u)+%V u(ty)= ¢(t0,u*)+

1
—V.
n

Furthermore, let

m(t) =V (&, (t,,1(5, X)), Y(t, 5.y, (, Y )))

Because of the fact that u(t, S, #(s, u*))= lim u, (t)
nN—o0

and m(s)< an_axuni (S)\/, it is enough to prove that for

any nthe inequality
m(t) < maxu, (thv,t e[s,0)
<I<m
Holds.
In fact, assume inequality(3.10)is not true, then there
exists a point ne(s,oo):m(n)> an_axum(t)v . Let
<I<m

t" =sup{t [s,0):m(r)< maxu, (riv,re[s,t)}.
<I<m
According to the assumption t", we have

m(t")=maxu, (t" ),

1<i<m

(3.10)

m(t) < maxu, (tv,t e[s,t"), (3.11)

m(t)>rjl_<1lz<i%(u (tiv,te( t"+5)

where ¢ > Qs a small enough number. From inequality
(3.11) it follows that

D'm (t )>maxu (t) maxg(t u( ) +%v

1<i<m 1<i<m

> g(t*,m(t* ))+Hv. (3.12)

According to (Hz) and definition of function m(t),
we get
D+m(t*)§ g(t*, m(t*))< g(t*, m(t*))+%v,

which contradicts (3.12) and this completes the proof.
Theorem 3.2. Let the following conditions be fulfilled:

(A)) hy,h €T, hyis uniformly finer than h;
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(A)V eC(R xR"xR" R'“) and satisfies

R

a(h(t.x-y))<|V (txy).

DD('[ X, y)eS(h p),D aeKC,

v (& xy)<b(h (tx-y)),

0o (t,X, y) S S(ho,po),D bek,
where Db has the property P;

(A) DGV (tx y)< gtV (tx y))
Then the M - uniform stability of set U=0 relative to
the (2.2) the
(ny, N, M) - uniform stability of set A relative to the
systems (2.1).

Proof. Since set U=0 relative to the system (2.2)is

(3.13)

system implies relative

M, - uniformly stable, let &>0, there exist
5, (¢),6,(), and 2'1(8) such that
to+1 -
L (t.s.0(s.u )]‘ds <ale)t>t, +1t, >17,(¢),
aekK
(3.14)

provided that Hu H<5 and I%+1

(s:1)

, 0, (g)and 7, (8)

From (A,), we can find &,4(¢)
such that

I:*lb(ho (s, l//l(s, X*)—'//z (5, y*)))ds <a(e).ty 21, (¢)
(3.15)
provided that X —y eS(A5,) and

L?+1ho (5.0 (s X)=w, (s,y7))ds <5,
Let
5,(£)=min {5, (£), 8,0 (&)}, 7(¢) = max{z, (), 7, ()}

If we choose X,y such that X —y e S(A&,)
and .L:0+1h0(8,l//l(S,X*)—l//2(S, y)ds < 3,, then

J-t:,+1h(t, x(t,s,l//l(s, x*))— y(t, S, ¥, (S, y*)))ds <e.

(3.16)
In fact, suppose (3.16) is not true. Then, there exist
t,>t+, t, > r(g) such that
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J':”h(tl, x(tl,S,z//l(S, X*))— y(ti,s,l//2 (S, y*)))ds =g,
Lto+lh(t, x(t, A x*))— y(t, A y*)))ds <&,

"ty +ls<t<t,
(3.17)
Let u(t,s,¢(s,u*)) be the solution of system (2.2).

Set ¢(S,U*)=V(5J//1(S’X*)’WZ(S’ y*)).

Then by Lemma 3.1,
Y, (t, x(t, S, v, (s, x*)), y(t, S,/, (s, y))) <maxu; (t)v.

I<i<m

(3.18)
By (Az), (3.14), (3.17)—(3.18)and the form of ||||

we have

a(s)= a(ﬁﬁlh(tl, sy (s, X ), (s,y7) s)
< J‘::ﬂ ’\/(t,yq(s, x*), wz(s, y*)l‘ds

o+
SJ‘I‘) maxu, t)des<a
0

1<i<m
which is a contradiction and this completes the proof.
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