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Abstract - This paper concerns the theoretical study for the
following initial-boundary value problem:

u, =iaLu—;/f(M) in Qx(0,T),
v, =iaLv—g(u)) in Qx(0,T),
u(x,t)=0 on aQx(0,T),
v(x,t)=0 on 0Qx(0,T),
u(x,0) =u,(x) in &,

V(x,0) =v,(x) in Q,

where Q is a bounded domain in RN with smooth boundary
0Q,a e R, a#0, yisacomplex number, f(s), g(s) are
positive, increasing and convex functions for positive values
of s, L is an elliptic operator.

We find some conditions under which any solution (u, v) of
the above problem blows up in a finite time and estimate its
blow-up time.
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. INTRODUCTION

Let Q be a bounded domain in RN with smooth
boundary 6Q. Consider the following initial-boundary
value problem

u, =ialLu— (V) in Qx(0,T), 1)
v, =iaLv—pg(u)) in Qx(0,T), @)
u(x,t)=0 on 0oQx(0,T), 3)
v(x,t)=0 on oQx(0,T), 4
U(x0)=Uy(x) in Q, ©
V(x0) =V,(x) in ©, ©

where a € R, a # 0, y is a complex number, f(s), g(s) are

positive, increasing and convex functions for positive
values of s,
5 0 ou
Lu= a. (x) J (b.(x) —J
2n ( ., 20005

The coefficients a;(X) € C'(Q) satisfy the following
inequality
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iaij(x)gigj >Cl¢[* for £eR", c>0

a; (x)=a;(x) eR, b(x)eC'(€),b(x) eR.

The initial data (ugVo) is such that u, and v, are
continuous functions in Q and uy = 0 on 06Q. Here (0,T) is
the maximal time interval of existence for the solution (u,
V). The time T may be finite or infinity. When T is infinity,
we say that the solution (u,v) is global. When T is finite,
the solution (u; v) develops a singularity in a finite time,
namely

lim(u(e B, +vx.b)], )=

where ||u(x,t)||w =Sup, u(x,t)|. In this case, we say

that the solution (u, v) of (1)-(3) blows up in a finite time
and the time T is called the blow-up time of the solution
(u,v). Nonlinear Schrédinger equations and systems appear
in a lot of models of nonlinear optics, energy transfer in
molecular systems, quantum mechanics, seismology,
plasma physics, see [3], [5], [24], [27] to cite only a few
cases. Solutions of nonlinear Schrddinger systems which
blow up in a finite time have been the subject of
investigation of many authors (see [1], [4], [13], [21], [22]
and the reference cited therein). Generally the authors
have considered the problem (1)-(6) in the case where the
operator L is replaced by the Laplacian and

f (|V|), g(|u|) are replaced by odd functions. In this case,

one shows that the energy of the system is conserved and
the method used to show blow-up solutions is the method
of energy. In this paper, we use a modification of the
method of Kaplan (see [16]) to prove the blow-up
solutions. In [8], [12], [14], [15], [17]-[19], [23], [25],
[26], one may find some results about blow-up solutions
for nonlinear Schrédinger equations.

Our paper is written in the following manner. In the next
section, under some assumptions, we show that any
solution (u,v) of (1)-(6) blows up in a finite time and
estimate its blow-up time.

1. BLOW-UP SOLUTIONS

In this section under some assumptions, we show that
any solution (u, v) of (1)-(6) blows up in a finite time and
estimate its blow-up time.

Before starting, let us recall a well known result proved
by Kondratiev in [20].

Consider the following eigen value problem
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—L*p=1¢p Iin Q, %)

=0 on 0Q, (8)

>0 in Q, 9)
where

L*p= i(ai,- (x)a—‘”j—ii(bi (X)p)

7. 0X; OX; i1 OX;
The above problem has a solution (¢,A) such that & > 0.
We can normalize ¢ so that J.Q p(X)dx=1.
Another result which will be useful later is the following
Lemma 2.1: If UeH(Q), then the following

estimate holds

J.Q Vuldx > Ug|u|”n—ldeH,

where n> 2.

The above result is well known. It may be found in [9].
Now, let us state our first result on the blow-up.
Theorem 2.1 Let

A= p(x)Re(U,(x))dx >0, B= [ ¢(x)Re(v,(x))x >0,

G(s) :j:g(a)da, F(s) :jo f(o)do.

i) If y=-c and

ad e ds 1

—f — < =, thenany
c ® g(G(F(s)+G(A)-F(B) 2

solution (u,v) of (1)-(6) blows up in a finite time and its
blow-up time T is estimated as follows

T< iarcsin(% J.:O ds ), (10)

al c g(G™*(F(s)) + G(A) - F(B))
where G is the inverse of the function G
ii) If y=ic and
ad g ds

<1, thenany

c ® g(G7(F(s) +G(A)-F(B))
solution (u,v) of (1)-(6) blows up in a finite time and its
blow-up time T satisfies the following inequality

T< iarccos(l—ﬂ -~ =l ds
al c B g(G(F(s))+G(A)-F(B))
Proof. Since (0, T) is the maximal time interval on which
the solution (u, v) exists, our aim is to show that T is finite
and satisfies the above inequality.
Introduce the functions

w,(t) = IQu¢dx and z,(t) = IQU¢dx forte(0,T).
Take the derivative of wy in t and use (1) to obtain
W, (t) =ia jQ(pLudx —y jQ f (V)dx.

Applying Green's formula, we arrive at

).(11)  Ji(t) =csin(ait) L g(u)edx
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w,(t) =ia jQuL*(pdx —y jQ f (V).
It follows from (7) that
W, (t) =—iadwy (t) = [ (v)edx,
which implies that
(e**w, )l ==y T (V)edx.
Take again the derivative of z; intand use (1) to obtain
7' ,(t) =—ia jQ ULgdx — 7 jQ f (V) dx.

It follows from Green's formula and (7) that

(e—iaﬂt 2, )’ __ 77e—ia),t X f (|V|) odx.

Setting
iat —iadt
Jl(t):e wl(t);e zl(t), 12)
we get
_ o pladt o -iadt
3O = (L) F (oo,

which implies that

J{(t) =—Re(ze™)[ £ (v)pdx.
Hence, we have

J/(t) =ccos@Ait) jQ f(V)pdx if y=—c, (13)
And

J!(t) =csin(ait) jQ f(V)pdx if y=ic.
Now, introduce the functions

w, (t) = Ingdx and z,(t)= _LV @aXx.

By the same way, setting
eia/ItW (t) + efialt 7 (t)
J,(t) = : :

2
we find that
Ji(t) = ccos(aﬂbt)'fQ g(u)gdx if y =—c,

and

(14)

, (15)

if y=ic.
Applying Jensen's inequality, we get

[ f (D (] [Migro),
[ a(uDgax>g([_julpax).

Obviously, we have

[9,0)| < [ Jupdx and (3, ()] < [_ Mex
We deduce that

[ T (Mgdx > £(3,®))) and [_g(ul)gcx>g(3,0))).
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On the other hand, since

cos(@tt) >0 forte (O, Lj and
2al

sin(ait)>0 fort e (O, l) :
al

we discover that
Ji(t) = ccos@it) f(J,(t)) =0
forte (0, T)if ¥y =—c, (16)
J;(t) = ccos@it)g(|J, (t)) =0
forte (0, T)if y=—c, (17)
35(t) = csin(at) f (3, () = 0
for t € (0,T,) if » =ic, (18)
J;(t) = csin(ait)g(J,(t)) =0
for t e (0,T,) if » =ic, (19)

where T, = min {T,”}, T, =min {T,”}.
2a4 ai

Suppose that » =—c. It is not hard to see that J;(t) and

Jo(t) are nondecreasing functions for te Q,Lj,
2ai

which implies that

J;(t)>ccos(att) f (J,(t))>0 fort (0, T,), (20)
J,(t) >ccos(att)g(J,(t)) =0 for t € (0,T,), (21)
because f(s) and g(s) are positive for the positive values of
s, J1(0)=A > 0, J,(0)=B > 0.

Let («(t),B(t))be the solution of the following
differential system

a'(t) =ccos(att) f (B(t) for t €(0,T,), (22)
pS'(t) = ccos(att)g(a(t)) for t € (0,T,), (23)
2(0) = 3,(0), (24)
B(0) = J,(0), (25)

where (0,T,) is the maximal time interval of existence of
the solution  («(t), (1)) .

We observe that

da _ £(p)

df  g(@)’

which implies that (G(«)), = (F(f)),. Integrate the
above equality over (0, t)

to obtain

G(a)—G(a(0)) = F(B) - F(B(0)),

which implies that

a(t) =G (F(B) +G(3,(0) - F((3,(0))).

Hence, we get

B'(t) =ccos(ait)g(G™ (F(B) +G(J,(0)) - F((3.(0)))).
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Therefore, we have

) ap = ccos(adt)dt.
9(G™(F(8) +G(3.(0) - F((3.(0))
Integrate this equality over (0,To) to obtain
csin(aAT,) J ds

al 20 g(G™(F(8) +G(3,(0) ~ F((3,(0))’
which implies that

T, = aiarc (—'[

ds

%0 g(G™(F(s) + G(J,(0) - F((3,(0)) )
We easily see that («(t), S(t)) blows up at the time T,.
The maximum principle implies that
J,(t) = a(t) fort e(0,T.), (26)
J,(t) = p(t) fort (0, T.), (27)
where T, = min {T,, T, }

We observe that T, <T,. Indeed suppose that T, >T,.
From (26), we get J,(T,) = a(T,)=+c which is a

contradiction because (0,T) is the maximal time existence
of the solution (u,v). Hence

T,<T, —arcsm(—J ) s )
al %0 g(G™(F(s)+G(J,(0) - F((J,(0)

Since ﬂjm ds P
20 g(G™(F(s)+G(3,(0) -F((3,00)) 2

then T, < T_iﬁ z

al3 2al
We deduce that T,= T. Consequently, (u,v) blows up at
the time T and

T<T <
2al
Now, suppose that y =—ic. Then we have

3/(t) > csin(adt) f (3,(t)) > 0 for t < (0, T,),
34(t) = csin(adt)g(J,(t) = 0 for t € (0,T,),

Let (e, (t), SB,(t)) be the solution of the following
differential system

a;(t) = csin(ait) f (B,(t)) forte(0,T)),

B(t) = csin(ait)g(a, (1)) forte (0,12,
(0) = J,(0),
ﬂl(o) = Jz(o);
where (O,Tlo) is the maximal time interval of existence

of the solution (e (t), £,(1)) -
Reasoning as above, we see that

A1) = csin(ait)g(G(F () + G (3,(0) - F(J,(0))),

and
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J‘ ds
10 g(G™(F(s)+G(3,(0) - F((3,(0))))

which implies that

c(1-cos@AT))
atl

ds
%20 g(G(F(s)+G(3,(0) - F((3,(0)
The maximum principle implies that J,(t) > «,(t) for
te(0,T,) and J,(t) = B,(t) for t € (O, T,) where
T, = min
T, <T).Since
alj-

T°_arcos(——j ).

T } Reasoning as above, we discover that

ds
) g(G™(F(s)+G(3,(0) - F((J, (0))))

T, =T.Hence (uy)

when

1° <= 1z 7« It follows that
at 2 al

blows up at time T. Use the fact that J,(0) =
J,(0) = B to complete the rest of the proof.
Remark 2.1 Let

f(s)=s" and g(s) =s" with p>1, g >1.We have

A and
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Then any solution (u,v) of (28)-(33) blows up in a finite
time if B is large enough and pqg > 1.

It is not hard to see that if |V|p is replaced by |VV|p with

p>1and n>2,then (u,v) of (28)-(33) blows up in a finite
time if B is large enough. In fact, we have

[ g < ([ i i ([ ooy,

<([ vV ([ @ dx)".

On the other hand
1 1

IQ|Vv|dx < I |VV|(/)E(p7;dX,

1 p-1

<([ o gx)? (j PPd) °
which implies that
[ Medx < ([ vV @) ([ 9"dx)" ([ @*Pdx)

Therefore, there exists a constant C > 0 such that

bt
P

p+1 g+ 1 P

FE=> 6= 6i @ =(@r9™, LN C( e
p+1 q-+1 Now, proceeding as in the proof of the above theorem,

1 p+1 . .
+1 we obtain the desired result.
GHFE)= () 5™
REFERENCES
. q+l s p+l Aq+1 B p+1 ﬁ

9(G(F(8)+G(A-F(B))=(a+D)™ ( p+ 1 q +1 p+1 [1] A. Ambrosetti and E. Colorado, Standing waves of some coupled

It is not hard to see that if A>0,B >0 and pq > 1 then
J‘M ds <400

5 g(G™(F(s)+G(A)-F(B))

In addition if a is small enough then any solution (u, v) of
(1)-(6) blows up in a finite time. We also have the blow-up
of any solution of (1)-(6) if y=—c or y=ic and c is
large enough.
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