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I. INTRODUCTION 
 

The concept of 0M -stability, which was introduced by 

Moore [1], describes a general type of invariant set and its 

stability behavior. This notation is a natural generalization 

of the usual concepts of eventual stability and the stability 

of asymptotically self-invariant sets. This new stability 

allows us to consider the initial values on surfaces that 

crucially depend on initial time and also to introduce 

different topologies in the definition of stability. In[2,3], 

the authors introduced ),,( 00 Mhh -stability for integro-

differential equations by combining
0M -stability and 

0( , )h h -stability. 

Since Lakshmikantham and Leela [4] initiated the 

notion of relative stability, there are some results on 

relative stability of two differential system. El-Sheikh et al. 

[5] discussed relative
0 -stability of two differential 

systems. Wang and Geng [6] extended these types of 

stability to two functional differential systems. In this 

paper, we extend relative stability to relative 

),,( 00 Mhh -stability for two nonlinear differential 

systems. Firstly, we establish a new comparison principle 

by using a notion of upper quasi-monotone non decreasing. 

This principle is similar to but different from the usual 

comparison method, because it's not limited to the 

maximal solution of the comparison system. This new 

method is suitable for every solution of the comparison 

system and it connects the solutions of two higher-

dimensional differential systems. By using Lyapunov 

function and the new comparison principle, sufficient 

conditions of relative ),,( 00 Mhh -uniform stability for 

two differential systems are obtained. 

 

II. PRELIMINARIES 
 

Firstly, we give the following sets for convenience. 

  a:R,RCaK  is strictly monotone     

increasing and   00a  ; 

KC =a K:a is convex ; 

    R,RRCh n :  inf   0xth ，  for each 

  nRRx,t   ; 

    n nh, t, x, y R R R :      

  ,, y-xth 0 constant a is . 

We consider the following two differential systems 

      
      






 

,y,tty,ty,tfy

,xttx,txtfx

0202

'

0101

'



 ，，

 

 2.1  

where 
nRyx , ,  nn

1 RRRCff ,,,, 212   , 

        00,0,0,0, 2121  tttftf  ,  Rt0 and 

nR denotes the n -dimensional Euclidean space with a 

norm   which denotes  

x
ni1

max
ix for   nT

n Rxxxx  ,,, 21
． 

  Denote   xsstx ,,, 1 ,   yssty ,,, 2  the 

solutions of systems (2.1) satisfying the initial conditions 

    xssx ,1 ，     yssy ,2 ． 

Consider the following comparison differential system 

 utgu ,'  ,        uttu ,00  ,       2 . 2  

where   mm RRRCg   ,, ，   00, tg ， and 

nm ． 

We need the following notations before we proceed 

further, and which can be found in [1]. 

 Let  nRRMM ,  be the space of all measurable 

mappings from R to
nR such that Mx if and only if 

 tx  is locally integrable and 

0t

sup   


dssx
1t

t
． 

Let  nRRMM ,00   be a subspace of M  

consisting of all  tx  such that 

  0
1




dssx
t

t
 as t ． 

  The set  0S M , is the subset of M  defined by 

   :,0 MxMS 
t

suplim   


dssx
t

t

1

. 

The following definitions will be needed in the sequel. 
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Definition 2.1. A function    mm RRRCutg   ，，  

is said to be upper quasi-monotone nondecreasing in u  

if, for any 
mRwu , , vwu i

ni


1
max implies 

   vwtgutg i
ni

,max,
1 

 ,  

where  Tmvvvv ,,, 21  , and 　1iv  for 

.,,2,1 mi   

Remark  2.1.
 7

 If 1n , upper quasi-monotone non 

decreasing and quasi-monotone non decreasing are 

equivalent. If 1n , they are not covered by each other. 

Example 2.1. If 2n , assume that 

   22 ,,   RRRCutg  with 

 
 
  
























212
1

2

1

2

1

uu

u

xtg

xtg
utg

,

,
,  

and   Tuuu 21, ,  Tv 1,1 . It's clear that  utg , is 

quasi-monotone nondecreasing. 

On the other hand, choosing  T2,1u ,  Tw 3,
2
1  . 

We can find that vwu i
ni


1
max and    Tutg 1,1,  , 

   Twtg
4
3

4
1 ,,  , which implies that  utg ,  is not 

upper quasi-monotone nondecreasing. 

Hence, quasi-monotone nondecreasing does not cover 

upper quasi-monotone nondecreasing in the case. 

Example 2.2.
 7

 If 2n ,  assume that 

   22 ,,   RRRCutg  with 

 
 

 










utg

utg
utg

,

,
,

2

1
 

 

  





















2121

2

2

2

1

2

21

2

1
uuuuuu

uu

 

 

and  Tuuu 21, ,  Tv 1,1 . Obversely,  utg ,  

 

is upper quasi-monotone nondecreasing. 

On the other hand, choosing  Tu 2,1 ,  Tw
2
5,2 . 

We can find  that  wu  and    Tutg 4,1,  , 

   Twtg
4
25

4
1 ,,  , which implies that  utg ,  is not 

quasi-monotone nondecreasing. 

Hence, quasi-monotone nondecreasing is not covered by 

upper quasi-monotone nondecreasing in the case. 

Definition 2.2.  Let 
0h , h , 

0h is uniformly finer 

than h if there exists a 0 and a function Ka such 

that   xth ,0  implies     xthaxth ,, 0 . 

 

Definition 2.3.  Let 
nRA . A is said to be 

0M -

relative-invariant with respect to the systems  1.2 , if 

for Ayx  **
and     0

*

2

*

1 ,, Mysxs  ,  

then 

      0

*

2

*

1 ,,,,,, Myssyxssx   . 

The following example will simply illustrate what exactly 

we mean by 
0M -relative-invariant set. 

Example 2.3. Consider the two differential systems 

   

   









 

,y,tty,
t

1
2'y

,x,ttx,e'x

*

0203

*

010

t





　

　

 

 3.2  

where x , Ry ,  
s

xxt
1

, **

01  , 

 
s

yyt
1

, **

02  . 

Then     ts ee
s

xxsstx  
1

,,, **

1 , 

  
22

**

2

111
,,,

sts
yyssty  are the solutions 

of  systems  3.2  satisfying  the  initial   conditions 

   *

1 , xssx  ,    *

2 , yssy  . 

 

 Let      0lim: 


tytxRyxA
t

, 

Ayx  **
. If we have     0

*

2

*

1 ,-, Mysxs  , 

i.e. 

    0,,
1

*

2

*

1 


dsysxs
t

t
  as t ,  4.2  

 

then  we can obtain  

0)),(,,()),(,,(
1

t

*

2

*

1 


dsysstyxsstx
t

 as   

t .           )5.2(  

Then set A is 0M -relative-invariant with respect to the 

systems )3.2( . 

Definition  2.4.  A function b is said to be have the 

property P if for a given 0 , there exists 

a )( 0  such that 

Ax * and ),(),( 0

*  MSxs  , then 

),())),(,(( 0

*

0  MSxsshb  , where Kb .   

Definition 2.5.  The function ),,( yxtV belongs to 

class  ,if ),(),,(   RRRRCyxtV nn
 and for 

each Rt , ),,( yxtV  is locally Lipschitz with respect  

to x  and y . 
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Let ),,( yxtV , we define a derivative of the 

function ),,( yxtV  as follows 

(2.1) 1
0

1
( , , ) limsup { (t , ( , )

h

D V t x y V h x hf t x
h





   , 

   }y,x,tV-y,thfy 2 . 

Specially, if ),( mnn RRRRCV    is locally 

Lipschits with respect to x  and y ,we can define the 

derivative of ),,( yxtV  just like the above one . 

  For differential system )2.2( ,we say 0u is 
0M -

invariant if whenever 0)0,( Ms  ,then 

0))0,(,,( Mssu   . 

Definition 2.6. The set 0u is said to be withrespect to 

the differential system )2.2(
 

( 1MS )
0M -equistable if for each 0 ,there exist 

)(1  as 0 and ),( 01  t , ),t( 02   0  

such that 
0

0

1
*

0( , , ( , )) , 1
t

t
u t s s u ds t t 



   　     

provided that  1

* u
 

and 

2

1
*0

0

),(  


dsus
t

t
,  10 t ; )( 2MS

0M -

uniformly stable if 21,  in )( 1MS  are independent of 

0t ; )( 3MS
0M -uniformly attracting if for any 

0 ,there exist positive 

numbers )(10   , )(20  0 , 0 and )(TT   such 

that         

0

0

1
*

0 0 0( , , ( , )) , 1,
t

t
u t s s u ds t t T t  



     , 

where 10

* u  and 20

1
*),(suplim  





dsus
t

tt

; 

)( 4MS
0M -uniformly asymptotically stable if   

)( 2MS  and )( 3MS  hold simultaneously. 

  In our further investigations, we need the following 

well-known Jensen inequality. 

Lemma 
]1[.1.2  Let a  be a be a convex function and 

f  integrable , then 

 
tt

dssfadssfa
00

))(())(( . 

 

III. MAIN RESULTS 
 

  In this section, we give sufficient conditions for relative 

0 0( , , )h h M -uniformly stability of the set A  with 

respect to the systems (2.1).Firstly ,we give the definitions 

for various types of )M,h,h( 00 -stability. 

 

Definition 3.1. Let hh ,0 .Relative to the two 

differential systems(2.1),the set A is said to be  

)MS( *

1  relative  0 0, ,h h M -equistable if for each 

0 ,there exist )(1   as 0  and 

0),(),,( 0201  tt  such that 

      0

0

1
* *

1 2
t

, , , , , , , ,
t

h t x t s s x y t s s y ds  


 
 

0t t 1   

Provided that ),( 1

** ASyx   and                  

      
0

0

1
* *

0 1 2 2 0 1
t

, , , , ;
t

h s s x s y ds t    


    

)( *

2MS  relative 0 0( , , )h h M -uniformly stable if 21,  

in )( *

1MS  are independent of 0t ; 

)( *

3MS  relative ),,( 00 Mhh -uniformly attracting if for 

any 0 ,there exist positive numbers 

02010 ,0)(),(    and )(TT   such that        

      0

0

1
*

1 2, , , , , , , ,
t

t
h t x t s s x y t s s y ds  


  

0 0 0t 1,t T t    　 , 

where ),( 10

** ASyx   and 

    
1

* *

0 1 2 20limsup , , ,
t

tt

h s s x s y ds  




  ; 

)( *

4MS  relative ),,( 00 Mhh -uniformly asymptotically 

stable if )( *

2MS  and )( *

3MS  hold simultaneously. 

Theorem 3.1. Let the following conditions be fulfilled : 

)( 1A 00 ,,h hh   is uniformly finer than h ; 

)( 2A V  and satisfies    

( ( , )) ( , , ),( , , ) ( , ) ,a h t x y V t x y t x y S h a KC     (3.1) 

0 0 0( , , ) ( ( , )),( , , ) ( , ), ,V t x y b h t x y t x y S h b K     (3.2)  

where   ,00  ,    0 , K , and b has 

the property P ; 

(
3A )     .0,,1.2  yxtVD  

Then the set A is relative  00 Mhh ,, -uniformly stable 

relative to the systems  1.2 . 

Proof.  Let  0 . From  ( 1A )  and Definition 

2.2, it follows that 

       .,,,   yxthyxthyxth 00 S

ince b has the property P , we can find positive numbers 

 1 ,   02    and   1  such that 

        Kaadsysxsshb
t

t




,,,, ** 
1

210

0

0

 3.3  
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Provide that  1

** ,ASyx    and 

     2

1

210

0

0

 


dsysxssh
t

t

** ,,, ,  10 t . 

We claim that the set A is relative to the systems  1.2 . 

Suppose this is not true, then for any solutions  

    *

1 ,,, xsstxtx  ,     *

1 ,,, ysstyty   

with  1,
** ASyx   and 

     2

1

210

0

0

 


dsysxssh
t

t

** ,,, , there exist  

100  tt ,  10 t , such that 

      

      
























1t

t
10

*

2

*

1

1t

t

*

21

*

111

0

0

0

0

.tt1t

,dsy,s,s,tyx,s,s,tx,th

dsy,s,s,tyx,s,s,tx,th



 ，

 4.3  

From condition (
3A ), we have 

        * *

1 22.1
, , , , , , , , 0.D V t x t s s x y t s s y    

 5.3  

Then from   1.3 -  2.3  and  5.3 , we obtain 

 

       
      
      

    
     .,,,

,,,,

,,,,,,,,

,,,,,,,,

,,,,,,,

**

**

**

**

**

ysxsshb

ysxssV

ysssyxsssxsV

ysstyxsstxtV

ysstyxsstxtha

210

21

21

21111

21111





















 6.3 No

w by using Lemma 2.1,    4.3-3.3  and  6.3 ,  we 

get 

      

       

     

 ,

,,,

,,,,,,,

,,,,

1
*

2

*

10

1
*

21

*

111

1
*

2

*

11

0

0

0

0

0

0




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
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






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











which is a contradiction and this completes the proof. 

The proof on other  00 ,, Mhh -stability properties can 

be obtained similarly to Theorem 3.1 and we omit it. 

Now a new comparison principle is presented which is 

necessary for completing our result. 

Lemma 3.1.  Let  the following conditions be fulfilled: 

( 1H )  mm RRRCg   ,  and g is upper quasi-

monotone nondecreasing ; 

( 2H )  mnn RRRRCV   ,  and 

          .,,,,,,,,,1.2 hSyxtyxtVtgyxtVD 
 

 7.3  

Then 

   vsusV i
mi


1

21 max,,0 
  

 8.3  

implies the validity of the inequality        

   vtuyxtV i
mi


1
max,, ,              9.3  

where     *,,, usstutu   is the solution of  2.2 . 

Proof.  Let     *

1 ,,, xsstxtx  , 

    *

1 ,,, ysstyty   be the solution of  1.2 , such 

that     vsusV i
mi


1

21 max,,0  . 

 Let  tun  be the solution of initial value problem 

  v
n

utgu
1

,'  ,     v
n

uttu
1

, *

00  . 

  Furthermore, let 

  ))).,(,,()),,(,,(,( *

2

*

1 ysstyxsstxtVtm 
 

Because of the fact that    tuusstu n
n 

 lim),(,, *  

and     ，vsusm ni
mi


1
max it is enough to prove that for 

any n the inequality 

  ),[,max)(
1




stvtutm ni
mi   

 10.3  

Holds. 

 In fact, assume inequality  10.3 is not true, then there 

exists a point      vtums ni
mi


1
max:,  . Let  

    )}.,[,max:),[sup{
1

* tsrvrurmstt ni
mi




According to the assumption ，*t we have 
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 11.3  

where 0 is a small enough number. From inequality 

(3.11) it follows that  

       v
n

1
vtu,tgtutmD *

n

*

i
mi1

*

ni
mi1

* 


 maxmax  

  .v
n

1
)t(m,tg ** 

   

 12.3  

According to  2H  and  definition of function  tm , 

we get                                        

      ,
1

)(,)(, ***** v
n

tmtgtmtgtmD 
 

which contradicts (3.12) and this completes the proof. 

Theorem 3.2.  Let the following conditions be fulfilled: 

 1A ,,0 hh 0h is uniformly finer than h; 
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 2A  mnn RRRRCV   ,  and satisfies 
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 3.13

 

where b has the property P; 

 3A     .,,,,,)1.2( yxtVtgyxtVD 
 

Then the -0M uniform stability of set 0u  relative to 

the system  2.2 implies the relative 

 -,, 00 Mhh uniform stability of set A relative to the 

systems  1.2 . 

Proof. Since set 0u  relative to the system  2.2 is 

-0M uniformly stable, let ,0 there exist 

   ,, *
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 3.14  
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1
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1
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2, .
t

t
s u ds 
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 3.16  

In fact, suppose (3.16) is not true. Then, there exist 

1> 01 +tt ,  0t  such that 
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 17.3  

Let   *,,, usstu   be the solution of system  2.2 . 

Set       *

2

*

1

* ,,,,, ysxssVus  
.
 

Then by Lemma 3.1, 
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

 18.3  

By        18.317.3,14.3,2 A and the form of   

we have  
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which is a contradiction and this completes the proof. 
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