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Abstract - This paper concerns the theoretical study for the 

following initial-boundary value problem: 
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where Ω is a bounded domain in RN with smooth boundary 

Ω, a  R, a ≠ 0,   is a complex number,  f(s), g(s) are 

positive, increasing and convex functions for positive values 

of s, L is an elliptic operator. 

We find some conditions under which any solution (u, v) of 

the above problem blows up in a finite time and estimate its 

blow-up time. 
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I. INTRODUCTION 
   

Let Ω be a bounded domain in R
N
 with smooth 

boundary Ω. Consider the following initial-boundary 

value problem 

),,0()( TinvfiaLuut                  (1) 

),,0()( TinugiaLvvt                  (2) 
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),,0(0),( Tontxv                  (4) 

,)()0,( 0  inxuxu                 (5) 
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where a  R, a ≠ 0,   is a complex number,  f(s), g(s) are 

positive, increasing and convex functions for positive 

values of s,  
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The coefficients )()( 1 Cxaij   satisfy the following 

inequality 
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The initial data (u0,v0) is such that u0 and v0 are 

continuous functions in Ω and u0 = 0 on Ω. Here (0,T) is 

the maximal time interval of existence for the solution (u, 

v). The time T may be finite or infinity. When T is infinity, 

we say that the solution (u,v) is global. When T is finite, 

the solution (u; v) develops a singularity in a finite time, 

namely 

  ,),(),(lim 


txvtxu
Tt

 

where .),(sup),( txutxu x 
  In this case, we say 

that the solution (u, v) of (1)-(3) blows up in a finite time 

and the time T is called the blow-up time of the solution 

(u,v). Nonlinear Schrödinger equations and systems appear 

in a lot of models of nonlinear optics, energy transfer in 

molecular systems, quantum mechanics, seismology, 

plasma physics, see [3], [5], [24], [27] to cite only a few 

cases. Solutions of nonlinear Schrödinger systems which 

blow up in a finite time have been the subject of 

investigation of many authors (see [1], [4], [13], [21], [22] 

and the reference cited therein). Generally the authors 

have considered the problem (1)-(6) in the case where the 

operator L is replaced by the Laplacian and 

),(vf )(ug  are replaced by odd functions. In this case, 

one shows that the energy of the system is conserved and 

the method used to show blow-up solutions is the method 

of energy. In this paper, we use a modification of the 

method of Kaplan (see [16]) to prove the blow-up 

solutions. In [8], [12], [14], [15], [17]-[19], [23], [25], 

[26], one may find some results about blow-up solutions  

for nonlinear Schrödinger equations. 

Our paper is written in the following manner. In the next 

section, under some assumptions, we show that any 

solution (u,v) of (1)-(6) blows up in a finite time and 

estimate its blow-up time. 

 

II. BLOW-UP SOLUTIONS 
 

In this section under some assumptions, we show that 

any solution (u, v) of (1)-(6) blows up in a finite time and 

estimate its blow-up time.  

Before starting, let us recall a well known result proved 

by Kondratiev in [20]. 

Consider the following eigen value problem 
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The above problem has a solution (,) such that  > 0. 

We can normalize  so that  1)(  dxx . 

Another result which will be useful later is the following 

Lemma 2.1: If ),(1

0 Hu  then the following 

estimate holds 
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where  n≥ 2. 

The above result is well known. It may be found in [9]. 

Now, let us state our first result on the blow-up. 

Theorem  2.1 Let 
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blow-up time T is estimated as follows 
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where G
-1

 is the inverse of the function G 

ii)  If =ic and 
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Proof. Since (0, T) is the maximal time interval on which 

the solution (u, v) exists, our aim is to show that T is finite 

and satisfies the above inequality. 

Introduce the functions 
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which implies that 
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Hence, we have 

,)()cos()(1 cifdxvftactJ       (13) 

And 
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Now, introduce the functions 
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Applying Jensen's inequality, we get 
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because f(s) and g(s) are positive for the positive values of 

s, J1(0)=A  0, J2(0)=B  0. 

Let ))(),(( tt  be the solution of the following 

differential system 
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We easily see that ))(),(( tt   blows up at the time T0. 

The maximum principle implies that 
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of the solution ))(),(( 11 tt  . 

Reasoning as above, we see that 
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Remark 2.1 Let 

.1,1)()(  qpwithssgandssf qp We have 

,))1(()(,
1

)(,
1

)( 1

1

1
11










 q
qp

sqsG
q

s
sG

p

s
sF  

,)
1

1
())(( 1

1

1

1

1 








 q

p

q s
p

q
sFG  

.)
111

()1()))()()((( 1
111

11 











 q

qpqp
q

q

p

B

q

A

p

s
qBFAGsFGg

It is not hard to see that if  A > 0, B > 0 and pq > 1 then 
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In addition if a is small enough then any solution (u, v) of 

(1)-(6) blows up in a finite time. We also have the blow-up 

of any solution of (1)-(6) if c  or ic  and c is 

large enough. 

Remark 2.2 Consider the following initial-boundary 

value problem 
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Then any solution (u,v) of (28)-(33) blows up in a finite 
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Now, proceeding as in the proof of the above theorem, 

we obtain the desired result. 

 

REFERENCES 
 
[1] A. Ambrosetti and E. Colorado, Standing waves of some coupled 

nonlinear Schrödinger equations, J. London Math. Soc., 75 
(2007), 67-82. 

[2] G. D. Akrisis, V. A. Douglas, O. A. Krakashian and W. R. 

Mckinney, Numerical approximation of blow-up of radially 
symmetric solutions of the nonlinear Schrödinger equations, 

SIAM. J. Sci. Comput., 25 (2008), 186-212. 

[3] O. Bang, P. L. Christiansen, K. O. asmussen and Yu. B. 
Gaididei, The role of nonlinearity in modelling energy transfer in 

sceibe aggregates in nonlinear excitations in Bimocular, M. 

Peyrard, ed., Les Editions de Physique, Springer, Berlin, (1995), 
317-336. 

[4] T. Bartsch and Z. Q. Wang, Note on ground state of nonlinear 

Schrödinger system, J. Part. Di. Equat., 19 (2006),200-207. 
[5] L. Bergé, Wave collapse in physics: Principles and applications 

to light and plasma waves, Phys. Rep. , 303 (1998), 259-370. 

[6] T. K. Boni, Sur l'explosion et le comportement asymptotique de 
la solution d'une équation parabolique semi-linéaire du second 

ordre, C.R.A.S, Serie I, 326 (1998), 317-322. 

[7] T. K. Boni, On the blow-up and asymptotic behavior of solutions 
to a nonlinear parabolic equations of second order with nonlinear 

boundary conditions, Comment. Math. Univ. Comenian., 40 

(1999), 457-475. 
[8] H. Brezis and T. Gallouet, Nonlinear Schrödinger evolution 

equations, Nonl. Anal., 4 (1980), 677-681. 

[9] H. Brezis, Analyse fonctionnelle, théorie et applications, 
Collection matématiques appliquées pour la maîtrise, Masson, 

Paris, 4 (1980), 677-681. 

[10] N. Burq, P. Gérard and N. Tzvetkov, Two singular dynamics of  
the nonlinear Schrödinger on a plane domain, Geom. Funct. 

Anal., 13 (2003), 1-19. 

[11] N. Burq, P. Gérard and N. Tzvetkov, Bilinear eigenfunction 
Estimates and the nonlinear Schrödinger equation on surfaces, 

Invent. Math., 

[12] T. Cazenave, An introduction to nonlinear Schrödinger 
equations, Textos de Métodos Matematicos 26, Universidade 

Federal do Rio de Janeiro, (1996). 159 (2005), 187-223. 



 
 

 

Copyright © 2015 IJASM, All right reserved 

91 

International Journal of Applied Science and Mathematics 

Volume 2, Issue 4, ISSN (Online): 2394-2894 

 

[13] D. de Figueiredo and O. Lopez, Solitary waves for some 

nonlinearSchrödinger systems, to appear in Ann. Inst. H. 
Poincaré Anal. Nonlinéaire. 

[14] J. Ginibre and G. Velo, On a class of nonlinear Schrödinger 

equationsI, the cauchy problem, general case, J. Funct. Anal., 32 
(1979), 1-32. 

[15] T. T. Glassey, On the blowing up of solutions to the cauchy 

problem for nonlinear Schrödinger equations, J. Math. Phys., 18 
(1977), 1794-1794. 

[16] S. Kaplan, On the growth of the solutions of quasi-linear 

parabolic equation, Comm. Pure Appl. Math., 16 (1963), 305-
330. 

[17] O. Kavian, A remark on the blowing up of solutions to the 

cauchy problem for nonlinear Schrödinger equations, Trans. 
Amer. Math. Soc., 193 (1987), 193-203. 

[18] T. Kato, On nonlinear Schrödinger equations, I. H. P. Physique 

théorique, 46 (1987), 113-129. 
[19] S. Klainerman and G. Ponce, Global small amplitude solutions to 

nonlinear evolution equations, Comm. Pure Appl., 36 (1983), 

131-141. 
[20] V. A. Kondratiev, Asymptotic properties of solutions of the 

nonlinear heat equation, Di_erential equations, 34 (1998), 250-

259. 
[21] T. C. Lin and J. Wei, Ground states of N coupled nonlinear 

Schrödinger equation in R , n · 3, Comm. Math. Phys., 255 

(2005), 629-653. 
[22] L. A. Maia, E. Motefusco and B. Pellaci, Positive solutions for a 

n weakly coupled nonlinear Schrödinger system, J. Di_. Equat., 
229 (2006), 743-767. 

[23] F. Merle and P. Raphael, On the universality of blow-up pro_le 

for L critical nonlinear Schrödinger equation, Invent. Math., 154 
(2004), 565-672. 

[24] B. E. A. Saleh and M. C. Teich, Fundamentals of fotonics, 

Interscience Publication, (1991). 
[25] M.Tsutsumi, On global solutions to the initial-boundary value 

problem for nonlinear Schrödinger equations in exterior 

domains, Comm. Part. Di_. Equat., 16 (1996), 885-907. 
[26] J. Zhang, On an initial-boundary value problem for a class of 

nonlinear Schrödinger equations, Comm. Part. Di_. Equat., 21 

(1996), 687-692. 
[27] V. E. Zakharov and A. B. Shabat, Exact theory of two 

dimensional self focusing and one dimensional self modulation 

of waves in nonlinear media, Soviet Physics JETP., 34 (1972), 
62-69. 


	PointTmp

