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Oscillation of Non-Linear Second-Order Difference
Equations

Sh. R. Elzeiny

Abstract — Some new oscillation criteria are obtained
for the solutions of the second-order non-linear
difference equation

A(ry (x,)(A%,))+G(n,9(x,,,))=0,n=0,12,..., (E)
where xg(x) >0, xG(n,x) =0V x =0, Nell,

{r}:, is a sequence of positive real numbers,
w(x)~0Vvxel and yis a quotient of positive odd
integers. Examples are inserted to illustrate the results.
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l. INTRODUCTION

We are mainly concerned with oscillation of solutions of
the following second order nonlinear difference equation
ARy (%)(A%,) ) +G(n, 9(X,,,)) =0,n=0,12,...,  (E)
where A is the forward difference operator defined by
AX, =X,,, — X, forany sequence {x } of real numbers, the

function
gl] — [ satisfies xg(x) >0Vvx =0 and

g(u)-g(v) =g,(u,v)(u-v)° for u,v=0, §>0
is a quotient of positive odd integers,
g,(u,v)>0and g(u)=g(v) iff u=v, the function

G:0 xJ — [0 satisfiesxG(n,x) >0 and G(n,x)/x>4q,
vx=0, nell, and{q,}._,

is a sequence of real valued, {r}-  is a sequence of
positive real numbers, y, is a continuous function on [J
with 0<w(x)<c, Vxell and y is a quotient of positive

odd integers.

A solution of (E) is a nontrivial real a sequence {x }
satisfying Equation (E) for n>0. A solution {x } of (E)
is said to be oscillatory if it is neither eventually positive
nor eventually negative, otherwise it is nonoscillatory.

Equation (E) is said to be oscillatory if all its solutions
are oscillatory.

Recently, there has been an increasing interest in
studying the oscillation of solutions of second order non
linear difference equations, see for example ([1-7, 9-26])
and the references cited therein.

A lot of work has been done on the following particular
cases of (E)

A(r,(A%,))+ 0,7, =0,n=0,12,.., (E,)
A(rnAXn) +qng(xn+1) = 0; n= 0,1, 2,..., (EZ)
and

Ay (%,)AX,) +0,9(%,,;) =0, n=0,12,.... (E,)

For the equation (E;), E. Thandapani and K. Ravi
[21:Lemma 2], proved that, if there exist positive integers
N, and N;, N; > N, such that

3 g 20and 3 g 0 VN, >N, L)
i=No i=N,

3 () =, 1.2)
n=0 rn

and {x.,} is a non-oscillatory solution of equation (E,)
such that x >=0Vn>N,

n> N, suchthat A, ¥n = N.

The oscillatory behavior of the equation (E,) and
particular cases of it were studied by many authors (see for
example ([12, 14, 15, 18, 24, 25]) and the references cited
therein.

El-Sheikh et al. [6], studied the oscillatory and non
oscillatory solutions of the equation (E3).

Our objective here is to proceed further in this direction
to obtain some new sufficient conditions for oscillation of
solutions of equation (E) and some results obtained imply
and extend those in [6, 21].

then there exists an integer

1. MAIN RESULTS

In the following, we state and prove some Lemmas
which will be needed later on.
Lemma 2.1: Assume that (1.1) holds. Then, there exist an

integer N > N such that

iinOVnzN. (2.9
i=N

The proof of the above Lemma can be found in [7, Lemma
2.1].
Lemma 2.2: Assume that (1.1) and (1.2) hold. If {x } isa

non-oscillatory solution of equation (E) such that
X, =0 Vvn>Ng, then there exists an integer

N > N, suchthat Ax, =0 Vn>N.
Proof: If not, assume first that AX, <O for all large n,
say n=N > N,. Without loss of generality, we may

assume that (1.1) holds forn> N and g, >0.
Define

Q,=>.q forn>Nand Q,,=0. (22
I=N

Then, we have,
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%}q. 9(X.1) =§) 9(%.1)AQ
= TAD04.)Q,) - QAg(x.)]
= 9(%,.2)Q, ~90%,.)Qu 4 —go.Ag(xm
=906.)Q, -2 Q90%.2) - 9(x.)

= g (Xn+2)Qn - Zn:QI gl(XI+2 ' XI+1)(AXI+1)5

>0.
From equation (E) and G(n, g(x,.,)) = q, 9(X,,,),
therefore

Zn:A(rly/(xl)(Axl)'V)SO. Then,

CZ (Axn+1) < (l//(xn+1))1/V(AXn+1) < C3 (i)llyv (23)

n+l

where, ¢, =(¢,)"” and ¢, = (f (%, )(A%,)")"” <0.

Summing (2.3) from N to n—1, weobtain

- 1 C
Xoi1 ™ XN <Gy z (_)1/y’ where ¢, = 0_3 =0

I=N+1 & 2
Now, by (1.2), we get
X ., — —o0 as n — oo, whichacontradiction.

n+1

Next, assume that Ax, is oscillatory for

N>N,>N2=N,. Then there exists a subsequence

{n .}, with Lim n, = oo, and suchthat

Ax, =0,k=1,23,... . Letting
L)Xy

9(x,)
Then, for all n = N,, We obtain
A, = Ay (X)(A%)7) Ly (%,)(A%,)" Ag(X,)

n

, N> N,.

9(Xy.1) 9(%)9(X.1)
- _ G(nl g(xn+l)) _ rnW(Xn)(AXn)yAg (Xn)
9(Xy.1) 9(%,)9(X.1)
—_ G(n’ g(xn+l)) _ rnl//(xn)gl(xml' Xn)(AXn)7+5 .
9(Xy.) 9(%,)9(X,.1)

Thisand (E) imply
0, <-Aw,, n=N,.

Summing the above inequality from
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n—1

nton —Lwehave > g <-@, +o, =0,
I=ny

which contradicts (2.1). Hence AX, =0V n=>N,.
Corollary 2.1: Assume that (1.1) and (1.2) hold. If {x } is

a non-oscillatory solution of equation (E), where
g(x)=x*, a =0 is a quotient of positive odd integers
suchthat x >0 Wvn=>N,, then there exists an integer

N > N, suchthat Ax, =0 Vn>N.

Theorem 2.1: Suppose that (1.1) and (1.2) hold.
Furthermore, assume that there exists A >1 such that

m-1
Iimsup%Z(m—n)*qn = o0, (2.4)

m—o0 n=n,

Then every solution of Eq. (E) oscillates.
Proof: Suppose to the contrary that {x } is a non

oscillatory solution of (E). Without loss of generality, we
may assume that {x } is an eventually positive solution of

(E), such that x_ 0 for all large n. In view of Lemma 2.2,
we see that, there is some n, > n, such that
X, =0, AX, =0, n>n,.

Define the sequence {w, } by

/4
o, :M, n>n, thenw, >0,

' g(x,)
andq, <-Aw,.
Hence,
m-1 m-1
Y (m-n)*g, <-> (M-n)*Aw,. (2.5)
n=n, n=n,
But
m-1
> (m-n)*Aw, =(m-n) o,

=3 @ lm=n) —(m-n-1%]

n=n,

By means of the well-known inequality [8]
xP —y? > gy’ (x—y)Vx>y>=0and 8 >1,
we have,

m-1
> (m=n)*Aw, <(M-n)" o,

n=n
m-1
- z /Ia)nﬂ(m —-n _1)/171
n=n
<(m-n)o,.
Then, by (2.5) and (2.6), we get

(2.6)
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m-1

> (m-n)*q, <(m-n)"* e, , whichimpliesthat

m-1

Iimsupi/l Z (m—n)*q, < oo, which is contrary to

m—o n=nq
(2.4). The proof is completed.
Corollary 2.2: Suppose that (1.1), (1.2) and (2.4) hold.
Then every solution of Equation (E), where
g(x)=x* a =0 is a quotient of positive odd integers
oscillates.
Theorem 2.2: In addition to the conditions (1.1) and (1.2),
assume that »=¢ and that g,(u,v)>c, >0Vu,v=0.
Furthermore, assume that there exists a positive sequence
{p.},_, such that,

k) 2
z (Praln —M) =oo, forsomen, >0, (2.7) then
n=n, 4Cp

every solution of equation (E) oscillates.
Proof: Suppose to the contrary that {x} is a

nonoscillatory solution of (E). Without loss of generality,
we may assume that {x } is an eventually positive

solution of (E) such that x >0, vn>n,>0. Then,
G(n,g(x,,)) =0 Vvn=n,>0. Then, from Lemma 2.2,

n

there exists an integer N, =nN,, sufficiently large, such

that
AX, >=0Vn > n,. Furthermore,

A (pnrny/(xn)(AXn)y ) — pn+1A(rnl//(Xn)(AXn)y)

g(xn) g(xn+1)
LY (6)(A% ) AL
9(x,)
< _pn+1qn + rnl//(xn)(AXn)yApn
g(xn+1)
_ Pl (X,)(AX,) Ag(X,)
g(xn)g(xn+1)
< “Pnaln rnl//(xn)(AXn)}/Apn
g(Xn+1)
o Pty (%,)(8%,)7
° g(xn)g(xn+1)
_ Ly (%)(A0,)° 9(%,)
< pn+1qn + 405,0ng(Xn+1)
_ pnrnlr//(xn)(AXn)Zy 12 Ly (%) 9(x,) V2 A 5 )2
((C5 g(xn)g(xn+1) 4CSpng(Xn+l)) ’Dn)
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2
< ~Priln +M, where
c=5% and 9% _qvns .. Hence
Cl g(xn+l)
AGYN5 rwv(x ) Ax )
pn+1qn _MS—A('O” nl//( n)( n) )
4Cpn g(xn)

Summing the above inequality from n,to n—1, we
obtain
nt 2 rw(x, )(AX, )
z (pm+1qm - rm (Apm) )S pnl ”ll//( ”l)( ”1)
s 4cp, a(x,,)
Pl (%)(AX,)”
g(x,)
_ Pl (%)%, )
g(x,)
which is contrary to (2.7). The proof is completed.

Theorem 2.3: In addition to the conditions (1.1) and (1.2),
assume that y =5,

(i)Ar, 20Vn >0,

g,(u,v)>c, ~0Vvu,v=0, and{po.}.,,
be a positive sequence. Furthermore, assume that there
exists a double sequence {H, , :m>n = (0}suchthat

MH,,=0form>0, (2)H,,, >0 form>n=0,
) AH,,, =H H_. <0 form>n>0, and

(i) w(u) = w(V)iff u>v,and that

mn+tl = ''mn =
: 18 ha(P)”
I|mSUp (Hmn(ann)_&
m-—>w mvog ' 4-C,0n

X (hm,n - ’\’ Hm,n %)2) = 0, (28)

n+l

where A,H_ =-h  J/H,,, m>~nx0.

Then every solution of equation (E) oscillates.
Proof: Suppose to the contrary that

m,n !
{x} is a
nonoscillatory solution of (E). Without loss of generality,
we may assume that {x } is an eventually positive

solution of (E) such that x =0, vn>n,>0. Then,
G(n,g(x,,)) =0V¥n>n,>0. Then, from Lemma 2.2,
there exists an integer N, =N, , sufficiently large, such

that

AX, >=0Vnz=n,.
Also, by using (i) and (ii), we can show that
A(ry(x )(Ax ))<0and A°x, <0 Vn>n,.
Define the sequence {w, } by
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ry (x,)(AX,)
= p, = n>n.
9(x,) '

Then, forall n>n,, we have @, >0 and

(ry (x,)(AX,)")
g(x,)
+ v (%) (A%, ,.) Ap,
9(Xy1)
_ LAy (X)(AX))  Apy
9(X,.1) Pni1 "
Pl (%,)(AX,)" Ag(X,)
9(X,)9(X,.1)

r AX ) A
<—p g —c, LV AT Aoy
g(xn)g(xn+1) pn+1

Ap,
n+1
Pal (X,)(AX,)" (A%, )"
9(X,)9(X,.1)
Ap,

n
< —Ply + (2]
n+l

pn n+1l//(Xn+l)(AXn+1) (Axm—l)y
5 (g(xn+1))

Ap o 2
: By —— N+l

pn+l r-n+l(pn+1)2

A, = p,(A( )

a)n +1

_pnqn +

5

< _pnqn + (29)

Let us set
P
then, from (2.9), we have

Apy , __CPn
pn+1 (pn+1)

PO, <-Aw, + nxn,.(2.9)

n+1 n+1’

Therefore,

%Hm’npnqn_ ZH Ao, +ZH'
n=n

n=n, n=n,

pn+l

m-1

_ZHm,n Cpn 2

1!
n=n ( n+1) n+

which yields, after summing by parts,
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m-.

ZHmnpnqn—H o, +an+lA H

n=n,
m-1 A
+Z Hm,n ZH (Cpn) rirl
n=n, n+l n=n, Pria
<H ’C() _thn\’ mn @Pnit
+mz_le,n A Z_lH Cpn) r?+1
n=n n+1 n=n n+1
f_ A
Z (hm n H pn ) n+1
_ il H Cpn 2
n=n ( n+1) n+1
< H CO + Z (pn+1) (h _F%)2
n=ny 4Cpn Pna

nt \/cH .
_Z mnp @, .+ Phi =
pn+l 2 'CHm,n pn
A
X (hm,n\’ Hm,n - Hm,n p_pn)]Z
n+1

m-1 2
< Hm,rhwrh t Zw(hmn _\i Hm,n Apn )2’

n=n,

=n 4Cp, Pni
then,
m-1 2 A
Z[Hm,npnqn_w(hmn_\’H pn) ]< Hmnl m
n=n; 4c o Pnu
<H, @,

Which implies that

m-1 2
Z[H m,npnqn - M (hm,n
n=0

_ JA Ay

4C pn pn+1
n-1
< Hm,Oa)nl + Hm’Oanqn.
n=0

Hence,

~JAn, ey

m-1
limsup S [H,, . p,q, — )y

m—w  p=Q 4C n+l
m-1
= Iimsupz[Hm,npnqn _w(hm,n _\} Hm,n %)2]
M- =g 4ep, P
< 0,

which is contrary to (2.8). The proof is completed.
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Lemma 2.3: In addition to the conditions (1.1) and (1.2),
suppose that g(X) = X, > Ois a quotient of positive

odd integers, ¥ = and y(x) =1. Furthermore, assume
that

D g <.
I=N

If {X,} is a non-oscillatory solution of equation (E) such

(2.10)

that X, >0 Vn=>N,, then there exists an integer
N > N, such that

@, 2iF(w,,r,)+iq,, n>N,
I=n I=n

where
F(o,r) = of((0" +1%)"

(2.11)

-0 /(0" +r"*)*] and

o =1 (X275 ovnz N,

n

Proof: Form Lemma 2.2, there exists an integer N > N,
such that AX, >0 ¥n > N. Hence,
®,~0VvnxN.

Then, forall N> N, we obtain

o AL 1 (A%)7 AR

n a
Xn +1 Xn Xn +1

G(”’ Xr?+1) —w A(Xn )
X:+l " Xr?+1
A(X?
< _qn —, #

n+1

(2.12)

Now,
X a)lla _ l/ozAXn — r.nlloz(anr:L _ Xn),

then,

X (wl/a lla)z lea
n

hence,

(a)l/a +rl/a)a — r ( n+1)0!

n

Xn +1

(2.13)

And so
X (a)l/a 1/a)a _ anz]erl
therefore,

X [(a)lla r:/a)a

=rx’

n“n+l

L T

- ]1=rA(X),
then,

A(X )

(@ +r'*)* —r =t (2.14)

n
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From (2.13) and (2.14), we get
[(a)lla + r1/0:)0: r ] A(X )
(a)lla + rl/a)a X:+1

From (2.12) and (2.15), we obtain
Aw, <-q,-F(a,,r1,).

Summing the above inequality from N> N to m,we

(2.15)

have

O~ @y + 2.0+ > F(ay,1) <0, where m - n > N.

I=n I=n

Thus, we get

—Zm"q,—zm"F(a),,r,)Vm>n2N,

I=n I=n

0<w,,, <o,
and hence,

m m
@, 2.0+ F(e,1) vm>n=N.

I=n I=n
Letting M — oo in the above inequality and by (2.10), we
obtain (2.11). This proves the Lemma 2.3.
Lemma 2.4: In addition to the conditions (1.1) and (1.2),
suppose that g(X) = X“, & > Q'is is a quotient of positive

odd integers, y=ca and w(X)=1. Furthermore,
assume that {X,} be a non-oscillatory solution of

equation (E) such that X, >0 ¥n > N, then

w, =1,

~=0vn>N, o, >0 asn— oo,
and
a)m_(Z( Sy wn> N,

Proof: Form Lemma 2.2, there exists an integer N > N
such that AX, >0 ¥n> N, Hence,
,>0Vvnx=N, and

o ALY 1(A%) A
) X:+l Xn Xn+1
=_G(n, Xn.1) -, ALG) vn> N.

Xr?+l X:+l

Since xG(n,x) =0V x =0, it followsthat
A(X

Ao, < -o, ( )Vn> N.

X

n+1

From equation (2.15), we obtain
Aw, +F(w,,r,)<0Vn=>N.

n’'n
The remainder of the proof proceeds as in the proof of
Lemma 4 in [21].
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Through the following theorem, we define the sequence

{0} as follows:

¢ =20, n=N, (2.16)
and for j=1,2,3,...,
o= ZF(% K+, Nz N, (2.17)

where the conditions (1.1) and (2.14) hold for n > N.
Theorem 2.4: Assume that (1.1), (1.2), (2.10), (2.16) and
(2.17) holds and

g(x)=x",a >0
is a quotient of positive odd integers,
y=a and w(X) =1. Furthermore, suppose that

limsup(> (%)“a)a(pg 1,

n—oo i=N i

(2.18)

Then, every solution of equation (E) oscillates.

Proof: Suppose to the contrary that {X.} is a non
oscillatory solution of (E). Without loss of generality, we
may assume that {X,} is an eventually positive solution

of (E), such that X, >0 for all large n. Form Lemma

2.2, there exists an integer N =N, such that
AX, =0 Vn>N. Hence,

= % >0 Vn>N.By Lemma 2.3, there

n

exists  an  integer N =N, such  that
a)nziq iF(a),,l’,)Vn>N by (2.16), we
obtainI=n -
02 Y6+ X F(en)z g vnz N,

Il
=1
Il
=}

since F(X,C) is nonnegative and non decreasing in

X for x>0, and ¢ > 0, therefore, we

@n i iF(a’nﬁ)ZiF(Cﬂﬁﬁ)HﬁVnzN,
=n I I=n

from (2.17), we have

have

w, 2(pr1]+ZF(¢>|1,r,):(prnz N, hence

I=n
o, 2@+ Y Flg ™ n)=¢)vn>N,and j=23,..
I=n

Then by Lemma 2.4, we obtain
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n-1
o) <X Ly ovn=N, and j=23.... then

[

lim SUD[(Z )”“)"60n 1<1,

n—oo |N|

which contradicts (2.18). This completes the proof.
Theorem 2.5: In addition to the conditions (1.1) and (1.2),
suppose that

g(x)=x",a >0
is a quotient of positive odd
y =a and w(x) =1. Furthermore,
assume that, there exists two sequences of positive
integers {m, }and {n, }with
N+1<m, <n, m — oo as k — oo suchthat

integers,

n,

Zk:q, > rnk+1+(z )1’“) « forlarge k.

l=m, I=N |
Then every solution of (E) oscillates.
Proof: Suppose to the contrary that {X.} is a non
oscillatory solution of (E). Without loss of generality, we
may assume that {X.} is an eventually positive solution

of (E), such that X, =0V n=N,>0. Form Lemma

2.2, there exists an integer N >N, such that

AX,>=0Vn=N.  Define the sequence {@,}by
n=—r”(A§”) ,N>N,
X

n

then, we have

A (A%,)7) R (A%)AXXT)
A, = X“ XX
n+1 n “*n+l
—_ G(n’ Xr?+1) _ I’n(AX )aA(Xn ) vn Z N
X:+l Xn Xn+1

Since A(x?) hasthesign of Ax,and A(x7)=0
when Ax, =0,and (E)imply
g, <-Am,vn> N, sothat

N
qu— n+l+a) _<rn+l

I=m,

Thenby lemma 2.4, we obtain

qu nk+l+(Z( )Ua) ¢

I=m,

@y, N >=m > N.

which contradicts (2.19). The proof is completed.
Before starting our final result for oscillation of the
equation (E), we introduce some notation . Define
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m

1\ia
= ;(FI) )

and for a given sequence

{n.ywith ., ~0,n=123,..., welet

¢m,n = znlql <M.
I=n

Theorem 2.6: In addition to the conditions (1.1) and (1.2),
suppose that

g(x)=x*,a >0
is a quotient of positive odd integers,
y=a >1and w(X)=1. Furthermore, assume

that, there exists two sequences of positive integers
{n,}suchthat

limg, \ =lim > 70, =, (2.20)
m—oo ! maooIZN
and

Z(Aﬂl 1/77|)(rl/a +R. 1N)a
lim = =0. (2.22)
M= ¢m,N

Then every solution of (E) oscillates.

Proof: Suppose to the contrary that {X.} is a non
oscillatory solution of (E). Without loss of generality, we
may assume that {X.} is an eventually positive solution

of (E), such that X, =0V n=N,>0. Form Lemma

2.2, there exists an integer N =N, such that
AX,>0Vn>N. Define the sequence {w,}by
r (Ax,)”
n=¥, n>N. Then, o, >0,
Xn
and as in Lemma 2.3, we have
g, <-Aw, -F(a,,r,))Vn=N. (2.22)

Multiplying inequality (22.2) by
n,, and summing, we have

N =Zn:77|q, S—Zn:n,Aa), —Zn:n,F(a)l,r,). (2.23)

But A(n_,@)=nAw +oAn, ,, then,
_z nmAw, = _(Z A @) - z o An,,)
i-N =N I=N
=11, Wh g TN Oy T Z oA,
[y

=/ NION +Za),A77,_l. (2.24)
I=N

From (2.23) and (2.24), we obtain
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Pon ST aOy +zw|A77|71 _Zm F(o, 1)
I=N I=N
S/ NN +Z@Af7|_1

I=N
([a)lla + rllla]a _ |'|)
277|a)| 1/a 1/a a
I=N 2 ]
The remainder of the proof proceeds as in the proof of
Theorem 7 in [21].
The remainder of the proof proceeds as in the proof of
Theorem 7 in [21].

(2.25)

111. EXAMPLES

In this section, we give some examples which illustrate
our main results for equation (E).
Example 3.1: Consider the difference equation

n(+| x, [)Ax

A n +2x —2x3
[(n+1)(2+| X |)] ((n+1) n+1 n+l n+l
+ Xn+1 n+1 +1)(Xn+1 + Xn+1) = 0' nz 1 (31)
Here, r, = w (X )_#<1 C,

2+|x, |
g(x)=x +x,y=5=l,where
g, (u,v) =1+u?+uv+v> 21+ 2|ul|v|—|u|lv[>1=c,,
Gng(x), 1
g(x)  (n+1)’
if Wetakepnznforn>1then

N r(Ap,)°
z (pn+lqn 4C ) Z (

n=ng

and =q,,

):oo for somen, >0,

All conditions of Theorem 2.2 are satisfied, and hence, all
solutions of equation (3.1) are oscillatory.

Example 3.2: Consider the difference equation
1 (-1)"

Al I+ (e oy T
=2|x7, |+D)x?, =0,n>1, and ¢ >1. (3.2)
Here, r =1y (x)=1=c,
g(x) =x“*, and
Gg(x)), 1 . (D" g
g(x) (n+1)° 2(n +1)
Thengq, isnot of onesign. However, wehave
1 1
.Zn:q"(n+1) 2n+1)  2(n+1)
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All conditions of Theorem 2.4 are satisfied, and hence,

all solutions of equation (3.2) are oscillatory. But Theorem

5in [21] is not applicable.

[

Example 3.3: Consider the difference equation
n"+(n+1
(A% )]+ 8(# o
n*(n+1)’
2|x%,|+D)x3, =0,n>1. (3.3)

1
Here, . :F,V/(X):]_:Cl, g(x) =x°,

y=a =3, and

G(n, g(x))
9(x)

n®+(n+1)° )=

28 n*(n+1)°

All conditions of Theorem 2.5 are satisfied, and hence, all
solutions of equation (3.3) are oscillatory. In fact,

Xn = (_1)n ’

is such a solution of equation (3.3). But Theorem 6 in [21]
is not applicable.
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